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Fourier Technique Review:
Complex Exponential Fourier Series

o« Complex Exponential Fourier Series
Consider a signad (), t,<t<t,+T,
* X (1) satisfies Dirichlet conditions:
a) X (t)has only a finite number of maxima &
minima.
b) The number of discontinuities must be finite.
c) The discontinuities must be bounded.
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Complex Exponential Fourier Series...

* Then,
— C j t,St<t, +T,
x(t) = D X et sttty
n=-oo
to+T
1 — jnawgt
X, == jx(t)e ot
0 t,
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Complex Exponential Fourier Series

* This complex exponential Fourier series represén
exactly, except at a point of jump discontinuity g
it converges to the arithmetic mean of the left- anc
right-hand limits

* Dirichlet conditions are sufficient conditions,tno
necessary conditions.

» Qutside the interval, nothing is guaranteed

 All of the periodic functions in practice obey [2inlet
conditions
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Sufficient Condition and Necessary Condition

« Condition and Statement
 Sufficient condition (s.c.): If s.c. is satisfiad,
Is guaranteed that the statement holds. (if)

— If s.c. Is not satisfied, it is not clear if the
statement holds.

* Necessary condition (n.c.): If the statement
holds, it is necessary that n.c. holds. (only if)

— If n.c. holds, it is not clear if the statemenldso

e Some condition is necessary and sufficient (if
and only if (iff)).
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Complex Exponential Fourier Series...

* The above complex exponential Fourier serie$
(slide 3)can be viewed as a complete
orthonormal series expansion

@ (1) = en@t  n=0x1%2,..

—=The complex exponential Fourier series are
unique:

— If one finds a F.S. for x(t)
then there is no other F.S. expansion for x(t)
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Orthogonality

 Definition
» A set of M signals

Y1 (0), Yo (1), ()

is said to be orthogonal, if

T, e =
[, yi(t)yj(t)dt—{o e
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Example:Sinusoidal function—sin(kmwt)
An orthogonal signal
* One example of M orthogonal signals

. 27Kkt
Sin— O0<t<T, k=12....M
Y (t) = T, °

0 otherwise

In the set, M different frequencies are:

Note: Integration of S#{x)0 in 2r, integration of Sin(x)Sin(2x)=0 in2
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Complex Exponential Fourier Series Coefficients:
Time average

to+To
° - = = jnapt
Xa== j x(t)e " dt

0 t,

» Define the time average as

T . -
limmzi J'u(t)dt If u(t) not periodic
=1
= [u(t)dt If u(t) periodic
Uy 2
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Complex Exponential Fourier Series Coefficients:
Time average..

to+To

. X, :Ti [x®dt=(x)

0 t

= the time average of(t) , or dc value ok(t)

1 ttTo .1 btTo .
X, =— [x(t)cosngtdt— j— [x(t)sinnaytdt
TO kY To to

= (X(t) cosnayt) — j(X(t) sinncat)
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Complex Exponential Fourier Series Coefficients:
Symmetry

o If x(t) is real, then

. According to_definition
Xn = X—n Also can be seen from above

{ X, = X, | }:{ | X, |:|xn|}
— i0X_, -
X_, =X, |e OX, =-0X_,
— Magnitude:  Even symmetry
Phase angle : Odd symmetry
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Complex Exponential Fourier series Coefficients:
Symmetry ...

o [If x(t) is real and even, i.ex(t) = x(-t)
X, = (x(t)cos nw,t)

x(t)sin nw,t )=0

ﬂ_—J

(An odd function ot taking integration in an even interval with
respect ta=0 axis.)

Xn is real

X
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Complex Exponential Fourier series Coefficients:
Symmetry ...

o If x(t) is real and odd, i.ex(t) = -x(-t)

X, == j(x(t)sin nw,t)# 0 Imaginary, odd function af

<x(t) cos na)ot> =0
_B\éa__/

(An odd function ot taking integration in an even interva
with respect td=0 axis.)
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Fourier Technigue Review:
Trigonometric Form of Fourier Series

» Compact form of trigonometric FS (also
referred to agolar form FS)

X(t) = X, + ia X,|costegt +0X,)
n=1

X(t) is real
X, is Fourier Coefficient
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Trigonometric Form of Fourier Series
(continue)

» Quadrature form of FS

x(t) = %+ Z A, cosnw,t + Z B,, sin nw,t
n=1 n=1
to+To
- 2 Tt n-a
U

to+To

B, = — jx(t)sin(nwot)dt, [ = A2, 000

To ;
0
to+To

X, = 1 Ix(t)dt ey
Ty ; 2
0
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Trigonometric Form of Fourier Series

* In either the trigonometric or the complex
exponential form of the F.S.
— X, : the average of(t)
(or dc component of(t))
— X, : the fundamental component
— X, : the second harmonic component
— X, : the third harmonic component

* Meaning
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Trigonometric Form of Fourier Series
(derivation from complex exponential form)

X(@t) = aneinwgt

n=-o

= Y |X. e (comayt + jsinnet) (- Euler  formula)

= iUX,JCOSDXn + j|Xn|sinDXn][cosnw0t + jsinnayt]
n=1

+ iﬂxn|cosl]xn +j|X,|sin0X, Jcosnaat + j sinnegt] + X,
n=—1
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If x(t)is real, =[X,| isevemx_  isodd, w.rt. n
DX(t)=Xo+i an|cosD X, cosnawgt = |X,[sin O X, sin nagt
+ r}_|1)(n|sin OX, cosnawyt + j|X,|cosdX, sin nwot]
+ i |]Xn|cosDXn cosnawyt — | X, |sin O X, sin nawt
=

— j|X,|sinOX, cosnw,t = j|X,|cosOX, sin na)ot]

=X, + i 2|X ,[[cosO X, cosnayt - sin O X, sin nawt]
n=1

= X, + i 2|X,|cos(naw,t + 0 X,)
n=1
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A formula in derivation

212|Xn|cos(na)ot +0X,)

n=

ejnw0t+jE|Xn + e—jna)ot—jEIXn
2

jnwgt 4 jO X, = - jnwet 54— jO0X,
X ,|emte +21\Xn\e e
n:

2[X,|
1

n

nMs T1Ms

=}
[y

nwyt = - jnwyt
X e + le _,€
n=

Il
Ms

=}
1
iy

. -1 .
inwyt inwgt
X, e ™+ > X e ™™

n=-oo

Il
Ms

=}
1
=
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Definition of Sinc Function

sin( x)
X

sinc(Xx) =

Also, called interpolating function.

Even function ok.

Equal to0 asx#£0 & sin x =0

(sin x =0for x=nz asnis an integer.

Note thatsinc (0) =1due to L’Hopital’s rule.

sinc(x)exhibits sinusoidal oscillations with amplitude
decreasing continuously asx
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Figure of sinc(x)

Figure 3.9 Sinc pulse
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Example:
Rectangle function and its FS

e General form:

1
n - { i< 5

— 0 otherwise
t ., 1 |t] < L

(—) = 2

I r { 0  otherwise

e Most general form: A, t; ,7

t—t

A 0

i)
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Figure of rect(t)

1| rect(x)
X i
+ " %
(a)
Figure 3.7  Gate pulse.
1] rect (%)
_11 0 i. X
®
Figure 3.7 Gate pulse.
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X, == [ ] ()& "*dt
1—1/2
1/2
= I (cosEnw,t)+ j sinEnw,t ) dt
-1/2
1/2 - 42
sinnw,t
= 2[ cosw,t dt= 2————2
0 nw, |,
sin 2znt|["? Sin(r n)
=2———| =———*=sinc(mn)
2mn |, mn —_—
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Rectangle (window) function and its FS

* Whenn=0, X,=1.
* Whenn#0 ,X,=0

» These make sense fi@rct(t),don’t they?
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Spectrum (FS) of A Rectangular Pulse Train

v

* The pulse train is a signal of great interest in
digital communications

— A periodic sequential of rectangular pulses

w(r) Ty=2T,
— where T = pulse width
St
| I‘
-T 1 1 T 3 o,
°© -7h 7h CTh ¢
| —
(a) Waveform
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Spectrum of the Rectangle Pulse Train

* Its complex Fourier series coefficient

To!2
o= 2 e =  Alageonn
TO 0 27m
X, = AV(I‘lfo) = Ae_j””/ZM
To 2 nr/2

whereV(f) is the Fourier Transform of a
period ofw(t) [which is a rectangle].
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A, n=0
2
X, =€ _j A  n=odd
nrr
0, n =even v

W(f)= S c,a(f - nf,)

n=-o

o. & Line spectrum gf.periadic.functions

28
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~
4 [IWUN
2:"\
L4 . .
/ LY Envelope=-é M
2 b 2 nTf
1 1]
. . [ v
f°FTD 21’ foa 5\ . .
where T = pulse width ',' T ’:“/ W) = ;‘j_;_ EE'.E(:;"._ZL"’) 8(f — nfy)
! X T
'a' e : ‘. "
P 3 ;' “‘: .|," “\ P kY
L f “u ¥ Y e’ .T o
—6fo —5f —4fH-3h -2/ —hH o 2% 3 4h ShHOhH
3 % 1 1 2 ;3 f—
T T T T T T
(b) Magnitude Spectrum
Figure 2-12 Periodic rectangular wave used in Example 2-12.
Magnitudes of FS coefficients, ¢ of the periodic signal w(t)
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One Theorem:
Line Spectra for A Periodic Signal

* If w(t) is a periodic signal with periog.
then its spectrum (Fourier transform) is:

W(f):rfxna(f—nfo)

n=-—oo

 where f,=1/T, ,and x, are complex
exponential FS coefficients, ang '

is
a unit impulse function.
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Another Theorem:
FS Coefficients of A Periodic Signal

 If w(t)is a periodic signal with periodT, , and

w(t) = n:va(t -nT,) = nzzm X et

n=-—oo n=-oo

where

e, Itk
0, t elsewhere

v(t) =

then X, =fV(nf), V(f)=Fup}, and f, =1/T, .
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* Please read yourself
— Text, page 50, Example 2.8, Figure 2.22
— Text, page 52, Example 2.9, Figure 2.24
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Fourier Transform

» Definition

X(t) = IZ X(f)el?df IFT

X(f)= jmm x(e 1 Ztdt  FT

e Comment:
— Compare the pair of formulae with that of S next slide)
— Note the similarity
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Recall:

Complex Exponential Fourier Series...

X(t) = i xnejnwot tpst<t, +T,

n=-o

1 to+T _
X, == j x(t)e "t
TO t

0

Dr. Shi Digital Communications 34
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Fourier Transform...

* Dirichlet’s Conditions

1. Single-valued with a finite number of maxima
and minima

2. A finite number of discontinuities in any finite
time interval

3. Absolutely integrable, i.eﬂx(t)|0|t <00

They are sufficient conditions for a signal to have
FT.
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Fourier Transform...

» Loosely speaking, from Figure 2.12 (page 29)
one can see

— When T, T:Ti I,= line spectianser
0

—When T, - o, line specfracontinuous

— Implies:_FT of unit rectangle functien sinc function

* Beginning of Ch3 in text contains a good description on this.
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Amplitude & Phase Spectra

FT

* X(t) < X(f) Spectrum

X (f)=|X(f)e"

Complex in general, evetft) is real.

©|X(f) : Amplitude Spectrum
*4(f)=0X(f) - Phase Spectrum
Dr. Shi Digital Communications 37

Amplitude & Phase Spectra: Symmetry

o Ifx(t)isreal, |X(f)| iseven
ie., ‘x(f)‘:‘)((—f)‘

6(f) isodd

e 6(f)=-6(-1)

just similar to the symmetry of FS Coefficients.
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Amplitude & Phase Spectra: Symmetry ...

. RX(f)= J‘: x(t)cos@rft)dt  Even w.rt.f

. X(f)= fw x(t) sin(27ft)dt Odd w.rt. f

X(f) :\/[Re)((f)]z A

X(f
o(f)= arctg X(1) Odd w.rt. f
RX(T)
. odd
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Symmetry Properties ...

o If x(t) is real and evenx(t) = x(-t), even oft]

thenX(f) is real & even X(f) = X(-f) even off]

ReX(f)—Jm X(t) cos(27t)dt, even of f

—00
e e —

—00
e e ——

Dr. Shi Digital Communications 40
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Symmetry Properties ...

o If x(t) is real and odd x[t) = -x(-t), odd oft]

thenX(f) is imaginary, odd of.

TN —

Im X(f):j_""wx_(t)sin(znft)dt, odd of f
even of t
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Example

« = Considert, =0 temporarily

Dr. Shi Digital Communications 42
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o

FT{X(T)} = A J%COS(ZIT ft) dt- jfswt

r
2 2

7 ) T
; > sin(2mr f —
sin(2m ft)|2 A ( 2)

- 2 f f

Arw: AT sin c(mr fr)
mfr
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After using the shift property of FT

l.e., (time-delay property of FT (a few slides t3te

we can have:

X (f)= Arsinc(m fr)e!?" ™

Dr. Shi Digital Communications 44
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Convolution
o Definition  x(t) =x(t)Cx,(t)

= T)(l(/l)xz(t—/l)d/l

= [x(t- A

A special type of integration.

t: is a parameter as far as the integration is
concerned.
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Convolution ...

o For alinear system: x(tp |h®)| 2> y(t)
y(t) = h(t) * x(t)

» The integrand is formed from &and % by
three operations:
1. Time reversal toq(-1)  og(-A)
2. Time shifting to obtaing(t=1) &gt —A1)

3. Multiplication of x(4) andX,(t—A)
or x(t-1) andk(A)

Dr. Shi Digital Communications 46
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Convolution ...

» Graphical analysis to determine
— Different stages
— Different integration limits
— Not an easy job

» Fourier Transform Technique
— Make it easier in the transformed domain
— Also called frequency domain

Dr. Shi Digital Communications
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Convolution Theorem

X (D O%() « X, (1) X( 1)

X () - X,(f)
X (1) < Xp( 1)

Dr. Shi Digital Communications
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Linearity of FT
(Superposition Theorem)

 ax (1) +a%,(t) - a X, (f)+a,X,(f)

where &,8, are constants

X(t) < Xy ()
X(t) < X5(T)

 Proof: From definition of FT
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Time-Delay Theorem

tOX(t-ty) o X(f)e
where  x(t) « X(f)

* Proof: From definition of FT

Dr. Shi Digital Communications 50
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Scale-Change Theorem

*  x(at) - éx(éj

* Proof: ifa>0
fa<O

(Using variable substitute and def. of FT)
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Scale-Change Theorem...

e Meaning: x(at) ,i&> 1,the diagram
(graph) ofx(at) is shrinked bya time.
Sin 'k an £ Sin 2t

smt

* Sin tandSin 2t i
E/ W

F&-‘ at
PP

Dr. Shi Digital Commu X (at) :‘J( oca<l Vie Veria
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Duality Theorem
cif X® - X(F)
then X(t) o x(-f)
* Proof: From definition

FT{X(t)} = Tx(t)e_jz’ﬁdt = j X (t)e™ 127 Digt

=x(=1)
1
IFT

- f=f
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Frequency Translation Theorem

.« x(t)e o X(f -1,

* Proof: From definition of IFT
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Modulation Theorem

x(t) cos( 271 ,t) o %X(f - f0)+%X(f + 1)

* Proof:

x(t) cos( 27f,t) = x(t) DJZ;E[e-iZHfOI + im]

Using Frequency translation theorem
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Differentiation Theorem

d "x(t)
dt "

o (j2mf )" X (f)
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Integration Theorem

1 X(f)+%X(O)5(f)

t
A)dA -
R
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Singularity Functions

* An important subclass of aperiodic signals.

* Two will be introduced:
— J(t) : the unit impulse function.
— u(t) : the unit step function.
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The Unit Impulse Function
“the delta function”

t=t,

Definition 1: Tx(t)a(t—to)dt: X(4) = X

X(t) is a continuous function att 7 t
This property is called th&fting property
 Definition 2:

tp
[ot-t)dt=1 t <t,<t,

4
St-t)=0  t#t,
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The Unit Impulse Function
“the delta function”...

e Definition 3:

lim £ (t) = &)

1
&(n) €
€0

!
& = 53 =

@ @

Figure 2.13  Unit impulse and its approximation.
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« Any signal function having a unit area and zerr¢
width in the limit as some parameter approach

zero is a suitable representation fof(t)
« Examples: triangle function.

Time domain Freq. domain

FT
J(t) o 1
FT

1 o S(-f)=0(fF)
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eS

Another way to say the above two relations:

o (t) = [el?mdf

S(f)= [e ?m™dt

One more important formula:

¢(t)o(t) = ¢(0)o(t)

Dr. Shi Digital Communications 62
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Spectrum of a Sinusoid

» Consider x(t) = Acos@7f t)

FT:X (1) = Tg( et 4 g ient ) Og 2t dt

— 00

A “ . _ .
— ?J‘ (e j2m(f-fo)t 4 e JZﬂ(f+f0)t)Ddt
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S(f)= [ e ?ridt

0X (f)= 2[6(f - f)+8(F+ f)]
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* Fory(t) = Asin(2m f,t)
Y(f)=2—Aj[5<f— £)-o(f+ £)]

-.'Y(f)=T A

— 00

2]

[ j2migt _ e—j2nf0t:|De—j2nft d
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FT of cosx andsiny
TF&’)
& e
I |
sfl o £ F
irer

!y
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« Convolution of a function with a unit impulse
function = the original function
. X(t) o X (f)
and o(t) « 1

0 X (1) 08 (1) o X (f)
ie,  x(t)Od(t) = x(t)

Similarly, in frequency domain:

X (F)*a(f)= X(f)
X(f)xo(f - fy)=X(f - 1)
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Example
Ztf)
zﬂm A BH-f)
! A
s L fo ¢
YI£)
I
~fs o - fa i

Xtf)= Zef) = Ytf)

24

A A
) fo fo af, d
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[Zi(F = ) +Z,(F + F)]C[O(F = ) +O(f +T,)]
=Z(f = fo) LO(f = fo) +Z,(f — f,) Lo(Tf + fy)
+2Z,(f + o) DO(f — 1) +Z,(f + f,) Lo(f + 1)
=27,(f)+Z,(f -2f,) + Z,(f +2f,)
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Unit Step Function u(t)

A 0, t<0
u)=]_oMar= 1, t>0
undefined t=0

du(t)

oW =4

u(t) 1

e~ u(f)

0 t—= 0 t —-

(@) (b)

Figure 214 (a) Unit step function (t). (b) Causal exponential e~ u(t).
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* The unit rectangular pulse can be defined as:

|_| (t) :u(t + %) = u(t = %)
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Multiplication Theorem

Xi(t)xz(t) < Xl(f)[xz(f)

Dr. Shi Digital Communications 72
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Examples

Example 1
Since, Al Gj - Arsinc(fr) bitya

0 Arsinc(tt) « A[] (%j
A1(7

Dr. Shi Digital Communications 73

Examples
Example 2:

1. AS(t) « A [or,a(t) < 1] linearity

g =8

To t—>
@

Figure 3.11  Unit impulse and its Fourier spectrum.
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o Ad(t-t,) - Ag 127 time delay

3. Ao AS(f) [or,l o O(f )] linearity
s0=1 G(@) = 208(0)
1 >
0 T —= 0  —>

Figure 3.12  Constant (dc) signal and its Fourier spectrum.
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j 27k ot _ frequency
4. AETY o AS(T - 1,) translation
 Proof:

L FT{3()} =[_ ot)e* dt=e 1> =1

2. 1o o(-f)=0o(f), (O(f): even functioi
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Summary

Fourier series:

— Complex exponential series

— Trigonometric series: compact and quadrature
— Properties

Fourier transform

— Definition

— Properties

Special functions: sinc, rect, delta, step
Others:

— Orthoganality

— Dirichlet conditions

— Some techniques in mathematical manipulation
e Tables 3.1 and Table 3.2

Dr. Shi Digital Communications
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