
3206 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 55, NO. 7, JULY 2009

Cooperative Multicell Zero-Forcing Beamforming in
Cellular Downlink Channels

Oren Somekh, Member, IEEE, Osvaldo Simeone, Member, IEEE, Yeheskel Bar-Ness, Life Fellow, IEEE,
Alexander M. Haimovich, Senior Member, IEEE, and Shlomo Shamai (Shitz), Fellow, IEEE

Abstract—In this work, a multicell cooperative zero-forcing
beamforming (ZFBF) scheme combined with a simple user se-
lection procedure is considered for the Wyner cellular downlink
channel. The approach is to transmit to the user with the “best”
local channel in each cell. The performance of this suboptimal
scheme is investigated in terms of the conventional sum–rate
scaling law and the sum–rate offset for an increasing number
of users per cell. We term this characterization of the sum–rate
for large number of users as high-load regime characterization,
and point out the similarity of this approach to the standard
affine approximation used in the high-signal-to-noise ratio (SNR)
regime. It is shown that, under an overall power constraint, the
suboptimal cooperative multicell ZFBF scheme achieves the same
sum–rate growth rate and slightly degraded offset law, when com-
pared to an optimal scheme deploying joint multicell dirty-paper
coding (DPC), asymptotically with the number of users per cell.
Moreover, the overall power constraint is shown to ensure in
probability, equal per-cell power constraints when the number of
users per-cell increases.

Index Terms—Broadcast channel, distributed antenna array,
fading channels, scaling law, sum–rate capacity, Wyner cellular
downlink, zero-forcing beamforming (ZFBF).

I. INTRODUCTION

T HE growing demand for ubiquitous access to high-data
rate services has driven researchers to consider alterna-

tive wireless communications systems for different scenarios.
Cellular systems are still of major interest as the most common
method for providing continuous service to mobile users, in both
indoor and outdoor environments. In this context, the use of joint
multicell processing has been identified as a key tool for en-
hancing system performance (see [1], [2] and references therein
for surveys of recent results on multicell processing).

The main goal of this paper is to present and analyze effi-
cient suboptimal scheduling schemes for the downlink channel
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Fig. 1. Wyner’s circular array system model� � �.

of cellular systems that deploy multicell processing via joint
zero-forcing beamforming (ZFBF). Emphasis is put on deriving
analytical results that provide insight into the role of key pa-
rameters on system performance. To achieve this goal, rather
than focusing on complex multicell system models as in, e.g.,
[3]–[5], a simple cellular model based on a model presented by
Wyner in [6] is considered. According to this model (depicted
in Fig. 1 with four cells), the cells are placed on a circle and
each user “sees” only three cell-site antennas. In addition, the
path loss is modeled by a single parameter that rules
inter-cell channel gains. The circular setup is homogenous and
is selected to simplify the analysis. However, in the asymptotes
of large number of cells, which is the regime of interest here, the
circular setup and the more conventional linear setup are equiv-
alent. Although this model is hardly realistic, it encompasses
the essence of real-life system parameters, such as fading and
inter-cell interference.

The downlink channel of a similar model was first considered
in [7], where a suboptimal scheme based on LQ factorization
of the channel matrix, an arbitrary encoding order and joint
multicell dirty-paper coding (DPC), was proposed and studied.
The attainable per-cell sum–rates under an overall power
constraint and in the presence of Rayleigh flat fading were
shown via numerical calculations to approach those of the
optimal DPC scheme (with optimal encoding order), in the
high-signal-to-noise ratio (SNR) region. Recently, bounds on
the per-cell sum–rate capacity supported by the downlink of
this model have been reported in [8], under equal per-cell power
constraints, in the presence of Rayleigh flat fading. To achieve
theses rates, DPC techniques are deployed [9]. Unfortunately,
DPC is difficult to implement in practical systems due to the
high computational burden of the successive encoding involved,
in particular when the number of users is large. Moreover, DPC
requires accurate channel state information available at the
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transmitter, which is commonly measured by the receivers
and fed back to the transmitter. It is evident that for multicell
processing, where many users are typically involved, these
problems are particularly severe.

Linear precoding schemes that offer a tradeoff between com-
plexity and performance have been intensively investigated in
recent years, for the multiple-input multiple-output (MIMO)
downlink channel [10]–[12]. A simple linear precoding scheme,
which projects the multiuser channel into multiple independent
single-user channels, and reduces the design into scheduling and
power allocation problem, is ZFBF [13]–[15]. ZFBF is asymp-
totically optimal with increasing SNR, and it is easily gener-
alized to incorporate DPC techniques [13], [16]. Recently, a
ZFBF scheme has been considered in [17] for a single-cell
antennas multiple-input single-output (MISO) downlink setup
under a sum–power constraint. In this suboptimal scheme, a set
of (at most) “semi-orthogonal” users to be served is selected
so as to maximize the sum–rate, and independent coding is em-
ployed for each selected user. This strategy is proved to pro-
vide optimal rates (as DPC), asymptotically with the number of
users . However, determining the subset of users scheduled
for transmission is a complex optimization problem, especially
when is large.

In this paper, we consider joint multicell ZFBF for the down-
link of a Wyner circular setup, coupled with a simple sched-
uling mechanism. According to this scheme, in each cell the user
with the “best” local channel (the channel from the local cell
site) is scheduled for transmission. Considering at first unfaded
channels, a closed-form expression for the per-cell sum–rate of
the proposed scheme is derived, and is proved to hold under
both overall and equal per-cell power constraints. In addition,
it is shown that ZFBF scheme is superior to a simple inter-cell
time sharing (ICTS) scheme, when the SNR is above a certain
threshold, which increases with the inter-cell interference . In-
troducing Rayleigh fading, we resort to an asymptotic analysis
with an increasing number of users (referred to as the high-
load regime). Specifically, we formalize the high-load regime
by following the approach of [18] and defining both the stan-
dard scaling law of the sum–rate (slope) and the corresponding
offset1. The per-cell sum–rate of ZFBF is then proved to expe-
rience the same scaling law and a slightly degraded offset when
compared to an optimal DPC scheme under sum–power con-
straint. Moreover, it is verified that the scheme satisfies in proba-
bility the more suitable equal per-cell power constraints, asymp-
totically, with increasing . Numerical results show that the
asymptotic expressions derived for this setup are already valid
for a modest number of users per cell. Finally, we consider a dif-
ferent scheduling mechanism according to which the user with
the “best” total received power from the three base-stations in
sight is selected for transmission. It is shown that this user se-
lection scheme does not provide higher rates in the high-load
regime.

The system model and the ZFBF scheme are described in
Section II. Additional background and previous results are elab-
orated in Section III. The high-load regime characterization is

1This is similar to the high-SNR regime defined in [19].

defined in Section IV. Sum–rate analysis for the nonfading and
Rayleigh-fading setups is presented in Section V. In Section VI,
an alternative user selection procedure is discussed. Numerical
results and concluding remarks are presented in Sections VII
and VIII, respectively. Various proofs and derivations are in-
cluded in the Appendix.

II. SYSTEM MODEL

Consider a circular variant of the linear Wyner model [6] de-
picted in Fig. 1, in which cells with users each are ar-
ranged on a circle. Assuming a synchronous intra-cell time-divi-
sion multiple-access (TDMA) scheme, according to which only
one user is selected for transmission per cell, the vector
baseband representation of the signals received by the selected
users is given for an arbitrary time index by

(1)

where is the complex Gaussian symbols vector
, is the beamforming matrix, is the

complex Gaussian additive noise vector ,
and is the channel transfer matrix, given by

. . .
...

...
. . .

. . .
...

. . .
. . .

(2)

where is the inter-cell interference factor representing
the geometrical path losses. In addition, , and are the
flat-fading coefficients of the signals transmitted by the th,

th,2 and th cell sites respectively, and received
by the selected user of the th cell. It is noted that the fading co-
efficients may be statistically dependent, depending on the users
selection procedure. In addition, ergodic block-fading processes
are assumed where the fade values remain constant during the
TDMA slot duration. Each of the users perfectly mea-
sures its own fade coefficients , which are fed
back to the multicell transmitter via an ideal delayless feedback
channel. Moreover, no user cooperation is allowed.

As mentioned earlier, the circular setup is homogenous and
provides perfect symmetry between the mobiles and between
the base-stations. This symmetry simplifies the analysis consid-
erably. Moreover, in the asymptotes of large number of cells,
which is the regime of interest here, the circular setup and the
more conventional linear setup are equivalent; the resulting
channel transfer matrices of both setups are equivalent in terms
of their Frobenius norm [20].

A joint multicell ZFBF scheme is utilized, whose beam-
forming matrix for an arbitrary TDMA slot is given by

(3)

2� �� ��� � �.
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where is the overall average transmit power
constraint, which is ensured by definition.3Substituting (3) into
(1), the received signal vector reduces to

(4)

and single-user encoding–decoding schemes with long code-
words lasting over many symbols (and many fading blocks) are
used. Since (4) can be interpreted as a set of identical inde-
pendent parallel single-user channels, its achievable per-channel
(or cell) ergodic sum–rate is given by 4

(5)

where the expectation is taken over the entries of . Next, ex-
pressing the trace by the nonnegative eigenvalues of in (5),
recalling that the arithmetic mean of a nonnegative set is larger
than its harmonic mean, and applying the Jensen’s inequality
we get the following proposition, which is useful in the sequel.

Proposition 1: The achievable per-cell ergodic sum–rate of
the ZFBF scheme with an arbitrary user selection procedure and
total sum power constraint , is upper-bounded by

(6)

Although a sum–power constraint is assumed, a more natural
choice for a cellular system is to maintain per-cell power con-
straints. Hence, we are interested in the transmitted power of an
arbitrary cell, which is averaged over the TDMA time slot du-
ration (many symbols) and is a function of the realization of

(7)

for . The following proposition will be
useful later on.

Proposition 2: The average transmitted power per-cell
of the ZFBF scheme with an arbitrary user selection procedure
(expression (7)), satisfies the following inequality :

(8)

where are the eigenvalues of .
Proof: See Appendix A.

The above discussion holds for any ZFBF scheme with: a)
sum–power constraint; b) no further power allocation via spa-
tial “water filling;” 5 c) and an arbitrary selection of users
(one in each cell). In Section V, simple scheduling schemes for

3Later on it is argued that under certain conditions this scheme satisfies an
equal per-cell average power constraints as well.

4A natural logarithmic base is used throughout this work.
5Focusing on the asymptotes of a large number of users per cell and the sym-

metrical nature of the model makes it unnecessary for further power allocation.
However, for practical finite systems, which are asymmetric, the latter is essen-
tial for achieving good performance.

both nonfading (i.e., , ) and
Rayleigh-fading (i.e., , )
setups are presented and analyzed. Section III provides some
additional background and related results derived for the Wyner
downlink channel. Theses results are used as a reference for
evaluating the performance of the proposed ZFBF scheme.

III. BACKGROUND

For a similar model, but with capacity-achieving joint mul-
ticell DPC scheme, the downlink per-cell ergodic sum–rate ca-
pacity with an equal per-cell power constraint , was recently
reported in [8]. The analysis considers another variant of the
Wyner model referred to as the soft-handoff model, in which
each user “sees” only two cell sites. These results can be ex-
tended to include the current circular Wyner model in a straight-
forward manner. Accordingly, the per-cell ergodic sum–rate ca-
pacity with an equal per-cell power constraint, for a nonfading
setup, is given by

(9)

and for a Rayleigh-fading setup with many users per cell
, is bounded by

(10)

for some .

As a reference, and assuming the system includes an even
number of cells, an inter-cell time sharing (ICTS) scheduling,
according to which odd and even cells are transmitting alter-
natively in time, can be used. This simple scheme (presented
in [21] for the uplink channel) requires only limited coopera-
tion between cells, and deploys single-user encoding–decoding
schemes. Since, for each time slot, only odd or even indexed
cells are transmitting, and the model assumes interference from
the two adjacent cells only, inter-cell interference is avoided and
the scheme demonstrates a non-interference-limited behavior. It
is easily verified that the achievable per-cell ergodic sum–rate
for a nonfading setup is given by

(11)

and for a Raleigh-fading setup is well approximated (for a large
number of users per cell ) by

(12)

The latter rate is achieved by scheduling in each active cell, the
user with the “best” channel for transmission.

IV. HIGH-LOAD REGIME CHARACTERIZATION

Most of the works dealing with the asymptotic analysis of
downlink channels with large number of users ( ) are
focused on the sum–rate scaling law. This traditional character-
ization is unable to assess the impact of other channel features,
since many considered channels demonstrate the same scaling
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law. Moreover, a characterization based only on the scaling
law does not reveal much about the actual number of users
and power required to achieve a finite rate. Here, we present a
more refined characterization for the scenario of large number
of users (referred to as the high-load regime), in which the rate
is expanded as an affine function of . The resulting
zero-order term or high-load offset captures the impact of other
channel features, such as scheduling and coding. The high-load
refinement is inspired by the seminal works of Shamai et al.
[22] and Lozano et al. [19], dealing (among other things) with
the power offset in the high-SNR regime. In fact, the definitions
of the high-load slope and offset are similar to the respective
high-SNR slope and offset, where the term in the latter is
replaced by the term .

In the high-load regime, the sum–rate per receive element of
“good” scheduling schemes in the presence of Rayleigh fading
behaves as

(13)

where denotes the high-load slope in bits per second per
hertz (bits/s/Hz)

(14)

and , defined by

(15)

represents the high-load offset with respect to some reference
channel having the same high-load slope.

Applying these definitions, we get that the high-load char-
acterization of the optimal joint multicell DPC scheme in the
presence of Rayleigh fading (expression (10)) is given by

(16)

while the high-load characterization of the ICTS scheme in the
presence of Rayleigh fading (expression (12)) is given by

(17)

To conclude this section, we note that the baseline scaling
law of is matched to Rayleigh-fading channels, and
is motivated by the fact that the maximum of independent
and identically distributed (i.i.d.) central chi-square distributed
random variables (r.v.’s) with degrees of freedom ,
roughly behaves like [23 (Example 1, Appendix A)],
[24]. Other fading distributions may lead to other baseline
scaling laws (see, for example, [25], where a law of
is demonstrated for lognormal fading). It is also noted that, al-
though the high-load characterization is similar to the high-SNR
characterization (with takes the role of ), there
is a main difference between the two asymptotic regimes. The
difference lies in the fact that while the SNR is related to the
input signals and additive noise vector statistics, the number
of users is related to the resulting fading statistics via the user
selection scheme. This fact makes the high-load parameters

hard to calculate and much more setting dependent than the
general expressions derived for the high-SNR parameters [19].

V. SUM–RATE ANALYSIS

In this section, the achievable per-cell ergodic sum–rate of
the ZFBF scheme is analyzed for Gaussian (i.e., nonfading) and
Rayleigh block flat-fading channels, for specific user scheduling
procedures. For the fading setup, we also address the high-load
characterization and the implications of an increasing number
of users per cell over the transmitted power of an arbitrary cell
site.

A. Nonfading Setup

For nonfading channels, round-robin scheduling is deployed
without loss of optimality. In addition, there is no need to feed
back the channel coefficients since ,

. Hence, for each time slot, the channel transfer matrix
(2) becomes circulant with as first row, and the
following proposition holds.

Proposition 3: The per-cell average sum–rate of the ZFBF
scheme is given for by

(18)

This rate holds for an overall power constraint , and for an
equal per-cell power constraints .

Proof: See Appendix B.

Evidently, is a decreasing function of the interfer-
ence factor . Comparing (11) to (18), it is clear that the ZFBF
scheme is superior to the ICTS scheme, when the SNR is
above a certain threshold

(19)

which is an increasing function of . It is noted that for ,
the circulant channel transfer matrix is singular and channel
inversion methods, such as ZFBF are not applicable. Moreover,

is not guaranteed to be nonsingular for and any finite
number of cells .

B. Rayleigh-Fading Setup

For the Rayleigh-fading setup (i.e., , ,
, ), we propose the following strategy. For

each fading block (or TDMA slot), the multicell processor
selects the user with the “best” local received power (BLP) for
transmission in each cell. In other words, the selected user in
the th cell is

(20)

where are the fading coefficients of the th
cell transmitted signals as they are received by the th cell
users. The resulting channel transfer matrix of this suboptimal
scheduling (defined in (1)) consists of diagonal entries
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whose amplitudes are the maximum of i.i.d.
chi-square distributed random variables with two degrees of
freedom. The other two diagonals entries of are chi-square
distributed random variables with two degrees of freedom
times .

In case is ill conditioned, the joint beamformer can start
replacing the “best” users by their second “best” users until the
resulting is well behaved. Since we assume that , the
overall statistics is not expected to change by this user replacing
procedure. The special structure of the channel transfer matrix

resulting from the setup topology and the scheduling proce-
dure plays a key role in understanding the asymptotic high-load
characterization of the scheme’s per-cell sum–rate (ex-
pression (5)), which is stated in the following proposition.

Proposition 4: The high-load characterization of the ZFBF-
BLP scheme is given by

(21)

Proof: See Appendix C.

This results can be intuitively explained by the fact that
due to the scheduling process, “becomes” diagonal

when increases. Accordingly, for large ,
“behaves” like , and (expression

(5)) is well approximated for the BLP selecting scheme by

(22)

It is concluded that the per-cell sum–rate of the ZFBF-BLP
scheme scales as , which is the same scaling law of
the optimal multicell joint DPC scheme. Moreover, the gap be-
tween the high-load offsets of the ZFBF-BLP and that of the
optimal scheme is bounded according to (16) by

(23)

Hence, in the high-load regime the spectral efficiency of the
ZFBF-BLP scheme is less than 1.1 [bit/s/Hz] below the rate of
the optimal scheme (set in (23)). It is also concluded
that the ZFBF-BLP scheme provides a twofold scaling law
compared to the ICTS scheme (12), in the presence of Rayleigh
fading. Moreover, by definition, the sum–rate of the ZFBF
scheme ensures a non-interference-limited behavior for any
number of users (not necessarily large).

Finally, we consider the power constraint issue asymptoti-
cally with an increasing number of users per cell.

Proposition 5: The considered ZFBF-BLP scheme, which
maintains an overall power constraint of , ensures in prob-
ability an equal per-cell power constraint of , asymptotically
with an increasing number of users per cell. Hence

(24)

Proof: See Appendix D.

As mentioned earlier, for cellular systems, an individual
per-cell power constraint is a more reasonable choice than a
sum–power constraint, which is more suitable for collocated
antenna arrays.

VI. DISCUSSION

One of the reasons why the BLP user selection scheme was
chosen to be the focal point of this work is that it enables analyt-
ical treatment, and specifically the derivation of a lower bound
on the per-cell sum–rate in the presence of Rayleigh fading. In
this section, we present a more ”natural” user selection pro-
cedure referred to as best total received power (BRP), and we
show that such strategy does not provide larger rates in the high-
load regime. According to this scheme, in each fading block (or
TDMA slot) the multicell processor selects the user with the best
overall received power for transmission in each cell. In other
words, the selected user in the th cell is

(25)

where , , and are the fading
coefficients of the th, th, and th cell transmitted
signals, respectively, as they are received by the th-cell users.
In case is ill conditioned, the same procedure of replacing
“best” users with second “best” users is deployed.

Proposition 6: The per-cell sum–rate of the ZFBF-BRP
scheme is upper-bounded for any number of users per cell
by

(26)

Proof: See Appendix G.

Applying the definitions of the high-load slope and offset (ex-
pressions (14) and (15)) directly to the upper bound of (26)
yields the following:

(27)

Since the high-load slope and offset predicted by the upper
bound equal those of the ZFBF-BPL scheme, it is concluded
that the ZFBF-BRP scheme does not provide higher rates in the
high-load regime than that of the ZFBF-BLP scheme. Although
it is conjectured that Proposition 5 also holds for the ZFBF-BRP
scheme, the issue of the individual cells’ transmitted power
does not change the latter conclusion.

VII. NUMERICAL RESULTS

First, the nonfading setup is considered under the assump-
tion that the number of cells is large and . In
Fig. 2, the spectral efficiencies6 per cell of the optimal, ICTS,
and ZFBF schemes (expressions (9), (11), and (18), respec-
tively) are plotted as functions of the transmitted , for

. It is observed that the ZFBF scheme outperforms
the ICTS scheme above a certain SNR threshold. The threshold

(expression (19)) is shown in Fig. 3 as a function of the
inter-cell interference factor ; the ICTS scheme is superior in
the region below this curve (which is a monotonically increasing

6The spectral efficiency �� �� � is defined through the following rela-
tions: �� �� � � ������ and ��� � ������� �� .
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Fig. 2. Spectral efficiencies per cell with no fading versus � �� for � � ���.

Fig. 3. The SNR threshold � ��� with no fading versus the inter-cell interference factor �.

function of ), while the ZFBF scheme prevails in the region
above the curve.

Turning to the Rayleigh-fading setup, the spectral efficiencies
per cell (calculated by Monte Carlo simulations) of the ICTS
and ZFBF-BLP (expression (5)) schemes, and the asymptotic
upper bound of the optimal scheme (expression (10)) are plotted
in Fig. 4 as functions of the transmitted , for ,

, and finite dimensional system of cells.7

It is observed that for this set of parameters the ZFBF-BLP
scheme loses only a fraction of a bit/s/Hz when compared to

7It is noted that a circular setup of � � �� may be considered for any
practical purpose as an infinite array [8].

the upper bound of the optimal scheme already for a modest
number of users per cell (it is noted that the upper bound is valid
for and it might not be accurate for small values of ).
The gap between the ZFBF-BLP curve and the per-cell sum–rate
capacity upper bound is clearly explained by the fact that the
ZFBF-BLP scheme does not use the distributed antenna array
to enhance the reception power, but to eliminate inter-cell inter-
ference. Hence, the additional array power gain of
predicted by the upper bound cannot be achieved. Moreover,
for large values of , the ZFBF provides approximately
twice the bits/s/Hz compared to the ICTS scheme, which can
be explained by the high-load slope of the ICTS per-cell
sum–rate expression (17).
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Fig. 4. Spectral efficiencies per cell in the presence of Rayleigh fading versus � �� for � � ���, � � ���, and � � ��.

The superiority of the ICTS scheme over the ZFBF scheme
in the low-SNR regime for Gaussian channels is due to the fact
that in this regime the performance is determined mainly by
the average receive power ( for ICTS versus
for ZFBF). As the SNR increases, the pre-log factor of
the ICTS becomes dominant and the performance of the ICTS
scheme drops below that of the ZFBF scheme. For Rayleigh-
fading channels and large this is no longer true, since the ef-
fective receive power is proportional to . To conclude, in
the low-SNR regime and Gaussian channels, ICTS is beneficial
over ZFBF, while for Rayleigh-fading channels, ICTS is bene-
ficial only when (or very low-SNR regime).

In Fig. 5, the sum–rates per cell of the ICTS and ZFBF-BLP
schemes (Monte Carlo simulations, and asymptotic expressions
(22) and (12)), the ZFBF-BRP (Monte Carlo simulation),
and the upper bound of the optimal scheme, are plotted as
functions of the number of users per-cell for [dB],

and . Examining the curves, the observations
made for Fig. 4 are strengthened, since the small loss suffered
by the ZFBF scheme when compared to the upper bound
is demonstrated to hold over a wide range of values. A
good match between the ZFBF-BLP Monte Carlo simulation
results to its asymptotic curve is observed as well, already for
a modest number of users per cell. Another observation is that
the BRP scheduling does not provide higher rates than the BLP
scheduling, demonstrating that the claim of Proposition 4 is
also valid for a modest number of users per cell.

In Fig. 6, the empirical cumulative distribution function
(CDF) of an arbitrary cell normalized transmit power is
plotted for several values of the number of users per cell and

[dB]. The curves, derived by Monte Carlo simulation,
demonstrate the convergence of to as predicted by
Proposition 5; the probability of to be in the range of
[dB] increases from to , while the number of users
increases from to .

VIII. CONCLUDING REMARKS

In this work, cooperative multicell ZFBF for the down-
link of the circular Wyner model is studied for Gaussian and
flat Rayleigh-fading channels. For the nonfading setup and
round-robin scheduling, a closed-form expression for the
achievable per-cell sum–rate (under both overall and equal
per-cell power constraints) is derived. ZFBF is shown to
demonstrate superior performance over the ICTS (i.e., fre-
quency reuse) when the SNR crosses a certain threshold, which
increases with the inter-cell interference power level (increasing

). To address the analysis in the presence of Rayleigh fading,
we introduce the high-load characterization of the sum–rate,
which consists of the slope and offset parameters describing
the sum–rate scaling with the number of users. We propose
a simple scheduling scheme, whereby in each cell the user
with BLP is selected. The per-cell sum–rate of the proposed
ZFBF-BLP scheme is proved to demonstrate the same growth
rate of and a slightly degraded offset when compared
to the optimal DPC scheme, asymptotically with an increasing
number of users per cell , while satisfying (in probability)
equal per-cell power constraints. We also show that the alter-
native ZFBF-BRP scheme does not provide better rates in the
high-load regime. Furthermore, numerical results derived by
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Fig. 5. Sum–rates per cell in the presence of Rayleigh fading versus the number of users per cell � for � � �� [dB], � � ���, and � � ��.

Monte Carlo simulation show a good match to the results pre-
dicted by the asymptotic analysis already for a modest number
of users. It is noted that since ZFBF is utilized, non-interfer-
ence-limited behavior is guaranteed for any number of users per
cell (not necessarily large). Moreover, extending the results
presented here to a two-dimensional planar Wyner model can
be done in a straightforward (though tedious) manner.

A main conclusion of this work is that the simple cooperative
multicell ZFBF-BLP scheme presented here provides near-op-
timal performance already for a moderate number of users
per cell. Moreover, the scheduling mechanism prescribes one
active user per cell (a natural choice for cellular systems), while
treating the whole system as a distributed antenna array for
inter-cell interference cancellation by ZFBF (allowing the use
of single-user encoding–decoding schemes). Combined with
its inherent non-interference-limited behavior, the ZFBF-BLP
scheme provides a fair alternative to the optimal complex joint
multicell DPC scheme.

APPENDIX

A. Proof of Proposition 2

To prove the right-hand side (RHS) of (8) we note that
(expression (7)) satisfies the following set of inequalities:

(28)

where is achieved by recalling that the eigenvalues of an
Hermitian matrix majorize its diagonal entries (Horn’s theorem
[26]).

Next, we denote the nonincreasing ordered eigenvalues
and nonincreasing ordered diagonal entries of a semi-positive
definite (SPD) Hermitian matrix by
and , respectively. Now to complete the proof,
the RHS of (8) is justified by the following set of inequalities:
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Fig. 6. Normalized transmitted power CDF of an arbitrary base-station in the presence of Rayleigh fading for � � �� [dB], � � ���, � � ��, and several
values of � .

(29)

where is achieved by recalling that the eigenvalues of an
Hermitian matrix majorize its diagonal entries (Horn’s theorem
[26]). Hence, the summation term in the second equality of (29)
is nonnegative.

B. Proof of Proposition 3

Since for the nonfading setup is deterministic, (5) reduces
to

(30)

To evaluate (30), the following set of equalities are useful:

(31)

where is achieved since is an Hermitian nonsingular
matrix for , and the last equality is due to the

fact that is also circulant [20]. Taking to infinity yields

(32)

where the last equality is achieved by setting , ,
in [27, eq. 3.661.4, p. 399] and some algebra. Substituting

(32) into (30) yields (18).
Since for the nonfading setup is a circulant matrix, then ac-

cording to [20] is also circulant, and its diagonal en-
tries are equal by definition. Hence, the average transmit power
of the th cell site antenna is given by

(33)

where is the beamforming matrix defined in (3). It is con-
cluded that the overall power constraint of ensures an equal
per-cell power constraints of .

C. Proof of Proposition 4

We start by showing that the channel transfer matrix , re-
sulting from the BLP selection procedure, satisfies the following
propositions.

Proposition 7: The normalized Frobenius norm of the ma-
trix converges in probability to . Hence

(34)

where is the Frobenius norm of a matrix.
Proof: See Appendix E.
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Proposition 8: The eigenvalues of the matrix
converge in probability to . Hence

(35)

Proof: See Appendix F.

Now, let us define the following event:

(36)

where is the th eigenvalue of . Next, we apply the
high-load slope definition (14) to the per-cell sum–rate (5) and
write the following set of inequalities:

(37)

where is the indicator function, is an arbitrary small
constant, is achieved by noting that the definition of im-
plies that , and is achieved by using the
following inequality:8

(38)

where is a set of arbitrary events. In addition, the final
limit of (37) is achieved by invoking Proposition 8 and taking

to infinity.
Since this suboptimal scheme achieves the optimal high-load

slope it is evident that . Nevertheless, we
show that for the sake of completeness and for later
use (i.e., calculating the high-load offset ). Towards this end,
the following bound is useful:

(39)

where is due to Proposition 1, and is achieved due to
the fact that according to the BLP selection procedure ,

8This inequality is a simple generalization of the following inequality:
������� � ������������� which is valid for any two events� and �.

with , and by the fact
that the mean value of the th-order statistic of independent
exponential (or central with ) distributed r.v.’s (see
[24, p. 62] satisfies

(40)

Applying the upper bound of (39), it is easily verified that the
high-load slope of the ZFBF-BLP scheme is upper-bounded by

(41)

Turning to the high-load offset, we apply the high-load slope
definition (15) to the per-cell sum–rate (5) and write the fol-
lowing set of inequalities:

(42)

where is due to the definition of which implies that
, and is due to (38). The final limit of (42) is

achieved by invoking Proposition 8 and taking to infinity.
Since the high-load lower bound of (42) holds for arbitrary

small it is concluded that

(43)

On the other hand, applying the upper bound of (39) we get that

(44)

Combining (43) and (44) the proof is completed.

D. Proof of Proposition 5

To prove the claim, it is enough to show that the random vari-
ables satisfy

(45)

for any arbitrarily small .
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Now, let us define ,
, and rewrite (45) as follows:

(46)

where is due to (8), is due to the fact that
where , are arbitrary events, is achieved by

increasing and decreasing , is achieved by setting
and (i.e., ensuring that

the first two events have probability ), and is achieved by
invoking (38) (setting ). Finally, the last limit is due to
Proposition 8.

E. Proof of Proposition 7

To prove the claim we have to show that

(47)

Using the definition of the Frobenius norm [20], the left-hand
side (LHS) of (47) is rewritten as

(48)

where the last inequality is achieved by recalling that for any set
of nonnegative r.v.’s, , the following inequality holds:

(49)

and that the matrix has nonzero entries.
Examining the five-diagonal matrix , resulting from the

BLP scheduling, reveals that its nonzero entries can be divided
into three groups of identical distributed r.v.’s: 1) the main diag-
onal entries indexed ; 2) the entries of the first diagonals
below and above the main diagonal, indexed ; and
3) the entries of the second diagonals below and above the main

diagonal, indexed . Hence, the RHS of (48) reduces
to

(50)

where for Rayleigh fading , , , ,
while , each has the maximum amplitude of i.i.d.

distributed r.v.’s.
In the sequel, the following order statistic result is useful.

According to [23 (Example 1, Appendix A)], the maximum of
distributed r.v.’s, , behaves like with high proba-

bility. In particular, while neglecting little orders of ,
satisfies

(51)

Next, we denote and rewrite the first
summand of (50) as follows:

(52)

where

(53)
is achieved by algebraic manipulation and by invoking the

triangular inequality, is due to the fact that
for any events , , and by noting that (51) implies

that , and
is due to the fact that is a distributed r.v.

Turning to the second summand of (50) we have
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(54)

where the last inequality is achieved by invoking the triangular
inequality and some algebraic manipulations. Let us define

and and rewrite
the RHS of (54) as follows:

(55)

where

(56)
is achieved by noting that is the maximum of i.i.d.

distributed r.v.’s, and adhering to similar argumentation used in
step of (52), is achieved by using (49) and some algebra,
and is due to the fact that and are dis-
tributed r.v.’s.

To complete the proof, we consider the third summand of (50)
and get

(57)

where

(58)

is achieved by recalling that for any two nonnegative r.v.’s ,
, the following inequality holds:

, and is due to the fact that is a
distributed r.v.

Remarks: Examining (50), (52), and (55), it is evident that
in order for the Frobenius norm to converge we need that

. This requirement that connects the number of cells

to the number of users per cell is most unwanted, since
it means that a large number of users per cell is needed al-
ready for a small number of cells. Fortunately, this requirement
evolves from the upper-bounding technique being used (49), and
it is not inherent to the performance of the scheme at hand.
In fact, numerical results derived by Monte Carlo simulation
(see Section VII), reveal that the per-cell sum–rate demonstrates
an almost perfect match to its asymptotic expression and also
a weak dependency on the number of cells already for a
modest number of users per cell . The problem with using
(49) is that the three terms in (50) are multiplied by . Hence,

must “overcome” to take the total sum to zero (i.e.,
). Despite considerable efforts, we could not

show this fact analytically.

F. Proof of Proposition 8

Since the Frobenius norm of an arbitrary rectangular
Hermitian matrix may be expressed as

(59)

then according to Proposition 7, for any finite we get

(60)

and the proof is completed by noting that the last equality of
(60) holds if and only if (35) holds.

G. Proof of Proposition 6

To assess the high-load characterization parameters of the
ZFBF-BRP scheme, the following bound is useful:

(61)

where is due to Proposition 1, and
. It is noted that is the maximum of

i.i.d. distributed r.v.’s with . Next we upper-bound

, utilizing order statistics argumentations.

Proposition 9: The mean value of the th
-order statistics of a central distribution satisfies
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(62)
where .

Proof: See Appendix H.

For the current case of interest, i.e., , , ,
, and , we get that (62) boils down

to

(63)

Finally, substituting (63) in (61), noting that
, and applying the definitions of the high-load slope and

offset, the proof is completed.

H. Proof of Proposition 9

In [24, p. 62], it is shown that the average of the th-order sta-
tistics of an arbitrary distribution satisfies
the following:

(64)

if its hazard rate, defined as

(65)

is an increasing function.
It is easily verified that the hazard rate of a central dis-

tribution is an increasing function. Hence, the average of its
th-order statistics satisfies (64). On the other hand, it is easy

to verify that the distribution function also satisfies

(66)

Combining (64) and (66), and some algebra we get the following
inequality:

(67)

Finally, by invoking the following inequality

(68)

to the second summand of the LHS of (67) and some algebra
the proof is completed.
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