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Abstract

It has been recently shown that multiple-input multiple-output (MIMO) antenna systems have the potential to
dramatically improve the performance of communication systems over single antenna systems. Unlike beamforming,
which presumes a high correlation between signals either transmitted or received by an array, the MIMO concept
exploits the independence between signals at the array elements. In conventional radar, the target’s radar cross section
(RCS) fluctuations are regarded as a nuisance parameter that degrades radar performance. The novelty of MIMO
radar is that it provides measures to overcome those degradations or even utilizes the RCS fluctuations for new
applications. This paper explores how transmit diversity can improve the direction finding performance of a radar
utilizing an antenna array at the receiver. To harness diversity, the transmit antennas have to be widely separated,
while for direction finding, the receive antennas have to be closely spaced. The analysis is carried out by evaluating
several Cramer Rao bounds for bearing estimation and the mean square error (MSE) of the maximum likelihood

estimate.
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I. INTRODUCTION

Motivated by recent developments in communication theory, [1, 2], we explored the potentials of the multiple-
input multiple-output (MIMO) concept in radar in [3, 4]. MIMO communication systems overcome the effect of
fading in the wireless channel by transmitting redundant streams of data from several decorrelated transmitters
[5]. For independent fading paths, the receiver of a MIMO system enjoys the fact that the average (over all
information streams) signal to noise ratio (SNR) is more or less constant, as the number of paths increases, whereas
in conventional systems, which transmit all their energy over a single path, the received SNR varies considerably.

In radar, a target is characterized by its radar cross section (RCS) function [6]. A target's RCS represents the
amount of energy reflected from the target toward the receiver as a function of the target aspect with respect to the
transmitter/receiver pair. It is well known that this function is rapidly changing as a function of the target aspect
[6]. Both experimental measurements and modeling results demonstrate that scintillattndBfor more in the
reflected energy can occur by changing the target aspect by as little as one milliradian. These RCS scintillations
are responsible for signal fading, which can cause large degradations in the system’s detection and estimation
performances.

Our proposed MIMO radar enjoys similar benefits to those enjoyed by MIMO communication systems. Specif-
ically, the proposed approach overcomes target RCS fluctuations by transmitting different signals from several
transmitters that illuminate the target from ideally decorrelated aspects. The received signal is a superposition
of independently faded signals, and the average SNR of the received signal is more or less constant. This is in
remarkable contrast to the conventional radar that suffers under large variations in the received power of target
models according to Swerling caseand3, respectively. Similar to communications, we may refer to this approach
astransmit diversityand to the related performance improvementiagrsity gain

In Figure 1, the fluctuations in the energy reflected towards the ghgl@ are plotted versus the illumination
angle. This figure is based on one realization of the statistical target model introduced later in this publication.
With MIMO radar the target is illuminated from a set of angles. Therefore, the performance impairment found in
conventional radar due to the drops in returned power at certain angles depictured in figure 1 are countervailed.

In [4], the improvements in detection performance with MIMO radar have been discussed. In [3], the impact
of transmit diversity on the error of direction finding techniques has been explored by theoretical considerations
based on the average Cramer Rao bound (CRB) and simulation results. The work presented here extends the latter
publication by introducing the outage CRB and addressing the case of correlated target aspects.

MIMO radar can be viewed a generalization of multistatic radar setups. Receive diversity is considered in [7] for
multistatic radar. The author discusses optimal processing of the received signals, but does not explore the diversity
gain as such. Transmit diversity for multistatic sonar is, for example, analyzed in [8]. But the diversity is discussed
with respect to different types of background noise and different propagation paths and not with respect to target
aspects. Using several separated transmitters in a multistatic radar is proposed in e.g. [9]. However, the motivation
to distribute the illumination sources is to hide them rather than achieve diversity.

Generally speaking, multistatic radar is considered an extension of bistatic radar or a network of several monostatic
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radars. Among the motivations for multistatic radars found in the literature are the rejection of false targets due to
reflections of a real target on some clutter, e.g. [10]. Normally this involves processing at each receiver and some
fusion of the processed data at a central processor [11]. In contrast, we use the notion of MIMO radar to describe
a system in which the target is illuminated by one or several sources seeking to exploit the angular diversity of the
target. The system evaluates the received signals at the multiple regeingss

It should be mentioned that the acronym MIMO has been used in the radar context by other authors, too, e.g.
[12, 13]. But, the systems discussed generally consist of closely spaced elements, which therefore, do not capitalize
on the target angular diversity. Rather, spatial filtering is achieved similar to regular beamforming.

Our notion of MIMO radar is not limited to diversity to overcome target fades. Later in this article, we introduce
the channel matripH. It can be argued that the rank of this matrix relates to the complexity of the target, meaning
the number of individual scatterers, and the target size. Further, the RCS fluctuations may be viewgmhakige
of a target or a unique pattern. By sampling this pattern with a MIMO radar system it might be possible to classify
targets. This may seed novel approaches for, e.g., spatial automatic target recognition. Topics like these lie within
the current research activities of our group.

This paper explores the diversity gain for one particular scenario. For simplicity, we ignore target range and
velocity and focus on the angle of arrival (AOA). The advantages of MIMO radar are demonstrated by comparing
the possible and achieved precision of direction finding approaches. For the purpose of our analysis, we consider
the problem of estimating the AOA of a single target illuminated by one or several sources. The latter may be
considered an extension of the classical active direction finding (DF) problem in radar or sonar, [14, 15]. For
direction finding, an array of closely spaced antennas is employed at the receive side to enable unambiguous angle
estimation, [16- 18]. As mentioned previously, the MIMO radar system under consideration illuminates the target
from several separated angles. The amount of energy reflected towards the receiver array is a function of the
illumination angle, as Figure 1 illustrates. Figure 1 is one realization of the target model used here. Depending
on the kind of target and the orientation of the target towards the transmitter/receiver pair the returned energy
fluctuates. Thus, if the target is illuminated from a specific angle the return might almost vanish. However, if
several sufficiently separated transmitters are employed and their signals are combined at the receive side, the total
returned signal power from the target becomes approximately independent from the individual illumination angles
and target realization. This improves the angle estimation, as the reflected signal power is more stable and fluctuates
less. The resulting performance improvement is catle@rsity gain

Let us reiterate, that in this publication, we discuss spatial diversity. Similar diversity gain improvements can be
achieved with frequency or temporal diversity. The latter is for example embedded in Swerling @asenodels.

In conventional radar an array of closely spaced transmit antennas, as in Electronic Steered Array (ESA) systems
or in [12], is employed at the transmitter side. However, in our simplified scenario of a single target in a clutter free
environment such an array does not provide any advantages over a single transmit antenna. Hence in this analysis,
a comparison of MIMO to a single antenna system is sufficient.

The rest of this paper is organized as follows: In Section Il we develop a signal and channel model for MIMO
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radar and discuss the conditions and the effects of transmit diversity. In Section Ill we explore the possible diversity
gains by evaluating the Cramer Rao bounds for DF approaches. In Section IV, we demonstrate the theoretical. results

of Section IIl with simulation results. Finally, we draw conclusions in Section V.

II. MIMO RADAR SIGNAL MODEL

In this section, we describe a general signal model for the MIMO radar. The model focuses on the effect of
the target spatial properties ignoring range and Doppler effects. The signal model separates the target effect from
the effects of the antenna layouts and of the propagation between transmitters and target and between target and
receivers. By doing so, it provides insight into the principles of MIMO radar. Especially, the model reflects how the
target properties, its size etc., contribute to the dependency of the RCS on the aspect. This enables us to derive a
condition for the separation among the MIMO antennas necessary to achieve independent fading across the different
target aspects.

Not surprisingly, the radar MIMO signal and channel models are related to MIMO channel models for commu-
nications, for example [19]. The signal model developed here is sufficiently general that it can be used to describe
both conventional radar systems and the proposed MIMO radar system. Assume a MIMO radar system with two
uniform linear arrays ofM antennas at the transmitter and antennas at the receiver. The transmitter and the
receiver arrays are not necessarily collocated (bistatic radar). Assume also a far field complex target that consists
of many, sayQ, independent scatterers. The target is illuminated by narrowband signals, whose amplitudes do not
change appreciably across the target. This means roughly a bandwidth smalley thawherec is the speed of
light and D is the target length. Each scatterer is assumed to have isotropic reflectivity modeled by zero-mean,
unit-variance per dimension, independent and identically distributed (i.i.d.) Gaussian complex random vgyiables

The target is then modeled by the diagonal matrix

G O 0
1 0 G
Y =— 1
750 . ; 1)
0 - 0 {(oa

where the normalization factor makes the target average RESice(XX)] = 1 independent of the number of
scatterers in the modellf the RCS fluctuations are fixed during an antenna scan, but vary independently from scan
to scan, our target model represents a classical Swerlinglcéskich represents a target in slow motion) [6].

For simplicity, we assume that the target scatterers are laid out as a linear array, and that this array and the arrays
at the transmitter and receiver are parallel. Figure 2 illustrates the model.

The signals radiated by th&/ transmit antennas impinge on tlig scatterers at angles,, ;, ¢ =0,...,Q — 1
andm =0,..., M — 1 (measured with respect to the normal to the arrays). Assuming that the length of the target

array is small compared to the distance, the signal transmitted by.tthetransmit antenna arrives as a planewave

1The superscripfd, as in=¥, denotes the Hermitian transposed.
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at the target. Thus, the angle of arrival at the target is independent from the scakigres ¢,,, Vq. The signal

vector induced by then-th transmit antenna is given by

g = [17 e—j27rsin ¢mA2/>\7 o e—j27rsin ¢7nAQ/)\:| T 7 (2)

whereA, is the spacing between the first afy+ 1)-th scatterer) is the carrier wavelength, and the superscript
T denotes vector/matrix transposition. We further assume, that the target scatterers are uniformly spaced, i.e.,
A, = q-A. Therefore, the vectas,,, describes the different phase-shifted versions of the signal transmitted by the
m-th transmitter arriving at the different scatterers.

The signals are reflected by the target scatterers towards the receiver array elements &4 gngleso, ..., N —
landg = 0,...,Q — 1. Assuming that both the sizes of the target and the receiver arrays are small compared
to the distance between them, we find that, = 6. The signals reflected by the scatterers have in the far field,
relative phase shifts described by the vedt¢f),
T

3

k(g) _ [1’ ej27rsin€A//\7 s ej27rsin9(Qfl)A/>\:|

A planewave signal arriving at the array at the arjlexcites the elements of the array with phase shifts given by

the vectora(6),

R S e e .

whered, denotes the inter element spacing at the receiver. We assume in the following a spading af2 to
enable unambiguous direction finding.
With the vectors and the target matrix defined above, we can express the received signals which originate from

the m-th transmitter and are reflected by the target:
v = a0k’ (0)Zgmbmsm (5)

The termsb,, are complex variables representing the phase shifts between the signals coming from different
transmitters due to the different propagation delays. Without loss of generality, these phase shifts can be embedded
in g,,. The complex scalas,, represents the component of the sampled receive filter output due to the waveform
transmitted by then-th transmitter. Organizing those scalars in the vester[so, ..., sa]7, we can describe the

received signal as:

M-1
r=a()k" ()2 ) gmsm +V
m=0
=KXGs+v
=Hs+v (6)
The vectorr = [ry,...,7n_1]T contains the sampled output of the filters at fiieeceiver elements; represents

the additive Gaussian noise terms at the receivers after the receive filters. We assume that the noise components

among the receivers are i.i.d. .
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Further, the matriXX = a(6)k” (¢) represents the propagation paths from the scatterers to the receivers, and the
matrix G = [go, . . ., &m—1] the ones from the transmitters to the individual target scatterersNTheé/ matrix H
incorporates the paths from all transmitters to all receivers. The effect of the kgétpis to combine the signals
coming from the individual scatterers in the far field. As we assume Yhabnsists of complex-valued random
scatterers, the effect &(f) can be embedded & andk(6) can be replaced withg = [1,...,1]7, without loss
of generality.

To achieve spatial diversity, it is required that different transmit antennas see uncorrelated aspects of the target.
Let us consider again the received signal components due tatthetransmitter:

', = %a(@)amsm (7

Here, we summarize the target fading effect to the fading coeffieigngiven by«,,, = \/ilgEgm. The factory/2
is introduced here so that the,,, | random variables have)& distribution, which will ease later considerations. The
previously mentioned uncorrelated target aspects result in uncorrelated fading coefficients. As the fading coefficients

are modeled as zero mean and independent, weBifie, o, .1 } = 0, which leads to

E{a), ami1} = E{ggEHlngEgmH}

= ggE{zHlngz}gm-&-l
1
= @gfLIng+l =0. (8)
Thus, the fading constants for the different transmitters are uncorrelated if the colurthsiref orthogonal:
Q-1
gggm+1 — Z e]27r[(sm Grm4+1—SIN G )gA/A] =0 (9)
q=0

For small angles,,, and ¢,,,+1 expressed in radians, we approximate the difference of the sine terms in (9) with
sin ¢m+1 — sin ¢m ~ dt/R7 (10)

whered; is the inter-element spacing at the transmitter &g the distance between the target and the transmitter.

Using this in (9), we obtain

Q-1
Z €j27r(dt/R)qA//\ =0. (11)
q:
Thus, orthogonality is achieved when the angles complete one turn in the complex plane:
A1
D= 12
MR Q 12)
However, for large values af) and for
A 1
= s 13
AR — Q (13)

the orthogonality condition (11) is approximately met. A similar argument is made in [19]. This condition obtained
solely from geometric considerations has an appealing intuitive physical interpretation. The beamwidth of the energy

backscattered from the target towards the transmitter is approximately giveriDywhere D = @ - A is the
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target size. The target presents different aspects to adjacent transmit antennas if the inter-element spacing at the
transmitter is greater than the target beamwidth coverage at disiantamely

4> (14

which turns out to be the same as (13). We note, that the here presented target model is rather simple. However, its
main purpose is to derive a condition for independent fading coefficients over the target. In [4] we presented a more
sophisticated model with a continuo@sdimensional scatterer distribution, which results in the same condition,
(14). In contrast to [4], we explore in this publication the effect of correlated fading coefficients and target aspects

in section IV-A, too.

A. Model Classification

MIMO radar signal models can be classified into three general groups:

« Conventional radar array modeled with an array at the receiver and a single antenna or an array at the transmitter.
The array elements are spaced at half-wavelengths to enable beamforming and DF.

« MIMO radar for DF. Transmit antenna elements are widely spaced to support spatial diversity with respect to

the aspects of the target. The receiver array performs DF.

o MIMO radar with widely separated antennas at both the transmitter and the receiver.

This paper discusses the first two signal models, whereas the third one is discussed in [4].

1) Conventional Radar ArrayConventional radar arrays are systems in which the elements of the transmitting
and receiving arrays are closely spaced. At the transmitter, that means that the inter-element spacing does not meet
(13) or, equivalently, that multiple elements are contained within one target beamwidth. At the receiver, the spacing
is d, < A\/2 to enable unambiguous estimation of the angle of arrival.

Let the target bearings with respect to the transmit and receive arraysapel 0, respectively. The term,,
in (5) is given byb,, = e~27sin¢ md:/R A5 mentioned before, we can neglect those phase shifts in the MIMO
scenario. However for conventional radar we include them in the related expression to accommodate the eventual
use of ESAs at the transmitter site. The phase shifts are collected in the bégjoiThe transmit matrix is given by
G = 1ob%(¢). The receive matrix is given biK = a(G)lg. We note, that actuallf= and K should both contain
the vectorsg(¢) and k(6), respectively. However, as those vectors are constant for all receiver and transmitter
elements and because of the randomness oBXheatrix, we replace them witlhy without losing any insight. It
follows that the channel matrix is given by

H = a(0)15,21,b" (¢)
= 5ealO)b"(9), (15)
where the fading coefficient is = v/2 - 152162. By assumption, the elements B, ¢, (see (1) ), are zero-mean,

unit-variance per dimension, i.i.d. Gaussian random variables. Henisea zero-mean, complex Gaussian random
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variable, too. Subsequently, the target’s R|64§2 , follows ax2 chi-square distribution with 2 degrees of freedom.
Note that with this model, there is no diversity 'gain’ in the target RCS.
The beamforming of a conventional radar array on the transmit side is represented by thé¥ggtprAs the

transmitter elements radiate the same waveform with different phases, the received signal can be expressed as

—ia T (P Nas + v
r=7 (0)b” (#)b"(¢")as + v, (16)

wheres is a scalar representing the filter outputs due to the single transmitted waveform. Now, if the receiver uses

a beamformer to steer towards directi@in then the output of the beamformer processing is

y=al(@)r+v
= %aH(ﬁ’)a(é))bT(gb)b*(gb/)as +v'. 17)
This model represents a bistatic radar whbfe¢)b*(¢') plays the role of the transmit antenna pattern, whereas
afl(¢")a(0) is the receive antenna pattern. The angle of arrival is estimated & thigich maximizes|y|2. The
target component, which maximizeg|® at the estimated angle of arrival, is subject to fading due to|dhe
multiplier. In the scenario considered here, which equals the Swerling | case, this fading gaighdsibution
(chi-square with 2 degrees of freedom).

2) MIMO Radar - Direction Finding: In MIMO radar for direction finding (DF), the transmit antennas are
sufficiently separated to meet the orthogonality condition (13) for targets of interest. Equivalently, the columns of
the transmit matrixc meet the orthogonality condition in (9). In contrast, elements of the receive array are closely
separated to enable DF measurements. Assume that the target is at asithleespect to the receive array normal.
The receive matrix is given bK = a(9)15. From (6), it follows that the channel matrix is given by

H= \%a((‘))aT, (18)
where the components,, of the M x 1 vectora, are the previously introduced target fading coefficients for each
target illuminating pathg,,, = V2 - 14,¥gm. Thus, the vector is given asa = V2 - (14EG)T. Due to the
orthogonality among the transmit vectags,, the variatesw,,, are uncorrelated. Moreover, the random variables
a,, are zero-mean, unit-variance (per dimension), independent, identical distributed (i.i.d.) complex normal.

The signal model is given by

r= (a(0)a’) s+v

Sl

1 M-1
= E51(9) ; o;S; + V. (19)

Assuming that the total transmission power is independent of the number of transmitters, e.g.

Zj‘igl E{|s;|*} = 1, the signal model, with all normalization factors specified so far, ensures that the average
received powerE{ ’(1/\/5) M s ’
vectors, the received vectar is complex, multivariate normal with correlation mat|§>1|oszH2 a(0)al (0)+20%1y.

} = 1. Conditioned on the fading constants vecterand the signal
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To illustrate how the considered system utilizes diversity, we assumeMiete2. First we analyze the properties
of one signal and its power at a single receiver element ignoring the phase shifts along the array:

1
r=—(agso + a181) +v

V2

1
r|? = §|04080 + a8 +vf? (20)

The diversity cannot be utilized in this manner, as the signal comporgemgght destructively interfere with each

other, since the fading coefficients are unknowna priori. To prevent this effect, orthogonal waveforms can be
employed. However, in this publication, we assume that the transmitted waveforms result in random and mutually
independent components, of the sampled receive filter outputs. Evaluating the expectation of the received signal

power, we find:
1
E{lr’} = E{\ﬁ(aoso +ays1) +of*}
1
= (laof* +[aa[*) + 207, (21)

where we assumeH{|s;|?} = 1. In the considered scenario, the angle of arrival estimate is based on a sufficiently
large number of snapshots during which the fading coefficients are assumed to be constant. The waveforms of each
transmitter result in a different random output component for each snapshot. Thus, when the number of snapshots

is sufficiently large, we may approximate the sum over the received power as

L—-1 L—-1 1
Sl =" |—=(a0s0s + arsi) + vl
=0 =0 \/§

1
~ Z“O‘O‘Q + |aq|?)LE* 4 21062, (22)

where3? andé indicate, that these values are estimates of the (single) signal and noise power, which are random
variables. In the remainder of this publication, we assume that a sufficiently large number of snapshots is processed,
and that therefore the power of the target component is determined by the (scaled) sum of the squared absolute
values of the fading coefficients. Including the array on the receive side, we may write for the vector of the received

samples along the array:

1
r=a(f)—(agsg + a151) + v 23
( )\/i( 050 1 1) ( )
To estimate the angle of arrival over several snapshots, the following expression is evaluated:
L-1 L—-1 1
) = Z la(6)r|? = Z laf (0")a(0) —= (50, + ais1) +a (0")v?
=0 =0 \/i
~ o (#)a(@) F(laof? + | [?) s + LG (24)

The angle of arrival is estimated as tHe which maximizes¢(¢’). For the correct estimat¢’ = 0 the term

laf (0")a(0)|? equalsN2. Again, the target component in this estimation is subject to fading. However, the fading
is due to thesumof |ag|? and |a;|2. As the random variablegy;|”, i = 0,1, have ay2 distribution, and they
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are i.i.d. (due to the orthogonality betwegp and g;), their sum in (24) has a2 (chi-square with 4 degrees of
freedom) distribution. This is a consequence of the different, uncorrelated RCS’s presented by the target to the
different elements of the transmitting array. Due to the scaling in (24) and (17) the average signal power reflected
by the target is in both caseds The reflected power is in the conventional radar case, (17), a sg3leandom
variable; whereas it is a scaled random variable in the MIMO scenario, (24). The latter has a smaller variance
than the first. Thus, thdiversityresults in a more advantageous distribution of the target component in the received
signal. The resulting performance improvement is calacrsity gainand is explored by different means in the
following sections.

Assuming that the different transmit signals result in i.i.d. Gaussian random variables after the receive filters
facilitates the mathematical analysis carried out in the next section. Moreover, this assumption keeps the derived
results general without limiting the discussion to particular transmit waveforms or signals. One of our current
research topics is to find more evolved waveforms suitable for MIMO radar. However, apart from the resulting
analytical tractability and generality, the assumption applies to passive radar systemsaustes of opportunity

e.g. [20, 21], to estimate the bearing of targets without knowledge of the specific transmitted signals and waveforms.

Il. MIMO DF A NALYSIS

In this section, we examine the performance of a MIMO radar when used as a DF system. For simplicity and
mathematical tractability, we make the following assumptions:
1) Several, independent snapshots of the target are available for processing.
2) The transmitted waveforms result in components of the receive filter output summarized in thesviector
each snapshot. The vector is modeled as Gaussian random with independent components. Thus, the effective
illumination process is spatially white and its correlation matrixligh ) I,,.
3) The antenna elements of both the transmitting and the receiving arrays are omnidirectional.
4) Since we are interested in a DF application, without loss of generality we assume that the signals from the
different transmitters arrive synchronized at the receiver.
A common figure of merit for comparing the performance of different systems is the estimators’ mean square
error (MSE). A system’s MSE depends on the exact estimation method, e.g., ML, MUSIC, beamforming, used. In
order to have a fair comparison between different systems we evaluate the Cramer Rao bound, which serves as a

lower bound on the performance of all unbiased estimators.

A. Cramer Rao Bound

In what follows, we analyze the performance of a MIMO radar used as an active direction findek/withl
transmitting elements. The received signal is given by the model (19). In our model there are three unknown
parameters, the direction parameterthe target's fading parameters containedadn= [aq,...,ay—1]7, and
the noise power?. The vector containing all the unknown parameterspis= [0, 0%, ). We let f(r|t) denote

the family of probability density functions (pdf) of the received signal parameterized by the vector of unknown
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parameters iy and C(v) the correlation matrix of the error in estimating of any unbiased estimator. The
Cramer-Rao lower bound for estimatingis given by
0Inf (x|)) })‘1
opoy™ '
The > indicates in this context, that the result 6fvy) — CRB(v) is a positive definite matrix. This particularly

Cl(4p) > CRB(p) = I (3h) = <E{ (25)

impliesC 1(¢) > CRB1 1(¢). We are interested only in the directiérand therefore thél, 1] elements ofC(v)
and CRB(¢y), respectively. The other parameters are nuisance parameters. Particularly, we note that the problem
decouples, which means that the estimation error of the AOA is independent of the estimation error of the signal and
noise power. We le€RB(f|c) denote thdl, 1] element of the Cramer Rao bound matrix. This notation indicates
the conditioning of the bound on the unknown parametera.irGiven that the signals from th&/ transmitters
are unknown complex Gaussian random variables with the correlation njati%)Iy and conditioned omy, r is
a complex normal random vector with correlation ma@ix = (2M)~!||||?a(f)a’? (§) + 20°I. We note here
again, that|«||? is x3,, distributed.

The CRB conditioned on the fading coefficients can be computed either by using expressions given in [22] or
[23],

CRB(fla) 6 (2022M (202)24M2> (26)

- Lm2cos? O(N2 — 1) \ N||a|? N2?||a[*
where L is the number of snapshots used by the array for estimatifthis expression is based on assuming an
Uniform Linear Array (ULA) at the receiver with an inter element spacing\@2. Therefore, the elements of the

vectora(f) are given byla(f)], = e/™sin 0k,

B. Average CRB

We can lower bound the average MSE of any unbiased estimator by averaging the CRB with regpedteto
denote this bound bACRB(0) = E,{CRB(f|a)}. Using (26), theACRB(0) is given by

ACRB(0) = Eo{CRB(0|a)}

6 2022M 1 (202)24M2 1
- Eqo Eo : 27
L7T260829(N2—1)< N {|a||2}+ N2 {||a|4}> @7
Using
1 o] :L,M—Ze—z/Q 1
Xg]\l{X} /0 F(M)QM r Z(Mfl) o
and
1 00 :L,M72671/2 1
E — s = dr = M > 2
X%NI{XQ} /0 F(M)QZM v 22<M—1)(M—2)’ v >

we find, that the ACRB is given by

B 6 202 M n (202%)2 M>
-~ Ln2cos?O(N2 — 1)\ N(M —1)  N2(M —1)(M —2)

ACRB(0) ) VM > 2. (28)
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Before investigating the dependency of the ACRB on the number of transmit antdhnase explore some
special cases of the parametérand N.

0 — 7/2: Here ACRB(6) — oo confirms that the direction cannot be estimated at endfire, since the array has a
zero effective aperture (zero resolution).

# = 0: This is the best case for estimating the direction parameter. Indeed, at broadside the array has the largest
effective aperture (best resolution). We assume in the followirg0 unless stated otherwise.

N = 1: The bound is infinite. Indeed, a single omnidirectional antenna cannot measure the angle of arrival.

It is easy to verify that if the target's RCS is independent of the aspect, thaf|ig|jf = 2M/ deterministically,
the CRB is independent a¥/. Having this in mind, it is only natural to define the system’s Fading Loss (FL) as
the additional SNR necessary to achieve the same average MSE as a system, which is not subject to fading.

By taking the ratio of the ACRB given (28) and the unfaded CRB given by (26) |\ith? = 2M, it is easy to
verify that the fading loss (in dB) as a function of the number of elements in the transmitting array is lower and
upper bounded as

M

VM =1) (M -2)

For M < 2 no finite expression for the ACRB can be found, as the unlimited error of the instantaneous CRB

(29)

M
10 loglo m S FL(M) S 10 loglo

increases faster towards infinity than the probability weight function decreases towards zero for a degrefising
This means, that the integral related to evaluatE\g{%} does not converge wheX is x3 distributed and the
one related toEX{%} does not converge whel is x3 or x3. Therefore, the expressions in (28) and (29) are
only valid for M > 3. As the integral does not converge to a finite value, the ACRB is infinite.

If we hypothetically considef/ = 1 and2 in the expressions (28) and (29) we find that the ACRB as defined
by (28) is infinite, too. Furthermore, we find that the lower and upper bound for the fading loss in (29) are infinite
for M =1 and that forAM = 2 the upper bound for the fading loss is infinite. Thus, the expressions for the ACRB
also reflect the behavior of the actual ACRB fof =1 and M = 2.

In contrast to the ACRB and its expressions, the average MSE of an unbiased estimator might be finite even
for M =1 and 2, when the unknown angle parameters estimated with, for example, the maximum likelihood
approach. This discrepancy deserves additional consideration. The CRB bound is a small error bound. This means,
it predicts the MSE based on the behavior of the log-likelihood function in the vicinity of the true parameter vector.
As a small error bound, it ignores the full structure of the parameter space [23], which may result in nonsensical
values. For example, in the problem at hand|df{|? is small, the instantaneous CRB in (26), might be much larger
than 2. However, the MSE of any estimator is upper boundedrbyfor all values of||«||?. Thus, the average
MSE of any estimator must be smaller than or equattoHence in those cases, the ACRB is not related to the
performance of any true estimator.

In the next section we introduce another way to evaluate the statistics of the instantenous CRB which is capable
of handling small values oM.

Now, consider the asymptotic cagé — oo. Here, the fading loss approaches zero, that is, the target's RCS
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’hardens’ and is not subject to fluctuations Without target fluctuations, a case referred to as Swerling case 5, the
received signal is = a(#)s+v. The signal component at each receive element is then a Gaussian random variable

with power |s|2 = 1. With fluctuations, the received signalis= (1/v/2) a(8) ', a5 +v. The signal power

at each receive element is then given B! |a,,[?102 , where theo? = 4; is the transmit power of each
illuminating antenna. Aszn]\fz’ol | |? is ax3,,; random variable, the mean of the receive power is constantly
and the variance i%. Thus, asM tends towards infinity the variance of the instantaneous received signal power
tends to0 and the signal power becomes therefore deterministic.

Figure 3 illustrates the ACRB versus the SNR far = 4,16, 00. The SNR refers to a single snapshot, thus it
is the ratio E4 {(2M)~!||c||?} /202 in dB. Other parameters are set = 6 receive antenna®, = 0 angle of
arrival, andL = 80 snhapshots.

We can see, that using transmit antennas instead o6 results in a fading loss of.3dB as predicted by (29).
The transmit diversityalters the distribution of the received signal power. Even though the mean of the received
signal power is the same for any number of transmit antennas, the smallest achievable average MSE of any estimator
decreases with an increasing number of antennas. However, as the average is considered, the related diversity gains

are not so tremendous as the ones in the next section.

C. Outage CRB

In the previous section we found that the ACRB is not convergingMfoK 2. We introduce theutageCRB to
enable the analysis fak/ = 1,2 transmit antennas. Moreover, similar to the outage analysis in communications,
the outage CRB serves as a tool for analyztaw fading target cases.

Definition: Outage CRB

If the CRB for the parameter to estimaledepends on the realization of a random variablewe define the

outage CRB for a given probability as CRB =, (6):
Pr{CRB(GW)) > CRBO,ut=p(9)} —p

In other words, with probability — p the random variable> has such a realization, that the lower bound of the
MSE of any estimator is smaller thatRB,,;—,. Therefore, it is not possible to find any estimator, which has an
MSE of less tharCRB,,.=, With a probabilityp’ > 1 — p.

As the CRB in (26) depends on the realization||ef||*, we find CRB,:—, for a givenp as:

Pr{CRB(| a]*) = CRBou—y(6) } = p (30)
As the CRB is strictly monotonic decreasing withx|||2, (30) indicates that we can find dax,,:—,|*> so that
Prijal? < ey} =» (31)

and therefore

CRBout—p(0) = CRB(0)] [|ex[|3,1—p)- (32

out=p
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For a givenp and M the quantile||aH§ut:p can be found by evaluating the inverse of thg,, probability
distribution function numerically or by using tables in, e.g., [24]. The results presented in Figure 4 are based on
the chi2inv  function of Matlab.

Figure 4 showsCRB,—.01 and CRB,—.; for different SNRs. We can see that the SNR gains depend on the
probability p. In other words, when we want to compaké = 1,4 and 16 for CRB,-0.01 meaning that in99
percent of the scenarios an estimator can achieve an MSE bette€Riap.( o1, we find that for achieving those
MSE’s the caséV/ = 1 requires13dB more SNR thanV/ = 4 and17dB more thanM = 16. Further, we see that
in this case, the difference betwedih = 4 and M = 16 is 3dB compared to thd.4dB in the previous ACRB
analysis.

The transmit diversity has a stronger impact on the outage CRB for small outages than on the ACRB, as the
outage CRB is related to the tails of the distributionsm and W whereas the ACRB is related to their
means. As stated earlier, the diversity reduces the variance of the of the received signal power, which makes the

chance small, that the signal component almost vanishes due to the target fading.

IV. SIMULATION RESULTS

In this section, we explore the MSE and the estimation error distribution of the ML- estimator. We assume
a simplified scenario, in which the signals originating from the different transmitters arrive synchronized at the
receiver, but are not known by the receiver. The received vector is then given by (6). We dssuBtesnapshots,

6 =0 and N = 6. The angled is estimated at the receiver by maximizing the te@ﬁzl laf (0")r;|2, wherer, is

the received signal of theth snapshot. Thus, the estimated angle of arrv:
L L
) . H(f\p |2 _ H(p/\.. |2
o ; la (0)r,[* = H;)%X; la (6/)r| (33)

Figure 5 shows the (average) MSE for different SNR values/dné 1,2,4 and16. We see that the curves for
M =4 and M = 16 are in excellent agreement with the curves in Figure 3. Thus, we can conclude, that in these
scenarios the ML-estimator achieves the ACRB. Furthermoreyffee 1 and2, the MLE provides a useful estimate
of the angle of arrival, even though the expression of the ACRB (28) does not converge. This has been explained
in Section 111-B. For high SNR values, we can approximate the ACRB given in equation (28) by neglecting the
second summand containir{@c?)? in the enumerator. This approximated average Cramer Rao bound converges
also for M = 2 and is in excellent agreement with the values of the MSE of the ML-DF simulations/fef 2
for high SNR values shown on the right hand side of Figure 5.

In summary, we see that the (average) MSEX6r= 1 is much larger than the one fad = 4 or M = 16. The
transmit diversity provides a gain of more tha®dB in this respect.

In Figure 6 the Cumulative Density Function (CDF) of the instantenous squared error is showh $oi, 4
and 16 and a per snapshot SNR dfdB. The Figure is included to illustrate the match between the outage CRB

shown in Figure 4 and the instantenous squared errors of the ML-DF. For example, we find thatperecent
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percentile forM = 1 and4 of the ML-DF in Figure 6 are in perfect agreement with the values of the outage CRB.
For M = 16 we find some small deviation, which is due to the limited simulation length.

Moreover, the CDF of the error of the ML-DF illustrates the idea behind using the outage CRB from another
perspective. Figure 6 demonstrates that f6r= 1 there is a non negligible chance of having a squared error of
10! or evenl. Assuming a stationary target, this implies that the RCS fluctuations might lead to a situation in
which the target cannot be located effectively. Bér= 4 and16 the probability of such a large error is negligible.
Thus, we may infer, that particularly for stationary or very slow moving targets, a comparison of different radar
systems based solely on the average CRB or the average MSE is not sufficient. A complete evaluation of different
systems has to take the slope of the squared error CDF into account. Since the outagéRERB.-,, is a lower

bound of thel — p percentile of any estimator, it is a valid approach to compare systems in this respect.

A. Correlated target aspects

We conclude the section presenting simulation results by extending our model to include correlated target aspects.
From Figure 1 we infer, that for an insufficient angular separation between the illuminating antennas, the fading
coefficients, which determine the returned signal powers from the different transmitters, are not independent.
Referring to the signal model discussed in section Il, we explore in this section the scenario of non-orthogonal
columnsg,, of the matrixG. We approximate this scenario with a first order AR process. For this purpose, the
fading vectora in the signal description in (19) is replaced withh which contains)/ consecutive samples of an
AR processu(k), whereu(k) — p-u(k — 1) = v(k) andv(k) is a white process with varianeg = 1 — p?. Given

that p is real, we find that the correlation matri®,. has the form

1 p p> . pMl
p 1 p
pM_l - 1

Using the Cholesky factorization, we find so that A¥ A = C,.. Thus, we may computer’ using the
uncorrelated elements ef by o’ = A, asC, = E{a’a’''} = AHE{aa’}A = AT1 A

Figures 7 and 8 show simulation results for correlated target fading among the transmitter aspefcts fband
M = 16, respectively. As expected, far= 1 the performance of the multiple transmitter scenarios degenerates to
the one of a single transmitter as all transmitters illuminate actually the same aspect of tife Tanigeis evident
when comparing Figures 7 and 8 with Figure 5. Further, the curvep for0 agree with the curves shown in
Figure 5 forM =4 and M = 16.

2Note, as forp = 1 the Cholesky factorization o, is not possible, the simulations have actually been conducted puithl — 10—8
instead ofl.
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We see that fop = 0.9 andp = 0.8 and M = 4 the progression of the curves in Figure 7 is similar to the one
for M = 2 in Figure 5. This is expected, as the correlation between the different aspects prevents the full diversity
gain. In contrast, the curve for= 0.9 and M = 16 is very close to the curve fgs = 0. This is because the two
outer transmitters illuminate two aspects which are almost uncorrel&tgd, o} < 0.2. So in other words, full
diversity is roughly achieved.

In summary, we can infer from the plots in Figures 7 and 8 that significant gains are possible by employing
transmit diversity even when adjacent target aspects result in fading coefficients with correlation coefficients as
large as0.9. Moreover, the difference between the performances for small correlation coefficientg, $ike.2,
and actual orthogonal target aspects is negligible. Therefore, this section underlines again that MIMO radar with

transmit diversity is a promising new approach for real world radar systems.

V. CONCLUSIONS

In this publication we studied MIMO radar as an approach to overcome performance degradations due to the RCS
fluctuations. We introduced a signal model, which provides insights into the cause of RCS fluctuations and how to
overcome them. We also introduced two theoretical measures to compare the performance of classical and MIMO
radar for direction finding, namely the ACRB and the outage CRB. Simulation results further illustrated these
measures. The results showed significant gains for MIMO radar. Furthermore, the simulation results for correlated
target aspects illustrated that even when full diversity cannot be achieved, MIMO radar still offers significant gains.

We acknowledge that the analysis is carried out for a simplified scenario. However, we showed that MIMO radar
is a promising new field of research, and we hope that the analysis introduced in this publication will help explore
this field.
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Fig. 1. Reflected power in dB & = 0 when illuminating from different angles.

Target
= — Matrix

Q

Scatterers

G - Transmit Matrix K - Receive Matrix

Elements Elements

Transmitter array Receiver array

Fig. 2. Bistatic radar scenario. The target consists of multiple scatterers organized in the form of a linear array.
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Fig. 3. Average CRB versus SNR.
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Fig. 4. Outage CRB versus SNR.

Feto

AN P

Average MSE

Fig. 5. Average MSE of the ML estimator versus SNR
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Fig. 6. CDF of the instantenous error fof = 1,4,16 at SNR = 10dB.
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