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Abstract—Coherent Multiple-Input Multiple-Output (MIMO)
radar with ideal phase synchronization among distributed radar
stations has been shown to support high resolution and high
accuracy target localization. In this paper, quantitative tools are
developed for assessing the effect of phase errors on the local-
ization performance. The hybrid Cramer-Rao bound (HCRB) is
derived for the joint estimation of the unknown, deterministic
target location and the unknown, random phase errors. It is
shown that for the coherent MIMO radar problem, the HCRB is
asymptotically tight in the sense that it is equal to the marginal
Cramer-Rao bound (CRB). In the marginal CRB, the phase
errors are treated as nuisance parameters and are marginalized.
The HCRB is shown to follow the CRB obtained in the absence
of phase errors, up to a threshold signal-to-noise ratio (SNR),
determined by the phase error variance, and the number of
mismatched transmitting and receiving sensors. Beyond this
point, the HCRB is limited by the variance of the phase errors,
and stops decreasing with the SNR. A simple expression for the
threshold SNR is derived for symmetrical radar deployments.

Index Terms—MIMO radars, Hybrid CRB, localization.

|. INTRODUCTION

Multiple-Input Multiple-Output (MIMO) radar systems with
widely spread antennas take advantage of the geographical
spread of the deployed sensors, offering significant improve-
ment in target parameter estimation capabilities [1]. Coherent
MIMO radar systems have been shown to provide high res-
olution and high accuracy target localization at high signal
to noise ratio (SNR) [2]. A Cramer-Rao bound (CRB) [3]
based performance evaluation is provided in [2] for coherent
and non-coherent MIMO radar systems. In both cases, the
localization accuracy improves with the order of the product
of the numbers of transmit and receive radars. Nonetheless,
coherent processing provides higher estimation accuracies
when compared with the non-coherent case, proportional to
the ratio between the signal carrier frequency and the signal ef-
fective bandwidth. The latter performance gain comes with the
challenge of attaining phase synchronization in a distributed
system. Errors introduced into the system parameters by phase
synchronization inaccuracies will result in an increase of the
localization mean-square error (MSE). Quantifying the effects
of phase errors on the localization in coherent MIMO radar is
the topic of this paper.
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In the localization problem, the unknown target location is
a deterministic quantity, while the phase errors are modeled
as unknown random parameters. Since we are not interested
in the estimation of the phase errors, they serve as nuisance
parameters. Assuming that the a priori probability density
function (PDF) of the phase errors is known, one way to handle
the nuisance parameters is to marginalize them. Marginal-
ization means the computation of the marginal PDF of the
observations by averaging out the unknown random param-
eters. The CRB obtained after marginalizing the unknown
random parameters is often referred to as marginal CRB. It
is known that the marginal CRB is asymptotically tight, i.e., it
is achieved by the maximum likelihood estimator (MLE) for
large SNR [6]. However, the marginal PDF of the observations
is often difficult or impossible to derive. This difficulty can
be circumvented by the hybrid CRB (HCRB), introduced by
Rockah and Schultheiss [4]. This bound has been applied
to the problem of passive source localization with phase
synchronization errors [5]. For a wide range of problems,
the HCRB is mathematically tractable, offering closed-form
solutions to support performance analysis. In HCRB, the
unknown parameters include both the unknown deterministic
parameters as well as the unknown random parameters. On
the downside, it is known that HCRB is not, in general, a
tight bound. Recently, a necessary and sufficient condition was
formulated under which the HCRB of nonrandom parameters
is equal to the marginal CRB of the same parameters [7].

Coherent MIMO radar with phase errors has been the topic
of some recent publications. In [8], we have derived an analyt-
ical expression of the HCRB for target localization in coherent
MIMO radar systems with phase synchronization errors. We
have shown that the HCRB can be expressed as a sum of
two terms: a term equal to the CRB without phase errors
and a term due to the phase errors. Localization performance
analysis of coherent MIMO radar systems by marginalization
of phase errors has been studied in [9]. Since computation of
the marginal PDF cannot be carried out analytically, the work
focuses on numerical analysis of the marginal CRB. In the
current paper, we extend [8] by showing that the HCRB for
the MIMO radar problem is tight, and develop an insightful
closed-form expression for a special case.

The paper is organized as follows: The system model is
introduced in Section Il; the HCRB is introduced and its
properties discussed in Section I11; performance analysis with
phase errors is presented in Section 1V, by deriving the thresh-
old point and asymptotic limit for the case of symmetrical



radar placement. Finally, Section V concludes the paper.

Il. SYSTEM MODEL

A point target is assumed to have complex reflectivity ¢ =
Yre + 79 and be located in a two dimensional plane at
coordinates Xy = (o, yo). Consider a set of M transmitting
stations and N receiving stations, widely distributed over a
given geographical area, and time and phase synchronized. A
set of orthogonal waveforms is transmitted, with the lowpass
equivalents s (t), k=1,..., M, and effective bandwidths g
[10]. The signals are narrowband in the sense that for a carrier
frequency of f., the narrowband signal assumption implies
B2/ <1

In the derivation of the CRB in [2], perfect phase syn-
chronization was assumed. In practice, synchronization er-
rors exist, modeled here as zero mean Gaussian random
variables with common variance ¢% and denoted by ¢ =
[Br1s Dty vos Prrgs Brrs Pros s By | Where ¢, and ¢, are
phase errors at transmitting station & and receiving station
¢, respectively. The phase errors introduced by the different
stations are assumed to be statistically independent with PDF
of the form
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The vector of unknown parameters is defined by 8 =

T
CLB ¢, where 8, = [z0,%0,9Re, Yim]” denotes the
eterministic unknowns and ¢ denotes the random unknowns.
The estimation process is based on the signals observed at
the receiving sensors. The signal received at sensor ¢ is a
superposition of the transmitted signals, reflected from the
target, and is given by
M
=Y Ok (¢ — 7o) ngw + me(t), &)
k=1
where 7, accounts for the phase information and has the
value of 0, = exp (—j2n feTer) exp (—j (¢tk + gbw)). The
noise n, (¢) is assumed to be circularly symmetric, zero-
mean, complex Gaussian, spatially and temporally white with
autocorrelation function o2§ (). The propagation time, 7,
is the sum of the time delays from station k to the target and
from the target to station ¢, and may be expressed as

Tek = % (\/(Itk - Io)2 + (yex — yo)2 )

= e+ e = %)

where ¢ denotes the speed of light, (x,y:r) denotes the
location of transmitting radar & and (z,¢,y,¢) denotes the
location of receiving radar ¢. The following vector nota-
tion is introduced: T = [r11, 712, s Ttk s TN M), T =
r(8),....,rv ()], Q=MN, L=M+N.

The received signals are separated at the receiver by ex-
ploiting the orthogonality between the transmitted waveforms.
This orthogonality is assumed to be maintained between the
received signals. The vector of unknown parameters for the

observations 7, (¢) in (2) is expressed as a function of the
time delays = rather than a function of the unknown location
(z0,yo) (as seen in (3)); i.e., the vector of unknown parameters

T
is denoted by k = [mg, ng} , With kg = [TT,ﬁRe,ﬁIm]T

Il. HCRB
In this section, an analytical expression is derived for

the HCRB, and its relationship with the marginal CRB is
discussed.

A. HCRB with Phase Synchronization Errors

The hybrid CRB provides a lower bound for the MSE of
any unbiased estimator for an unknown parameter(s), where
the parameters are partially deterministic and partially random
[4]. Given an observation vector r and an unknown vector 6,
the unbiased estimate @ satisfies the following inequality [4]:
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The matrix J g is the hybrid Fisher Information matrix (HFIM)
given by
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where p. 4 (r,¢|04) is the conditional, joint PDF of the
observations and the random vector ¢ . In order to derive
the HFIM in (5), the conditional joint PDF p (r|64, @) is
required. Instead, for the signal model in (2), we can write
the conditional joint PDF of the observations parametrized by
K:

@) o exp (6)
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The relationship between the elements of the unknown vectors

0 and k are given by x; = g;(0) in (3). The HFIM Jy (k)

can be derived from (6). The chain rule [3] can be used to
find J (@) is given as

Ju (0) =
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where the elements of the matrix P are [P], , = 0g,(6)/06;.
Using the conditional PDF p (r|k4, ¢) in (6) and the Gaussian
distribution of the phase errors in (1), the HFIM Jy (8),
defined in (5), is derived in [8]. It can be shown that the
expression of the HCRB, Cpy (x0, o), can be written [8],
Ch (z0,50) =I5 '+ [JoA L To — Jo]_l

= CcrBb (%0,Y0)| p—0 + Acrs,
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where Ccorp (a:o,yo)|¢:0 = ng is the CRB in the absence

of phase errors, the matrix Acgp = [Jg' AL Jo — JO]_l
represents the increment in the bound due to phase synchro-
nization errors, and the matrix Jo can be expressed as [8]

1
Jo = peD”" (I - UN (11T)Q><Q) D, 9)



where 1 = [1,1,,...,1]". For the MIMO radar problem, the
matrix D is defined in Appendix A (see (20)). The matrix Aa

is defined 5
Ax =g Y B, (10)
m=1
with matrices B,,, given in Appendix A (see (23), (24), and
(25)). The constants ,,, m = 0,...,3, depend on the phase
synchronization error variance o% and the system parameters,
as follows:
[y = 8772£§ snr 7
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with snr = 9] /o2 representing the SNR.

B. Marginal CRB and the HCRB

The CRB on the deterministic unknown parameters 6, is
given by [3]

0 0 T s Inp, (r|0d)
E{(eded) (edfed) } zEr{W}.

(12)
When r depends on unknown random parameters ¢, those
can be eliminated by marginalization of the PDF, i.e.,
Pr (I' |6m‘) = fRL Pr.¢ (I‘, ¢ |6d)p¢ (¢) de. In [7], a neces-
sary and sufficient condition for the HCRB (8) to be equal to
the marginal CRB (12) is shown to be
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where the matrix Fg, ¢ is
O Inpy g (r,$104)
Fo,0=FEr¢ { 7 } ; (14)
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and the matrix F is
2
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Given (1) and (6), the logarithm of the conditional joint PDF
is
lnpr,d) (I', ¢ |K’d) =
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where ¢; is a constant. Specific expression of the matrices
Fo,.4 and Fy for our case are derived in Appendix B (see
(26) and (29)). Both are independent of the random nuisance

—1
—1 _ [92Inp, g (r.0]04)
parameters vector ¢. Therefore, F* = [ 060HT *

Fo, o = %‘%ﬂ and the equality condition in (13)
holds. It follows that the HCRB provides a tight bound,
achieved by the MLE asymptotically at high SNR.

IVV. PERFORMANCE ANALYSIS

The expression for the HCRB is given in (8). From this
expression, the increase in the bound due to the phase
errors is Acgrp. The matrix Acgp is a function of the
locations of the radar stations through the matrices B,, in
(10). The p,, coefficients incorporate the effect of other
system parameters, such as SNR, phase error variance o3, and
the number of mismatched transmitting and receiving radar
stations. The manner in which the system parameters and the
phase synchronization error variance affect the performance
is not readily discerned from (9) and (10). Fig. 1 shows
numerical examples of the HCRB and the MLE for several
phase error variances. The figure was generated for M = 4,
N = 4 and 04 = [0,0.0025,0.04,0.09] 72, It is observed
that for a given phase error variance, as the SNR increases
beyond a threshold value, the HCRB, as well as the MLE,
become limited by the phase errors. To specify a value, let the
threshold be the SNR value for which the component of the
HCRB not related to phase errors is equal to the component
related to phase errors, i.e., the threshold SNR is found from
CcrB (xo,yo)|¢:0 = Acgrp. From the figure it is observed
that the threshold occurs at lower SNR for higher phase error
variance. The tightness of the HCRB is clearly displayed in
the figure.

A simple closed form expression of the HCRB (8) is
obtained for the optimal radar placement sets discussed in [2].
For these cases it can be shown that Jo =poMNI, B; =0,
By = 1,22 M7 and By = [hohts S Applying these values
to (8) results in

@ [142(M+ N)snro? +2MN snr? oy |
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The contribution of the phase error can be expressed as
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The asymptotic lower limit is defined as the value of
Cy (x0,0) for snr — oo:

Acrp =

? oA

82 f2 f2(M+N)
This expression shows the limiting of the bound by the
phase errors, independent of the SNR. The expression (17)
can also be used to compute the threshold at which the
effect of the phase errors becomes dominant, specifically,

lim Cg (zo,y0) = —a= 1. (18)
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straightforward to show that the threshold point is defined by
1

SNryp > ——————. 19
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This expression clearly indicates that the higher the phase
errors, the lower the SNR at which the performance becomes
limited by them. The values of the lower limit and threshold
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Fig. 1. The HCRB and performance of the MLE for a coherent MIMO radar
system with M = N = 4 and 0% = (0,0.002572,0.0472,0.0972).

point can serve as design tools in the system phase calibration,
for a given phase synchronization error variance % .

V. CONCLUSIONS

Localization performance analysis has been studied for
distributed coherent MIMO radar where the radar stations
are subject to phase errors. A closed-form expression for the
HCRB of target localization has been derived for symmetrical
sensor layouts, capturing the impact of synchronization errors
on the achievable target localization accuracy. In particular, a
threshold point has been identified and determined analytically.
This point defines the phase error variance for which the
synchronization error penalty term is equal to or larger than
the CRB in the absence of phase errors. It has been shown
to be a function of the product of the number of radars and
the SNR. As the SNR increases, the HCRB is asymptotically
limited to a value determined by the phase error variance, the
number of radars, and the signal carrier frequency. Necessary
and sufficient conditions for equality between the HCRB and
the marginal CRB have been shown to be met and therefore the
HCRB is asymptotically tight at high SNR. The CRB-based
lower bounds are appropriate for high SNR and small errors
and, as such, ignore effects that could lead to large errors.

APPENDIX A

The chain rule matrix D is derived based on the relationship
defined in (3) and the chain rule given in (7), resulting in

} T
(20)
where oy, and ~y, are the bearing angle of the k-th transmitting

radar and the ¢-th receiving radar with respect to the z axis.
Define two matrices,

Cos apf + COS 7y

1| cosaq + cosv,
sinaps + sinyy

D=— . .
c | sSinap +sinvy,

(21)

and
coS Yy
sin vy,

COS YN
sin 7y
The matrices B,,, m = 1,2,3, in (10) depend on the
geographical layout of the radars with respect to the target,
and may now be defined as

D,, = (22)

B, =D" (117) D, (23)

B, = D, (M1 - (117)) Dy, (24)
and

B, =D/, (NI (117)) D,,. (25)

APPENDIX B

Herein, elements of the matrices Fg, o and F are derived.
For the matrix Fg, 4 the following expression is obtained:

Fo,0=[ Fiy Fig |. (26)
where the matrix F, 4 is
I I 4
M x M M x M
F, 4 =A4rf.s , 27
o= imho | TG @

with H(ﬁ) = [ 0N><(€—1) 1nx1 0N><(N—€—1) ], and the
matrix Fy 4 is given by

_ 2snr I N1T Y M1T
Fﬁ7¢ - ‘19|2 |: —ﬁRCNlT —19RCM1T (28)
For the matrix F 4 we obtain
NI 117 1
Fg = 2snr [ T } + = I« (29)
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