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Abstract—This paper presents the derivation of the Ziv-Zakai
bound (ZZB) for the localization problem in a MIMO radar
system. The target is positioned in the near-field of a network
of radars of arbitrary geometry. The radars have ideal mutual
time and phase synchronization. The target location is estimated
by coherent processing exploiting the amplitude and phase
information between pairs of radars. An analytical expression is
developed for the ZZB relating the estimation mean square error
(MSE) to the carrier frequency, signal bandwidth, the number
of sensors, and their location. From numerical calculations of
the bound, three regions of signal-to-noise ratio (SNR) can be
distinguished in the performance of the location estimator: a
noise-dominated region, an ambiguity region, and an ambiguity
free region. In the noise-dominated region, the signals received
by the radars are too weak, and thus the localization error is
limited only by the a priori information about the location of the
target. In the ambiguity region, the performance of the location
estimator is affected by sidelobes. In the ambiguity free region,
estimation errors are very small and the ZZB approaches the
Cramer-Rao lower bound (CRLB).

Index Terms—Target localization, performance bounds, pa-
rameter estimation

I. INTRODUCTION

Localization has been intensively studied and broadly ap-
plied in many fields including radar, sonar, seismic analysis,
and sensor networks. Due to the many applications, each
characterized by its own set of requirements, the localization
problem remains an active subject of research. The main
figure of merit for the localization problem is accuracy. Recent
work on localization of targets in MIMO radar systems has
shown the potential for significant gains when localization
processing exploits the phase information among pairs of
radars [1]. Localization systems that exploit the phase infor-
mation are referred to as coherent, in contrast to noncoherent
systems, which exploit envelope measurements. Evaluation of
the Cramer-Rao lower bound (CRLB) has shown that at high
SNR, the accuracy of coherent MIMO radar systems is of the
order of the carrier wavelength of the transmitted waveforms
[1]. MIMO radar systems with widely distributed elements
have high accuracy capabilities of localizing targets, but are
also subject to high peak sidelobes in the coherent localization
metric [2]. At sufficiently high SNRs, these sidelobes have
little impact on performance. Below a threshold SNR however,
performance degrades rather quickly. The main goal of this
work is to improve the understanding of the effect of sidelobes
on MIMO radar performance and develop ways to predict

the performance of localization techniques as a function of
SNR and of system parameters. The performance of target
localization can be studied through a lower bound on the
mean square error (MSE) of the localization estimates. For
high SNR, the estimated parameter is affected by noise errors
that are too small to cast the estimate outside the main lobe
of the localization metric. In this region, the mean square
error (MSE) of the estimate is inverse proportional to the
Fisher information, and thus performance can be predicted by
calculating the CRLB, [3]. At low SNR, due to the effect
of sidelobes, performance is affected by large errors, and the
CRLB cannot predict performance anymore. In this region,
performance can be lower bounded by the Ziv-Zakai Bound
(ZZB), [4].

In the literature, the ZZB was used as a lower bound for
different estimators related to the localization problem. Weiss
and Weinstein derived the ZZB for time delay estimation
of narrowband [5] and wideband [6] signals. Extending this
work, the ZZB for time delay estimation of ultra-wideband
signals was studied in [7]. Bell et al. extended the ZZB
from scalar to vector parameter estimation [8], and used it
to develop a lower bound on the MSE in estimating the 2-D
bearing of a narrowband plane wave [9]. The extended ZZB to
vector parameter estimation was used for the passive coherent
localization problem in [10].

The paper is organized as follows. Section II introduces
the system model; the derivation of the ZZB is carried out in
Section III. Numerical examples are presented in Section IV,
and concluding remarks are found in Section V.

II. SYSTEM MODEL

Consider a target located at an unknown position 8 =
[Ze, ye], Where @ is modeled as a continuous random vari-
able with a known a priori probability density function
(pdf), assumed here to be the uniform distribution z., y. ~
U[—D, D]. This description implies that the target is known to
be located somewhere in a square area of dimensions 2D x2D.
The target is radiated by M transmitting radars arbitrarily
located at coordinates T; = [z4;, ysi], ¢ = 1,..., M, with a set
of orthogonal signals, s;. It is assumed that the orthogonality
between different transmitted signals is maintained for all
relevant delays. The transmitted signals have bandwidth B,
and they modulate a carrier frequency f.. The signals scattered
by the target are collected by N sensors placed at arbitrary



positions Ry = [z, yrk], K = 1,...,N. The transmitting
radars and the sensors are assumed to be synchronous in time
and phase. The period of time 7" during which the observations
are collected is such that BT > 1. Based on the noisy
observations collected, the location of the target is estimated
coherently i.e., the location is estimated from amplitude and
phase measurements.

The noisy observations of the signals received at the sensors
are expressed by:

M
T (t) = Z aikS; (t—Tik) e~ I2mfeTin oy ) (@M
i=1

where s; and wy, denote respectively, the signal transmitted by
the ¢-th transmitting radar, and additive noise at the k-th sensor.
The transmitted signals and the noise waveforms are sample
functions of uncorrelated, zero-mean, stationary Gaussian ran-
dom processes with spectral densities Ps;, ¢ = 1,..., M and
P, respectively. The spectral densities are constant across the
bandwidth. The amplitude and the propagation delay of the
signal transmitted by the i-th transmitting radar and received
at k-th sensor are denoted a;j and T;j, respectively. It
is assumed that the amplitudes a;; are known or can be
estimated based on a priori rough information on the target
location. The propagation delay 7;; is the sum of the time
delays from radar ¢ to the target and from target to sensor
k. If we denote by p,; = ||T; — 6| the distance between
the transmitting radar located at T; and the target, and by
o = ||[Rk — 0| the distance between the target and the
receiving radar located at Ry, 7, can be expressed as:

1
Tik = E(pti + Prk)s ()

where c is the signal propagation speed.

Analysis in the frequency domain is more convenient than
in the time domain because in the frequency domain the time
delays appear in the argument of the complex exponential
function. To make use of properties of the Fourier transform,
we convert the time domain measurements to the frequency
domain. The f; Fourier coefficient of the observed signal at
sensor k is given by:

I ;
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where | = 1,...,L, L is the number of frequency sam-
ples, and S;(f;) and Wjy(f;) are the Fourier coefficients
at f; of s;(t) and wg(¢), respectively. For later use, we
define the vectors r = [r7(f1), v (fa),...,vT(fr)]*, where
r(fl) = [Rl(fl)vRQ(fl)7 s aRN(fl)}T‘ For BT > 1, any
pair of Fourier coefficients is uncorrelated [11]. Since r(t)
is a Gaussian process and the Fourier transform is a linear
operation, r has a conditional multivariate Gaussian pdf,

L 1
o019 =11 S
coxp {~([r() = v(f)I" KN () () = v()]

4)
where
M .
1=1
M T
Zai7NSi(f[)e_jzﬂ(fl+fc)Ti,N] (5)
i=1

represents the response across the sensors to a radiated fre-
quency component (f. + f;), and K(f;) = P, (f;)I represents
the covariance matrix of the Fourier coefficients at the sensors.
The matrix I is the identity matrix. The superscripts “7” and
“H” denote the transpose and conjugate transpose operations,
respectively.

The maximum likelihood estimate of the source location is
given by the maximum of the likelihood function

/éML(I‘) = arg mgxp(rw) (6)

where the likelihood function equals the value of the pdf at
the observations r. It can be shown that for the model defined
in (4), the MLE of 0 is given by the expression:

N M
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The term e/27fe7i.x which is the phase information reveals
the coherent nature of the estimator. It is well known that a
linear phased array in which the elements are highly thinned,
has a beampattern with large sidelobes. In particular, when
the elements of the array are randomly spaced at intervals of
the order of 10’s or 100’s of wavelengths, the beampattern
has random peak sidelobes [12]. Recent work on coherent
MIMO radar based in a setting of widely spaced transmitters
and receivers also shows the presence of large peak sidelobes
[2]. This motivates our work to develop a global bound on the
localization performance, as presented in the next section.

III. LOCALIZATION ESTIMATION BOUND

Consider the problem of estimating the position vector, 8, of
the emitting source. We are interested in deriving lower bounds
for the mean square error (MSE) of the individual components
of 0. The lower bounds should predict as nearly as possible
the performance of the maximum likelihood estimator (MLE)
for the whole SNR region. In the literature, one of the most
popular bounds used to predict the performance of the MLE



is the Cramer Rao lower bound (CRLB), [3]. The justification
of using CRLB resides in that the MLE approaches the CRLB
arbitrarily close for very long observations. CRLB is a local
bound i.e., it represents the performance of estimators only
for small errors. As the SNR decreases, the errors become
global and spread beyond the local vicinity of the true value
of the estimated parameter. Thus, the CRLB cannot be used
to predict the MLE performance under these conditions.

When global errors are of interest, evaluating them is mean-
ingful only if the set of possible values of the parameters to be
estimated is known beforehand. This leads to Bayesian type
bounds. The characteristic of these bounds is that they assume
a random parameter model with known a priori distribution. In
the literature, several Bayesian bounds were proposed , [13],
[4], [14], [15], [16]. In this work, we focus on the Ziv-Zakai
bound (ZZB) [4], [14].

Briefly, in its scalar form, the problem is that of lower
bounding the MSE

~
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where 0 is the true value and @ is the estimate based on the
observation r. The derivation for the scalar case starts with
the MSE computed globally from the identity [8],

E[e] = ;/Ooo Pr (|e > Z) hdh ©)

and focuses on lower bounding Pr (|e| > %) . In other words,
the MSE is obtained by averaging all the errors h according
to their probabilities Pr (|¢| > %) . The lower bound on the
MSE is obtained from the lower bound on the error prob-
abilities Pr (|| > 2). The probability of error Pr (|¢| > £)
can be considered from a detection theory point of view by
noting that Pr (|e| > £) is also the probability of a binary
hypothesis problem in which 6 equals either some value 0o
(Hy hypothesis) or the value 0o + h (H, hypothesis).

In the localization problem, the unknown parameter is
represented by a vector 6. Hence, we are interested in the
extension of the ZZB to vector parameters. In particular, the
extended ZZB for vector parameter estimation, which was
derived in [8], is customized in this section for the problem
of estimating the position of a target in MIMO radar. For
a target with the true location given by the position vector,
0 = [x., y.]T, the error correlation matrix of the estimator
(r) is

® = Epc[ec”] = Eo:[(8(r) — 6)(8(x) —0)T],  (10)

where r is the observations vector defined previously with
conditional pdf given in (4), and Eg R is the expectation with
respect to the joint pdf of @ and r. Lower bounding u” ®u
for any vector u offers a flexible approach through which the
total error (sum of the diagonal elements of ®) or errors of
specific components of @ can be bounded. For example, for
evaluation of the total error, let u = ;1, 1]T; for estimating the
error in the x coordinate, u = [1,0]" .

An identity similar to (9) can be written for the MSE in
vector estimation problems by replacing |e| with [u”e],

1 [ h
u'®u=E [[u”¢?] = 5/0 Pr (|uTe| > 2) hdh. (11)

As discussed previously for the scalar case, the lower bound
of u”®u is obtained by linking the estimation of @ with a
binary hypothesis testing problem. The vector parameter 6 is
gqual to either the vector 0 (the true location) or to the vector
6y + 4. The binary decision problem based on a localization
estimate O(r) is formulated as follows:

Decide Hy :0 = 0, it u”0(r) <u¥6y + g

- . - h
H :0=0,=0y+3dif ul8(r)>u"0, + 5 (12)

The probability of error for this detection problem can be
lower bounded with the help of the minimum probability of

error P, (éo, 0o + 6) of a binary detection problem, in which

the transmitted vectors are either 59 or 0; = éo +4, 0 is the
vector difference between vector €; and vector 6y. Such a
minimum probability of error is associated with the likelihood
ratio test for deciding between the two hypotheses.

In [17], it is shown that the extended ZZB for vector
parameter estimation in the case of equally likely hypotheses
is given by

uT<I>u2/ h.V{ max /min[pg(éo),pg(éo—i—é)]
0 6:uTdé=h Jo

~Pe(éo7é()+(s)déo} -dh (13)
where V{-} is the valley-filling function, and 6 € ©, where ©
is the set of possible values of 8. To get insight into the role
of the valley-filling function, one must note that in general,
Pr (|uTe’ > %) is a non-increasing function of h. Thus, a
tighter lower bound of Pr (|uTe‘ > %) can be obtained by
capping the computed lower bound with a non-increasing
function of h. This transformation is done by the valley-filling
function.

Assuming uniform a priori pdf’s in the interval [—D, D]
for the x., y. coordinates of the target, equation (13) can be
specialized as follows

- 2D h
du > —
u u_/o 4D2

{ max /Ps(éo,éo—i—d)déo}dh
s:uTé=h Jg

As can be observeq frgm (14), the main part of the bound is
represented by P.(0¢, 8¢ + d). The optimum test for a binary
hypothesis problem is known to be the likelihood ratio test, but
evaluating the performance of the test does not always result
in tractable expressions. When exact calculation of the prob-
ability of error is not possible, an asymptotic approximation

(14)



can be applied instead,[18]. Using this approach, the following
approximation for P, (007 0o + d) is obtained [3, pp 125]:

2
Pe(OOa 00+5) = exp (,LL(Sm) + S;n,u(sm)) Q (5771, ,U,(Sm)>

15)
where p(s) is the semi-invariant moment generating function
of the likelihood ratio test associated with the binary hypoth-
esis problem between 6y and 6y + 4, ji(s) is the second
derivative of p(s) with respect to s, s, is the point for which
f(sm) =0, and Q(z) is the Gaussian integral

* 1 )2
z) = —e dv
) /z V2T

The semi-invariant moment generating function x(s) can be
expressed [3, pp 119]

u(s) =t [ pirfdo +8)°p(rlB0) *dR (16

Substituting the expression for p(r|@) given in (4) into

(16), and using the result from [18, pp 47], the semi-invariant
moment generating function can be rewritten as follows

p(s) = 8(12_8)
L
ZP (1) = va, UV g, (1) = ¥, ()
= (17)
where
M
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and
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M T
Zai7NSi(fl)e—ﬂﬂ(fl+fc)(*i,N+di,N)] (19)
i=1
In these expressions, d; ;. represents the difference in propaga-
tion delays along the paths - -01-k and i-0y-k. The term di i
is given by:

1
dik = *(Pm + Prk1 = Prio = Prio)
where py;; = HT — 01|, ppr = HRk—Bl’, Prio =
HT - 00 , GOH Since 00 represents the

true target location and @ represents an erroneous target

location, it follows that d; ; are time delay terms associated
with erroneous target locations.
Differentiating equation (17) with respect to s yields:

,u(s) __ 1 —225.
to
> iy 1 ) = 73, (i) g, (1) = 93, ()
- (20)
Differentiating once again,
:pr (1) =75, (F)1 " [va, (1) — 75, (f1)]
- 21

Solving ji(sy) = 0, yields s,, = i. Substituting x(sp,),
ji(sm) and s, = 5 into (15), results in:

P.(B, 80+ 6) = Q (; B @)

Using the fact that the transmitted signals are orthogonal to
each other, and BT > 1, ji(s,,) is:

(22)

N M

()

k=11i=1

2 Psi
zk
Py,

sin(wBd; 1)
|:1 — sz’k COS(27Tdei7k):|
(23)
The final version of the ZZB lower bound for the location
estimate is:

, 1 2D
du=—" h
WAy pe /0 {5:%?%

(2D — U151)(2D — u252)Q (; p; (;)) } dh

(24)

Note that ji (3) in (23) depends on the distance h between
hypotheses through the terms d; ;. Further insight can be
gained by observing that the ZZB decreases with the probabil-
ity of error P, (éo7 éo—i-é) (see (14)) and that Pe(éo, éo+6) is
monotonically decreasing with the argument of the Gaussian
integral, i.e., with ji (3). A closer inspection of ji (%) in
((23)) is then warranted. For a transmitter-receiver pair i-k, the
factor 2BTa12k1;“ serves as an SNR term. Not surprisingly,
increasing the SNR, reduces the MSE of localization. More

interesting is the factor 1/)( ),

sin(wBd, 1)
ZZ 7rBd1;

k=11i=1

cos(2m fed; k) (25)
This factor has peaks at time delays d; that are multiples
of 1/f.. Each peak represents a location associated with an
increased probability of error. Thus peaks of 1(d) correspond
to ambiguities marked by peaks sidelobes in the localization
metric (7). Increasing the carrier frequency increases the



a priori area

Figure 1. Setup configuration of the MIMO radar system with antennas
distributed in a sector.
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Figure 2. MIMO 2 X 4 antennas, B = 200 kHz, f. = 1 GHz,
and coordinates x. and y. uniformly distributed in [—500 m, 500 m] with

. 2
variance 0'2 = 750,0 .
Te 3

density of ambiguities over an area, and indirectly the MSE
for SNR regions where the ambiguities dominate. The term
sin(wBd; 1) . .
Bdir corresponds to the autocorrelation of a transmit-
ted pulse (assumed rectangular). This term caps the effect
of ambiguities, particularly away from the mainlobe of the
localization metric. The effect of ambiguities is reduced by
increasing the bandwidth B of the transmitted signals. This
observation is consistent with [19]. Ambiguity sidelobes affect
the ZZB when they are large enough to compete with the
mainlobe of the localization metric. Increasing the number
of transmitting stations M and receiving stations N, reduces
the effect of ambiguities relative to the mainlobe. To explain
that, we note that each transmitter-receiver pair has its own
pattern of ambiguities. Ambiguities impact performance when
ambiguities from multiple transmitter-receiver pairs happen to
build up at a specific location. Increasing the number of radars
leads to a stronger mainlobe and requires that a larger number
of sidelobes build up to compete with the mainlobe. Since the
sidelobe build up from multiple transmitter-receiver pairs is
a random event, the chances of a large number of sidelobes
lining up at one location are small. Thus performance improves
with an increase in the number of radars.
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Figure 3. MIMO 2 x 4 antennas, B = 200 kHz, and coordinates x. and
ye uniformly distributed in [—500 m, 500 m)]
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Figure 4. B = 200 kHz, fo = 1 GHz, and coordinates z. and y. are
uniformly distributed in [—500 m, 500 m]

I'V. NUMERICAL RESULTS

In this section, numerical examples are provided to illustrate
the ZZB for various cases of the target localization problem.
We present results of the ZZB parameterized by the carrier
frequency, bandwidth, and number of transmit and receive
antennas in the system.

The numerical results were obtained for a setup in which
the target was positioned in the center of the coordinate
system. The transmitting and receiving radars were distributed
randomly in a sector with center at the origin of the axes
(0,0) and with a central angle of 7/3 radians. The ZZB was
computed numerically by averaging over 30 random setups
(different radar configurations). The setup is shown in Fig.
1. The duration of the observation 7' was taken such that
BT = 625 samples, where B is the bandwidth in Hz.

In Fig. 2, the ZZB obtained by numerical integration of (24)
is plotted versus the average SNR, SNR= F [a%}k%} ( E]]
means expectation with respect to the random amplitudes a; j,)
for a 2 x 4 MIMO configuration (2 transmit and 4 receive
antennas) and transmitted signals with bandwidth B = 200
kHz and carrier f. = 1 GHz. The CRLB of the target location
is also plotted for reference. The a priori interval for the
coordinates of the source is set to a square with a side equal to
1 km. From the figure it can be observed that the ZZB versus
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Figure 5. MIMO 2 X 4 antennas, f. = 1 GHz, and coordinates z. and ye
uniformly distributed in [—500 m, 500 m]

SNR can be divided into three regions. For low SNR, the
Z7B reaches a plateau equal to the standard deviation of the

a priori pdf of the source location, computed as 4/ %2 = %.

In this region performance is dominated by noise, hence the
localization error is limited only by the a priori information.
For high SNR, the ZZB merges with the CRLB, indicating
that the noise errors are too small to cast the estimate outside
the mainlobe of the localization metric. This region is the
ambiguity free region. Between the two SNR extremes, is the
ambiguity region, in which the location estimator is affected
by ambiguities created by sidelobes of the localization metric,
[2].

In Fig. 3, the ZZB of the error in estimating the abscissa
z, of the source is presented for different carrier frequencies.
The results presented in the figure were obtained for a 2 x 4
MIMO system and B = 200 kHz signal bandwidth. The a
priori interval for the abscissa z. of the narrowband source
was set to [-500 m, 500 m] around the real abscissa. One can
observe that if the SNR is high enough, localization accuracy
improves with the carrier frequency. As predicted by the
discussion in the preceding section, in the ambiguity region,
the performance degrades with increasing carrier frequency.
This result is explained by the increase in sidelobes with the
carrier frequency. The effect of sidelobes in the localization
metric can be reduced by increasing the number of sensors.
This is illustrated in Fig. 4. The effect of bandwidth on
localization is shown in Fig. 5. An increase in bandwidth leads
to a reduction in the sidelobes, leading to smaller errors in the
ambiguity region. This is due to the fact that the transmitted
pulse autocorrelation function serves as the envelope of the
localization metric. This envelope, which becomes narrower
with the increase in bandwidth, forces the sidelobes to decay
faster.

V. CONCLUSIONS

The Ziv-Zakai bound for vector parameters was used to
derive a lower bound on the MSE of estimating the location of
a target with a MIMO radar system. The bound is a convenient
tool for analyzing the localization performance for different
parameters such as carrier frequency, signal bandwidth, and

number of sensors. From the shape of the bound plotted versus
SNR, three SNR regions are distinguishable. At low SNR,
performance is dominated by noise, with false peaks popping
up anywhere in the a priori parameter space of the source
location. As the SNR increases, a transition region is observed,
in which performance is dominated by the peak sidelobes
of the localization metric. The performance at high SNR is
ambiguity free, and the ZZB coincides with the CRLB.
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