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Abstract— Decision directed channel estimation is investigated
in this paper. For systems with multiple transmit antennas, high
computation complexity of the inversion of a data-dependent
matrix hinders the application of optimal channel estimation.
An iterative method is introduced to avoid the matrix inversion.
Performance of the proposed method is demonstrated by simu-
lation results.

I. INTRODUCTION

The use of multiple antennas at both the transmitter and
receiver in wireless communications has been shown to pro-
vide significant increase in capacity [6], [16]. In particular,
if the fading between pairs of transmit and receive antenna
are independently Rayleigh distributed, it is known that for
high enough signal-to-noise ratio (SNR), the average capacity
grows linearly with the smaller of the number of transmit or re-
ceive antennas, provided that perfect channel state information
(CSI) is available at the receiver. However in real world perfect
CSI is never known a priori. In practice an estimate of CSI
is obtained from known pilot symbols and subsequently used
for decoding as if it were exact. Therefore the performance
depends on the quality of channel estimate and hence the
number of pilot symbols. Estimation of the multiple-input-
multiple-output (MIMO) fading channel is a major challenge
for multiple antenna systems. When the number of antennas
increases, accurate channel estimation becomes more difficult
because of the increase in the number of parameters to be
estimated. In [2], [10], effect of availability of pilot symbols on
MIMO fading channels is determined by information theoretic
approaches.

Recently there is increasing interest in joint channel and
data decoding [3], [4], [5], [7], [11], [12], [14], [17], where
data decision obtained from the decoding, either hard or soft,
is used as additional training to refine the channel estimate. In
our discussion the channel is assumed to be time varying flat
Rayleigh fading and the channel statistics is known. For single
transmit antenna systems the optimal maximum a posteriori
(MAP) channel estimate can be obtained by applying a data-
independent Wiener filter to the maximum likelihood (ML)
estimate. For multiple transmit antenna systems, however, the
ML channel estimate does not exist, and it can be shown
the computation of the optimal channel estimate involves
the inversion of a data-dependent matrix [3], [5], [12]. Due

to the high computation complexity of matrix inversion and
the fact that the matrix inversion has to be calculated in
each iteration, optimal decision directed channel estimation
for MIMO channels is difficult to implement in practice.
In this paper, we propose an iterative method for decision
directed channel estimation in MIMO systems. The resulting
estimator can be interpreted as applying a data-independent
filter to the weighted sum of the minimum norm least square
(MNLS) estimate and the estimate obtained from the previous
iteration. When the weight parameter is chosen appropriately,
for single transmit antenna systems the proposed iterative
method reduces to the optimal estimator.

This paper is organized as follows. The system and channel
models are described in Section II. Section III contains the
development of the optimal MAP estimate and an iterative
alogrithm for its evaluation. Simulation results are provided
in section IV to illustrate the performance of the proposed
method. Conclusions are given in Section V.

II. SYSTEM MODEL

The MIMO system of interest is equipped with N transmit
antennas and M receive antennas. The channel between each
transmit and receive antenna pair is modeled as flat fading
process. In the sequel, lower- and upper-case boldface letters
are used to denote column vectors and matrices, respectively.
We use 0 to denote the all-zero vector. Matrices I and O stand
for the identity matrix and all-zero matrix, respectively. The
discrete time received signal at the mth receive antenna at time
t, rm,t, is given by

rm,t = sT
t hm,t + nm,t (1)

where hm,t = [h1m,t h2m,t · · · hNm,t]T is the N × 1 vector
whose nth component represents the complex fading gain
between the nth transmit antenna and the mth receive antenna
at time t, st = [s1,t s2,t · · · sN,t]T is the N × 1 vector
of symbols simultaneously transmitted by the N transmit
antennas at time t, nm,t is the complex noise sample with
variance N0/2 per dimension.

We consider the transmission of a block (a frame) of L
symbol vectors, s1, s2, · · · , sL. The received sequence at the
mth receive antenna, denoted by an L × 1 vector rm =
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[rm,1 rm,2 · · · rm,L]T , is of the form

rm = Shm + nm (2)

where nm is an L × 1 (possibly colored) complex Gaussian
noise vector with zero mean and covariance matrix Rn =
E[nmnH

m] (the superscript H denotes the Hermitian opera-
tion). For white noise we have Rn = N0I. The NL × 1
vector hm = [hT

m,1 hT
m,2 · · · hT

m,L]T is the vector of channel
parameters. The L × NL data matrix S is defined as

S =





sT
1 0T · · · 0T

0T sT
2 · · · 0T

...
...

. . .
...

0T 0T · · · sT
L



 . (3)

For Rayleigh fading the channel coefficients hnm,t can be
modeled as zero mean complex Gaussian random variables.
If the antennas are spaced sufficiently far apart, the fading
is assumed to be uncorrelated across antennas. For two-
dimensional isotropic scattering (Clarke’s model), the corre-
lation function can be expressed as

E[hn1m1,t1h
∗
n2m2,t2 ] = δn1n2δm1m2J0(2πfD(t1 − t2)) (4)

where δn1n2 = 1 if n1 = n2 and δn1n2 = 0 otherwise, J0 is
the zeroth order modified Bessel function of the first kind, fD

is the normalized fading rate.
Since the fading is assumed to be uncorrelated across

antennas, the observation rm provides no information for the
channel parameter hm′ if m �= m′. In the sequel we suppress
the receive antenna index m and (2) becomes

r = Sh + n. (5)

Given the decision on S (from detector or decoder), we are
interested in the estimation of the channel parameter h based
on the observation r.

Conditioned on S and h, we have r ∼ CN (Sh,Rn),
where CN denotes the complex-valued Gaussian distribution.
Therefore the conditional probability density function (pdf) for
r is

p(r|h,S) = π−L|Rn|−1 exp(−(r−Sh)HR−1
n (r−Sh)). (6)

For Rayleigh fading channel, the a priori pdf for h is

p(h) = π−NL|Rh|−1 exp(−hHR−1
h h) (7)

where the covariance matrix Rh is determined by the normal-
ized fading rate via (4).

III. CHANNEL ESTIMATION

A. Optimal Estimate

The optimal minimum mean square error (MMSE) estimate
of h based on the received signal vector r and transmitted
data matrix S, is the conditional mean, E[h|r,S]. Since r and
h are jointly Gaussian, the conditional mean is equivalent to
the maximum a posteriori (MAP) estimate of h, ĥMAP (S),

which maximizes the a posteriori pdf p(h|r,S) with respect
to h. A necessary condition for this maximization is

∂

∂h
ln p(h|r,S)|h=ĥMAP (S) = 0. (8)

The a posteriori pdf for h is

p(h|r,S) =
p(r|h,S)p(h|S)

p(r|S)
(9)

where p(r|h,S) and p(h|S) = p(h) are given in (6) and (7),
respectively. The pdf p(r|S) does not affect the maximization
over h. From (6), (7) and (9), we have

∂

∂h
ln p(h|r,S) = (SHR−1

n S + R−1
h )

︸ ︷︷ ︸
A(S)

h − SHR−1
n r︸ ︷︷ ︸

b

. (10)

The MAP estimate of h is found by setting the derivative
in (10) equal to zero. Thus, we obtain

ĥMAP (S) = (SHR−1
n S + R−1

h )−1SHR−1
n r. (11)

The computation of (11) involves the inversion of an NL×
NL matrix A(S). By application of the matrix inversion
lemma, it can be shown that the cannel estimate can be
expressed as

ĥMAP (S) = RhSH(SRhSH + Rn)−1r (12)

where the dimension of the matrix to be inverted is L × L.
Expressions (11) and (12) have been employed as the optimal
channel estimator in iterative channel estimation and decoding
of space time coded systems [3], [5], [12]. Since computation
of (12) requires the inversion of an L×L matrix of complexity
O(L3), the computational cost is very high for practical frame
sizes L. Furthermore, the matrix to be inverted is in general
dependent on transmitted data S, which is highly undesirable
for practical implementation.

For systems with single transmit antenna (N = 1), in
the case of mutiple phase shift keying (MPSK) modulation
(s∗

n,tsn,t = 1, n = 1, 2, · · · , N , t = 1, 2, · · · , L) and white
noise (Rn = N0I), we have in (11) A(S) = 1

N0
I + R−1

h .
Therefore A(S) becomes independent of S and the estimate
can be simplified to

ĥMAP (S) = ( 1
N0

I + R−1
h )−1SH 1

N0
r

= Rh(Rh + N0I)−1

︸ ︷︷ ︸
FW

SHr︸︷︷︸
ĥML(S)

. (13)

Equation (13) can be interpreted as a Wiener filter FW

applied to the maximum likelihood (ML) estimate ĥML(S)
[13]. It has been employed as the optimal channel estimator
in iterative channel estimation and decoding for systems with
single transmit antenna [14], [17].
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B. Iterative solution

Instead of carrying out the direct matrix inversion in (11),
we can use iterative methods to find an approximate solution
of the MAP equation

A(S)h = b. (14)

Let A = Q − P be any decomposition of A such that Q
is nonsingular. Let ĥ(0) be an arbitrary initial vector, then the
vector sequence ĥ(0), ĥ(1), ĥ(2), · · · generated by the following
iteration

Qĥ(k+1) = Pĥ(k) + b (15)

converges to the true solution if and only if the spectral radius
of the iteration matrix B = Q−1P satisfies ρ(B) < 1, where
the spectral radius ρ(B) is defined as the modulus of the
largest eigenvalue of B.

Different decompositions of A result in iterative methods
given by different names, such as Jacobi, Gauss-Seidel, and
successive overrelaxation (SOR) iteration. Details of con-
vergence and computation aspects of these methods can be
found in mathematical literature [8] [9]. In order to avoid
calculating the inverse of a data dependent matrix in decision
directed channel estimation, we can decompose A(S) into
data independent part Q and data dependent part −P(S), i.e.,
A(S) = Q − P(S). One straightforward way to do so is

Q = CI + R−1
h , (16)

P(S) = CI − SHR−1
n S, (17)

where C is some constant.
With Q and P difined in (16) and (17), the iteration

becomes

ĥ(k+1) = (CI + R−1
h )−1

︸ ︷︷ ︸
Q−1

((CI − SHR−1
n S)︸ ︷︷ ︸

P(S)

ĥ(k) + SHR−1
n r).

(18)

With regard to the convergence of (18), we have the
following proposition:

Proposition 1: If the noise is white, the iteration (18)
converge to the optimal estimate if

C ≥ N

2N0
. (19)

Proof: Since Rh is positive definite, all the eigenvalues
of Q are greater than C, hence ρ(Q−1) < 1

C . Let λ be any
eigenvalue of P, we have C − N

N0
≤ λ ≤ C. If C ≥ N

2N0
,

then −C ≤ C − N
N0

≤ λ ≤ C so that ρ(P) ≤ C. Therefore

ρ(Q−1P)≤‖Q−1P‖2 (20)

≤‖Q−1‖2‖P‖2 (21)

=ρ(Q−1)ρ(P) (22)

<1, (23)

6 6.5 7 7.5 8 8.5 9 9.5 10 10.5 11
10

−4

10
−3

10
−2

10
−1

E
S
/N

0
 (dB)

S
E

R

1 iteration 
2 iterations
4 iterations
Perfect CSI 

Fig. 1. SER versus ES/N0 (fD = 0.001)

where ‖ · ‖2 denotes spectral norm, inequalities (20), (21) and
(23) are immediately clear, equality (22) holds because Q−1

is symmetric and P is Hermitian.
From the signal model (5), we can formulate an underdeter-

mined least-squares problem for the channel estimate, which
affords the following minimum norm solution

ĥLS(S) = SH(SSH)
−1

r. (24)

Similar to (13), (18) can be written as

ĥ(k+1) = Rh(Rh + 1
C I)−1

((I − 1
C SHR−1

n S)ĥ(k) + 1
C SHR−1

n r)

= Rh(Rh +
1
C

I)−1

︸ ︷︷ ︸
F

((I − 1
C SHR−1

n S)ĥ(k)

+
1
C

SHR−1
n S

︸ ︷︷ ︸
WLS(S)

SH(SSH)
−1

r︸ ︷︷ ︸
ĥLS(S)

)

= F((I − WLS(S))ĥ(k) + WLS(S)ĥLS(S)).
(25)

It can be seen from (25) that the next estimate, ĥ(k+1), is
obtained by applying a filter, F, to the weighted sum of the
current estimate, ĥ(k), and the minimum norm least square
estimate, ĥLS(S).

For systems with single transmit antenna, MPSK mod-
ulation and white noise, we have WLS(S) = 1

C
1

N0
I. In

particular, if we choose C = 1
N0

, then WLS(S) = I and
I − WLS(S) = O, so that (25) reduces to (13).

IV. SIMULATION RESULTS

The performance of the proposed iterative decision channel
estimation is demonstrated by a space time code system
with joint channel estimation and data decoding. The system
structure is described in [3]. Numerical results were obtained
for the 4PSK 8 state space time code presented in [15] with
2 transmit and 2 receive antennas. Each frame consists of 14
pilot symbols and 116 data symbols. The pilot symbols are
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Fig. 2. SER versus ES/N0 (fD = 0.01)

used to obtain the initial estimate of channel. Soft decision
feedback is used to improve the channel after each iteration.
The soft decision of each symbol is obtained by averaging with
respect to its a posteriori probability from the BCJR decoding
algorithm [1].

The symbol error rate (SER) performance versus SNR per
symbol (ES/N0) is evaluated for normalized fading rates
fD = 0.001 and fD = 0.01 in Fig. 1 and Fig. 2, respec-
tively. Performance of the same code with perfectly known
channel state information at the receiver is also included for
comparison. Significant performance gain from the decision
feedback from the decoding can be observed. In both cases,
the performance with the decision directed channel estimate
at high SNR is within 0.5 dB of that with known CSI.

Fig. 3 shows the normalized mean square error (MSE)
versus the number of iterations. It can be seen that the
performance improves with the increase in the number of
iterations, but the improvement is negligible after 4 and 6
iterations for fD = 0.001 and fD = 0.01, respectively.

V. CONCLUSION

A simple iterative method for decision directed channel
estimation for MIMO systems is introduced in this paper. Its
application to the joint channel estimation and data decoding
for space time coded system is illustrated. Simulation results
suggest that near optimal performance can be achieved with
reasonable number of iterations.
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