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Abstract—The Ziv-Zakai bound (ZZB) is developed for the
estimation error of a radiating source located in a plane, and
observed by sensors widely distributed over the same plane.
The source is non-cooperative in the sense that the transmitted
waveform and its timing are unknown to the sensors. The sensors
do have however, information on the power spectral density of
the source. Moreover, sensors have ideal mutual time and phase
synchronization. The source location is estimated by coherent
processing exploiting the amplitude and phase information be-
tween pairs of sensors. An analytical expression is developed for
the ZZB relating the estimation error to the carrier frequency,
signal bandwidth, the number of sensors, and their location.
Numerical examples demonstrate that the ZZB closely predicts
the performance of the maximum likelihood estimate across the
full range of signal to noise ratio (SNR) values. At low SNR,
the ZZB bound demonstrates performance dominated by noise,
at medium SNR, the performance is dictated by the presence of
sidelobes in the localization metric, and at high SNR, it is shown
that the ZZB converges to the Cramer-Rao bound.

Index Terms—Source Localization, Performance Bounds, Pa-
rameter Estimation

I. INTRODUCTION

Source localization has been studied intensively and ap-
plied broadly in various fields including radar, sonar, seismic
analysis, and sensor networks. Due to the new requirements
and technology advances, the localization problem remains an
active subject of research. Of interest in this work is the passive
localization of non-cooperative sources, i.e., sources for which
the actual signal and the time and phase of the transmitted
signal are unknown to the sensors. A class of localization
techniques for this case is based on time difference of arrival
(TDOA). TDOA based localization can be accomplished either
by formulating a joint statistic that incorporates all TDOA
observations or by performing ranging between pairs of sen-
sors and subsequently, solving a set of nonlinear equations
to estimate the source location. TDOA based localization is
non-coherent in the sense that it exploits the envelope, but not
the phase, of signals observed at the sensors. Recent work on
localization employing active sensors (i.e., sensor that transmit
probing signals, such as in radar) has shown the potential for
significant gains when the localization processing exploits the
phase information among pairs of sensors [1]. We refer to
such techniques as coherent localization. Coherent techniques

have been shown to offer great improvements in accuracy,
particularly at high signal to noise ratio (SNR) [1]. This is
due to the fact that the accuracy in coherent localization,
as expressed through the Cramer-Rao bound, is proportional
to the carrier frequency of the observed signal, whereas for
non-coherent localization, the accuracy is proportional to the
bandwidth of the observed signal. Accuracy also improves
with the increase in the number of sensors and the angular
sector of their spread (relative to the source). However, large
separation between sensors yields, for a fixed number of
sensors, high peak sidelobes in the coherent localization metric
[2]. At sufficiently high SNR, these sidelobes have only limited
impact on performance. However, below a threshold SNR
value, performance degrades very quickly. The main goal of
the present work is to improve the understanding and develop
ways to predict the performance of localization techniques as
a function of SNR and also system parameters. Localization
performance can be studied through a lower bound on the
mean square error (MSE) of the localization estimates. For
high SNR, the estimated parameter is affected by small noise
errors that cannot cast the estimate outside the main lobe
of the estimation metric. In this region, the mean square
error (MSE) of the estimate is inversely proportional to the
Fisher information, and thus performance can be predicted by
calculating the Cramer-Rao lower bound (CRLB), [3]. At low
SNR, due to the effect of sidelobes, performance is affected
by large errors, and the CRLB cannot predict performance
anymore. In this region, performance can be lower bounded
by the Ziv-Zakai Bound (ZZB), [4].

In the literature, the ZZB was used as a lower bound for
different estimators related to the localization problem. Weiss
and Weinstein derived the ZZB for time delay estimation of
narrowband [5] and wideband [6] signals. Extending this work,
the ZZB for time delay estimation of ultra-wideband signals
was studied in [7]. Bell et al. extended the ZZB from scalar
to vector parameter estimation [8], and used it to develop a
lower bound on the MSE in estimating the 2-D bearing of a
narrowband plane wave [9].

The work presented in this paper derives the ZZB for the
localization problem of a source. The results obtained in the
sequel can be applied to study the performance of the location
estimator as a function of different parameters e.g., carrier
frequency, bandwidth of the transmitted signal, and the number
of sensors in the network. Comparison between the ZZB and
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Figure 1. The setup for the localization problem

the MSE of the maximum likelihood estimate (MLE) obtained
through simulations demonstrate that the bound is tight in all
SNR regions.

The paper is organized as follows. Section II introduces
the system model; the derivation of the ZZB is carried out in
Section III. Numerical examples are presented in Section IV,
and concluding remarks are found in Section V.

II. SYSTEM MODEL

Consider a radiating source located at an unknown po-
sition @ = [z¢,ye], where 0 is modeled as a continuous
random variable with a known a priori probability density
function (pdf), assumed here to be the uniform distribution
Ze, Ye ~ U[—D, D]. This description implies that the source
is known to be located somewhere in a square area of
dimensions 2D x 2D. The signal emitted by the source has
bandwidth B, and it modulates a carrier frequency f.. The
source is not cooperating with the sensors, in the sense that
the timing of the transmission and the transmitted signal are
unknown to the sensors. It is assumed, however, that the
sensors are synchronized in both time and phase. We refer
to the localization method employed in this paper as coherent.
With coherent localization, the source location is estimated
from amplitude and phase measurements at the sensors. This
approach is similar to measurements of signals received across
a phased array for bearing estimation. In the bearing estimation
problem, the source is in the far-field of the array. In the
source localization problem, the source is in the near-field
of the two-dimensional array formed by the sensors. In the
near field, the phase and amplitude received at each sensor
depend on the source location (i.e., range and bearing), not
only on the bearing, as in the far field case. Coherent source
localization is a passive variation of the recent work on
coherent localization with active sensors (i.e., radar), e.g., [1].
Since the transmission time is unknown, coherent localization
of the source is performed using phase measurements relative
to one of the sensors chosen as the reference sensor.

Source observations are collected by M sensors located at
arbitrary coordinates (zj,yx), k = 1,..., M. The period of
time 7' during which these observations are collected is such
that BT > 1. A figure showing the setup is presented in Fig.
1.

Localization of the source is based on noisy observations
of the signals received at the sensors and expressed as:

k=1,2,....M
05t <T, (1)

ri(t) = ags(t — Tk)e_jzﬂf”"‘ + wi (),

where s and wy denote respectively, the transmitted signal,
and additive noise at the k-th sensor. The source and the noise
waveforms are sample functions of uncorrelated, zero-mean,
stationary Gaussian random processes with spectral densities
P, and P,, respectively. The spectral densities are constant
across the bandwidth. The amplitude and the propagation delay
of the signal received at sensor k relative to the reference
sensor are denoted aj and 7y, respectively. Without loss of
generality, the reference sensor is indexed 1. The TDOA
corresponding to sensor k is related to the source and kth
sensor coordinates by:

o= Ve m 2 + (e —ye)? V(e —21) + (e - n)?

c C (2)

where c is the signal propagation speed.

To make use of properties of the Fourier transform, we con-
vert the time domain measurements to the frequency domain.
The f; Fourier coefficient of the observed signal at sensor k
is given by:

T
Ru(f) = == [ et

= apS(f))e 7t Ly (f), k=1,2,..., M,
3)
where [ = 1,..., N, N is the number of frequency samples,
and S(f;) and Wy (f;) are the Fourier coefficients at f;
of s(t) and wy(t), respectively. For later use, we define
the vectors r = [r(f1),r(f2),...,r(fn)]T, where r(f;) =
[R1(f1), R2(f1), ..., Rar(f)]F. For BT > 1, any pair of
Fourier coefficients is uncorrelated [10]. Since r(t) is a Gaus-
sian process and the Fourier transform is a linear operation, r
has a conditional multivariate Gaussian pdf,

N
p(r|6) =] ] det[xK(f)] "

=1
cexp(—r" (F)K ' (f)r(f)), 4)

where the covariance matrix of the Fourier coefficients at the
sensors is given by

K(fi)) = E[I‘(fl)I‘H(fz)]

= S'V(fl)'YH(fl) + Pva (5)
In this expression, P, and P,, were defined previously, and the
vector y(f) = [1, age= 27Ut gy e=i2m(fet fi)ae]T

represents the response across the sensors to a radiated fre-
quency component (f.+ f;). The matrix I is the identity
matrix. The superscripts “7T” and “H” denote the transpose
and conjugate transpose operations, respectively.

The maximum likelihood estimate of the source location is
given by the maximum of the likelihood function

gML(r) = arg meaxp(r|9) (6)



where the likelihood function equals the value of the pdf at
the observations r. It can be shown that for the model defined
in (4) and (5), the MLE of 6 is given by the expression:

N
Ouin(r) = argmax > [ (Fy(RE (D)
=1

The former expression reveals the coherent nature of the
estimator, since the phases of the elements of the vector v(f;)
are functions of the location 6.

It is well known that a linear phased array in which the
elements are highly thinned, has a beampattern with large
sidelobes. In particular, when the elements of the array are
randomly spaced at intervals of the order of 10’s or 100’s
of wavelengths, the beampattern has random peak sidelobes
[11]. Recent work on coherent MIMO radar based in a setting
of widely spaced transmitters and receivers also shows the
presence of large peak sidelobes [2]. Similar sidelobes are
present in the localization metric (7). This motivates our work
to develop a global bound on the localization performance, as
presented in the next section.

III. LOCALIZATION ESTIMATION BOUND

Consider the problem of estimating the position vector, 6, of
the emitting source. We are interested in deriving lower bounds
for the mean square error (MSE) of the individual components
of 6. The lower bounds should predict as nearly as possible
the performance of the maximum likelihood estimator (MLE)
for the whole SNR region. In the literature, one of the most
popular bounds used to predict the performance of the MLE is
the Cramer Rao lower bound (CRLB), [12]. The justification
of using CRLB resides in that the MLE approaches the CRLB
arbitrarily close for very long observations. CRLB is a local
bound error performance i.e., it represents the performance of
estimators only for small errors. As the SNR decreases, the
errors become global and spread beyond the local vicinity of
the true value of the estimated parameter. Thus, the CRLB
cannot be used to predict the MLE performance under these
conditions.

When global errors are of interest, evaluating them is mean-
ingful only if the set of possible values of the parameters to be
estimated is known beforehand. This leads to Bayesian type
bounds. The characteristic of these bounds is that, they assume
a random parameter model with known a priori distribution. In
the literature, several Bayesian bounds were proposed , [13],
[4], [14], [15], [16]. In this work, we focus on the Ziv-Zakai
bound (ZZB) [4], [14].

Briefly, in its scalar form, the problem is that of lower
bounding the MSE

E[?]=E Ué(r) aﬂ (8)

where @ is the true value and 8 is the estimate. The derivation
for the scalar case starts with the MSE computed globally from
the identity [8],

1

Bl = /OOO Pr (|e > ;L) hah ©)

and focuses on lower bounding Pr (|| > %) . The estimation
probability of error Pr (|e| > %) can be viewed from a de-
tection theory point of view by noting that Pr (|| > %) is
also the probability of a binary hypothesis problem in which
0 equals either some value ¢ (Hy hypothesis) or the value
@ + h (H; hypothesis).

In the localization problem, the unknown parameter is
represented by a vector 6. Hence, we are interested in the
extension of the ZZB to vector parameters. In particular, the
extended ZZB for vector parameter estimation, which was
derived in [8], is customized in this section for the problem
of estimating the position of a source. For the position vector,
0 = [zc, y|”, the error correlation matrix of the estimator
O(r) is

® = Eyulec”] = o [(0(r) —0)(6(r) —0)T],  (10)

where r is the vector of Fourier coefficients representing the
noisy observations at the sensors defined in (4), and Ey r is
the expectation with respect to the joint pdf of 6 and r. Lower
bounding u” ®u for any vector u offers a flexible approach
through which the total error (sum of the diagonal elements
of ®) or errors of specific components of # can be bounded.
For example, for evaluation of the total error, let u = L"L 1}T;
for estimating the error in the = coordinate, u = [1,0]" .

An identity similar to (9) can be written for the vector
estimation case by replacing |e| with [u”e],

1 [ h
u'®u=E [|[u”¢f’] = 5/ Pr <|uT6| > 2) hdh. (11)
0

As we discussed previously for the scalar case, the lower
bound of Pr (Ju”’e| > %) is obtained by linking the estimation
of § with a binary hypothesis testing problem. The vector
parameter 6 is equal to either the vector ¢ or to the vector
@ + 6. The binary decision problem based on a localization
estimate (r) is formulated as follows:

it uld(r) <ulp+ g

it u’d(r) >ulp+ g

Decide Hy: 0 = ¢

Decide Hy: 0 = ¢+ 8 (12)

The separation between the two decision regions is provided
by the line u”y + % The probability of error for this
detection problem can be lower bounded with the help of
the minimum probability of error P, (p,¢ + d) of a binary
detection problem, in which the transmitted vectors are either
@ or ¢ + 0. Such a minimum probability of error is obtained
from the likelihood ratio test.

In [17], it is shown that the extended ZZB for vector
parameter estimation in the case of equally likely hypotheses
is given by

T Pu > / h~V{ max / minfpe(¢), pe(e + 0)]
0 s:uTé=h Jg

“Pe(p,p+ 5)d<p} ~dh (13)



where V{-} is the valley-filling function, and 6 € ®. To
get insight into the role of the valley-filling function, one
must note that in general Pr (\uTe| > %) is a non-increasing
function of h. Thus, a tighter lower bound of Pr (ju”¢| > 2)
can be obtained by capping the computed lower bound with a
non-increasing function of h. This transformation is done by
the valley-filling function.

Assuming uniform, a priori pdf’s in the interval [—D, D] for
the x, y coordinates of the emitting source, equation (13) can
be specialized as follows

. 2D h
du> [ L.
" u—/o 4D?

. P( 14
{ lIlr%xh/ (¢, gp—l—é)dgp}dh (14)

As can be observed from (14), the main part of the bound is
represented by P.(p, ¢ + J). A closed form for P.(p, ¢ + 9)
doesn’t exist, however an approximation of P, can be obtained
using Chernoff’s formula [12, pp 125]:

2
Sm

Pe(p, 0+ 6) = %exp (ﬂ(sm) + 2/ll(sm)>
@ (sm /o) +
(1—8m)2..

ex (o) + U2 o))
Q1= sm)Vit(sm)) (1s)

N

+

where 11(s) is the semi-invariant moment generating function,
ji(s) is the second derivative of u(s) with respect to s, S,
is the point for which fi(s,,) = 0, and Q(z) is the Gaussian
integral

* 1 2
_ —v /2d
z) = —¢€ v
) /z V2m

The semi-invariant moment generating function p(s) is
defined [12, pp 119]

Mﬂ:m/wa+®%M@“WR (16)

Substituting the expression for p(r|f) given in (4) into
(16), and using the result from [18, pp 47], the semi-invariant
moment generating function can be rewritten as follows

~* det[Ks(f,)] 7Y

=—= Zln (det

. det[sK(fl, T)+

(1= 9)Ks(f)]) (17)

where

Ks(f1) = Pevs(fi)vs™ (fi) + Pol
fyé(fl) — [1’ o ajue—jQﬂ'(fL+fc)(7'M+dM)]T
1
= (/o= o+ (4 0, —

7\/(Ie + 6, — x1)2 + (ye + §y - y1)2> -
= (Vi = e w-
—V@ —e P+ e —y)?), k=20 (1)

The first two determinants from equation (17) can be easily
calculated using the matrix formula given in [19], and they
are given by

det[K(f;)] = PM (1 + %

M
0= (1 + Zai)
k=2

The derivation of the third determinant can be done using
the approach in [20]. After some algebra, the following
expression is obtained for the third determinant

@zmmmn 19)
where

(20)

det[sK(f1) + (1 — 5)Ks(f1))] =
P
_ pM L
_R“O+aﬁ+
P2
+w—®<;)(ﬁ—wm0 1)
where
_ (P
g(fl) - ﬂQ
and | - | denotes the absolute value.
Substitution of (19) and (21) into (17) gives
N
p(s) == Wm(l+s(l—s)a(l-g(f) 22
1=1
where )
#(#)
a=——""—. (23)
1+4 ( )
Differentiating with respect to s yields
N
. (1—-2s)a(1—g(f1)) 24)
2 Tis(i-s)a T
ﬁ;(l—% <—am>f
2 \T+5(-9a - g()
200 (1 = g(f1)) } 75
F T - e i g =
Solving the equation i (s) = 0, results in s = 1. For s = 1,

equations (22) and (25) reduce to



(0) =S o bt ) 2
=1
T/izm(1+iaagu»)#

N 2a 1—g )) BT>1
#(3) S en s

7 2a(1—g(f))

T/B/z 1+ 3a(1-g(f))

df. (26)

If we use the notation

(%) and ji(3) have the following forms

B/2
W= [, warend,

1 /B/“’ £(f)
)=T 8——"—df. (27
M= L e
Using (27) and the following inequalities
L,
ln(1+z)fz<§ , for0<2<1
z
< <z <
52 z, for0<z<1 28)
in (15), P.(p,p + 6) is lower bounded by:
Pe(p, 0+ 96) >exp< / SE%( df)
QQDT/&ﬂ#) 29)
F

It is noted that P, (
J.

©, ¢+ 9) doesn’t depend on ¢, but only on

The final version of the ZZB lower bound for location
estimate is:

1 2D
uT¢1>u Z E/ h, . {61111%%)ih(2D - U151)(2D - U262)

o (-7 [ 5 #)Q(Mztﬁsumﬁ}dm

(30)

where

(2), and 3= (1—1—2%)

Lo (1 BUDORY)
# (7
p
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Figure 2. M = 8 sensors, for bandwidth B = 200 kHz, for carrier

frequency f. = 100 MHz, and coordinates z. and y. uniformly distributed

2
on [—25 m, 25 m] with variance 02 = %

IV. NUMERICAL EXAMPLES

In this section, numerical examples are provided to illustrate
the ZZB for various cases of the source localization problem.
We present results of the ZZB parameterized by the carrier
frequency, bandwidth, and number of sensors. The setup has
sensors equally spaced on a circle with a source located at the
center of the circle. The duration of the observation was taken
to be T' = 4.3 milliseconds.

In Fig. 2, the ZZB obtained by numerical integration of
(30) is plotted versus the SNR per sensor, P;/P,,. The CRLB
and the root mean square error (RMSE) of the MLE of the
source location are also plotted for reference. The RMSE of
the MLE is computed from one thousand simulations of a
sequence of raised cosine pulses. The various metrics were
calculated for M = 8 sensors, bandwidth B = 200 kHz, and
for a carrier frequency f. = 100 MHz. The a priori interval
for the coordinates of the source is set to a square with a
side equal to 50 m. From the figure it can be observed that
the ZZB versus SNR can be divided into three regions. For
low SNR, the ZZB reaches a plateau equal to the standard
deviation of the a priori pdf of the source location, computed
as %2 = 2—53 In this region performance is dominated by
noise, hence the localization error is limited only by the a
priori information. For high SNR, the ZZB coincides with the
CRLB, indicating that the noise errors are too small to cast
the estimate outside the main lobe of the estimation metric.
This region is the ambiguity free region. Between the two
SNR extremes is the ambiguity region, in which the location
estimator is affected by ambiguities created by sidelobes of
the localization metric, [2].

In Fig. 3, the ZZB of the error in estimating the abscissa
z. of the source is presented for different carrier frequencies.
The results presented in the figure were obtained for M = §
sensors and B = 200 kHz signal bandwidth. The a priori
interval for the abscissa z. of the narrowband source was
set to [-250 m, 250 m] around the real abscissa. One can
observe that if the SNR is high enough, localization accuracy
improves with the carrier frequency. The exception is in the
ambiguity region where the performance of the estimator at
fe = 100 MHz may outperform the performance at f. = 1
GHz. This result can be explained due to the increase in
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Figure 3. M = 8, transmitted bandwidth is B = 200 kHz, and coordinates
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Figure 4. f. = 1 GHz, transmitted bandwidth is B = 200 kHz, and
coordinates z. and ye are uniformly distributed on [—250 m, 250 m]

sidelobes with the carrier frequency. The effect of sidelobes
in the localization metric can be reduced by increasing the
number of sensors. This is illustrated in Fig. 4. The effect
of bandwidth on localization is shown in Fig. 5. An increase
in bandwidth causes a reduction in the sidelobes leading to
smaller errors in the ambiguity region. This is due to the fact
that the transmitted pulse autocorrelation function serves as
the envelope of the localization metric. This envelope, which
becomes narrower with the increase in bandwidth, forces the
sidelobes to decay faster.

V. CONCLUSION

The Ziv-Zakai bound for vector parameters was used to
derive a lower bound on the MSE of estimating the location
of a source. The bound provides a way to analyze localization
performance at the full range of SNR values and parame-
terized by a quantities of interest such as carrier frequency,
signal bandwidth, and number of sensors. Numerical examples
demonstrate that the bound provides results close to the MLE
over the whole frequency range. Three SNR regions are
distinguishable for the bound. At low SNR, performance is
dominated by noise, with false peaks popping up anywhere in
the a priori parameter space of the source location. As the SNR
increases, an transition region is observed, in which perfor-
mance is dominated by the peak sidelobes of the localization
metric. The performance at high SNR is ambiguity free, and
the ZZB coincides with the CRLB.

—+—B=0.2MHz

e
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1S}

RMS error [m] abscissa x

.
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Figure 5. f. = 1 GHz, number of sensors is M = 8, and coordinates x¢
and ye are uniformly distributed on [—250 m, 250 m]
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