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Abstract—The performance of an ultra-wideband (UWB)
Rake receiver over a sparse multipath channel with an ex-
ponential power delay profile is investigated in the presence
of path delay estimation errors. An exact expression of the
bit error probability accounting for both tap misalignement
and missing-path errors is obtained. Also obtained are an
approximate simpler expression and upper/lower bounds.
The exact expression is compared with simulations and is
shown to be in good agreement.
Index Terms—UWB, imperfect channel estimate, path

delay estimation, Rake receiver design

I. INTRODUCTION

In this paper, we investigate the effect of channel
estimation errors for impulse radio (IR) ultra-wideband
(UWB) receivers. One attractive feature of IR-UWB is the
ability to resolve multipath and use the path information
for channel diversity gains [1]. A Rake receiver can be
employed to exploit the diversity by capturing the energy
spread by the multipath channel. With perfect knowledge
of channel state information and in the presence of
additive white Gaussian noise, the Rake receiver with
maximum ratio combining (MRC) maximizes the output
signal-to-noise ratio (SNR). However, in practice, the
paths of the multipath channel must be estimated and
the estimation error, especially the path delay error, will
lead to performance loss. For IR-UWB, the problem
is further exacerbated because of the extremely short
duration pulses.
For the UWB multipath channel with sparse paths, the

analysis of the effect from the path delay estimate is
different from that of symbol timing jitter in narrowband
systems. Because the pulse duration is short, the path
delay error can either lead to a small offset producing a
misalignment error (similar to timing jitter), or make the
receiver miss the path completely if the offset is greater
than the pulse width [2]. In previous studies ([3] and
[4]), only the misalignment error due to timing jitter was
considered. In this paper, we analyze the impact of path
delay errors on the system performance considering both
the misalignment error and the missing-path error over a

dispersive multipath channel with an exponential power
delay profile (PDP).
It has been shown that the variance of the path delay

estimate error is a function of the path SNR, bandwidth
of the signal, and observation time [5]. In previous papers
([3] and [4]), same variances of the estimate error were
assumed for all paths and all SNR. We take into account
the effect from the path SNR and the number of pilot
symbols used to improve the path SNR in estimation.
An exact expression of the bit error probability (BEP) is
developed accounting for the path delay estimation error.
The expression is shown to be in good agreement with
Monte Carlo simulations. For small path delay estimation
errors, a simpler approximation is also derived and shown
to be close to the exact BEP. By an alternative method
using the SNR at the output of the combiner, an upper
bound and a lower bound of the BEP are also obtained.
The rest of this paper is organized as follows. In

Section II, the signal model is introduced and the channel
estimation method is described. Section III presents the
detailed derivation of BEP considering the path delay
estimation error for Rake receivers using MRC. An ap-
proximation is obtained when the path delay estimation
error is small. Furthermore, an upper and a lower bound
are given for comparison by an alternative method. In
Section IV, results of Monte Carlo simulations are shown
to be in close match with the analytical results. Section
V provides the conclusions.

II. SYSTEM MODEL
A. Signal Model
The impulse radio UWB system transmission model is

shown in Fig. 1. A binary bit stream is transmitted over
a multipath channel and each data bit is modulated by a
very short duration pulse. Although other pulses can be
used, to facilitate exact-form analytical results, we use a
rectangular pulse q(t) with a pulse width Tp and energy
Eb,

q(t) =

(q
Eb

Tp
; 0 · t · Tp

0; else.
(1)
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Fig. 1. A complete impulse radio transmission model over a multipath
channel.

The multipath channel is given by

h (t) =
L¡1X
l=0

®l± (t¡ ¿ l) ; (2)

where L is the number of multipath, ®l and ¿ l are the
path gain and delay for the l-th path, respectively. We
assume the channel is quasi-static (fixed over the duration
of a packet), hence the channel parameters are modeled
as deterministic, but unknown. As shown in Fig. 2, the
channel model is an FIR filter with an exponential PDP,
®2
l = −l = −0 exp (¡¿ l=¿max). −0 is chosen in such a
way as to ensure that average received power is unity
[6]. The sign of ®l is equiprobable §1. The negative
sign accounts for signal inversion due to reflections. The
path distribution is deterministic and sparse. By sparse
we mean that there is no inter-pulse interference at the
channel output.
Consider biphase modulation, and the received signal

is given by

y (t) = dq(t)− h(t) + n(t)

= d
L¡1X
l=0

®lq(t¡ ¿ l) + n(t); (3)

where d 2 f§1g with equal probability denotes the binary
bit, − represents the convolution operation, and the noise
n(t) is white, Gaussian with zero-mean and two-sided
power spectral density of N0=2. We assume the symbol
duration is larger than the maximum delay spread such
that the inter-symbol interference can be neglected. L
branch correlators are used for the Rake receiver, where
the received signal is correlated with suitable delayed

0α

1α

3α

0τ 1τ 3τ2τ

2α

Fig. 2. A UWB multipath channel impulse response with an exponen-
tial power delay profile and sparse tap delays.

reference pulses using the estimated path delays. The path
amplitude estimates are used as the weights of the linear
combiner for MRC. In the next subsection, the channel
estimation method is described and the estimation error
model is discussed.

B. Channel Estimation

A pilot-aided channel estimation is used, whereas each
packet in the observation consists of a preamble of M
pilot symbols followed by the information data. Channel
paths are estimated using multiple pilot symbols and
maximum likelihood estimation [7]. The outputs of the
correlator are over-sampled to improve the resolution of
the path delay estimation. The estimate of the path delay
can be expressed as b¿ l = ¿ l + ²lTp, where ²l is the
estimation error normalized to the pulse width. Estimation
errors of the paths are assumed mutually independent.
The error is modeled with a Gaussian pdf [8]

p (²l) =
1p

2¼¾²l

exp

µ
¡ ²2l
2¾2

²l

¶
: (4)

where ¾2
²l
is the variance of the error for the l-th path

and defined in the sequel. Using this model, we take into
account not only the misalignment error (j²lj · 1), but
also the missing-path error (j²lj > 1).
We are using the Cramér-Rao bound as the variance of

the delay estimate. It can be expressed [9]

Var (b¿ l) = 1
2Eb

N0
®2
lM½2

; (5)

where ½2 ¼ 1=T 2
p is the mean square bandwidth of the

pulse. Then the variance of the normalized delay error is
given by

¾2
²l =

1
2Eb

N0
®2
l

1

M
: (6)
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Errors will occur in the path gain as well. However, in
this paper, we assume that path gain errors are negligible.
Thus, the estimated channel impulse response is given by

bh (t) = L¡1X
l=0

b®l± (t¡ b¿ l) ; (7)

where b®l ¼ ®l. In the next section, we develop the BEP
analysis taking into account path delay errors.

III. BEP ANALYSIS

At the receiver, the time dispersed signal at the channel
output is processed by MRC. From (3), the decision
variable at the output of the linear combiner is given by

D =
1

Eb

+1Z
¡1

y (t)
L¡1X
l=0

®lq (t¡ b¿ l) dt
= d

L¡1X
l=0

®2
l ¹q (²lTp) +

L¡1X
l=0

nl; (8)

where the term 1=Eb is used to simplify the expression
without affecting the decision, ¹q(¿) is the autocorrela-
tion function of the UWB pulse normalized to its energy

¹q (¿) =

R1
¡1 q(t)q(t¡ ¿)dtR1

¡1 q2(t)dt
=

(
1¡ j¿ j

Tp
; j¿ j · Tp

0; else.
(9)

Conditioned on the path gain, the noise

nl =
®l

Eb

Z 1

¡1
n(t)q (t¡ b¿ l) dt (10)

is a Gaussian random variable with zero mean and
variance of N0

2Eb
®2
l . The decision rule is D

1
≷
¡1

0. We

derive the exact BEP and its upper and lower bounds
next.

A. Exact BEP Analysis

The BEP is obtained by using the relation between
cumulative distribution function (CDF) and the charac-
teristic function (CF) of the decision variable. The Gil-
Pelaez lemma in [10] indicates that a one dimensional
CDF F (x) is a function of its corresponding CF ª(!)
as expressed in

F (x) =
1

2
¡ 1

¼

Z 1

0

Im [ª (!) exp (¡j!x)]

!
d!: (11)

Assume that d = 1 is transmitted, the BEP is

Pe = Pr (D < 0) =
1

2
¡ 1

¼

Z 1

0

Im [ªD (!)]

!
d!: (12)

Conditioned on each channel realization, the CF of the
decision variable is given by

ªD (!) = E
£
ej!D

¤
=

L¡1Y
l=0

E
h
ej!®

2
l¹q(²lTp)

iL¡1Y
l=0

E
£
ej!nl

¤
=

L¡1Y
l=0

ªsl (!)
L¡1Y
l=0

ªnl
(!) (13)

with the assumption of mutually independent ²l and nl.
The CF of the noise is

L¡1Y
l=0

ªnl
(!) = exp

"
¡!2

PL¡1
l=0 ®2

l

4Eb=N0

#
: (14)

Let
©(x) =

2p
¼

Z 1

x

e¡t2dt (15)

be the complementary error function [11, Ch. 2]. From
(4) and (6), we obtain

ªsl (!) = 2

Z 1

0

ej!®2
l (1¡²l)p(²l)d²l +©

µ
1p
2¾²l

¶
= exp

µ
¡ !2®2

l

M ¢ 4Eb=N0

¶
exp

¡
j!®2

l

¢
¢
·
©(

j!¾2
²l
®2
lp

2¾²l

)¡ ©(
1 + j!¾2

²l
®2
lp

2¾²l

)

¸
+©

µ
1p
2¾²l

¶
; (16)

where the last equality is obtained by [12, p. 354, 3.322].
By expressing

©(
j!¾2

²l
®2
lp

2¾²l

)¡ ©(
1 + j!¾2

²l
®2
lp

2¾²l

) = CI (!) + jCQ (!) ;

(17)
where CI (!) and CQ (!) respectively denote the real and
imaginary parts, (16) becomes

ªsl (!) = e
¡ !2®2

l
M¢4Eb=N0 [Ul (!) +Wl (!) + jVl (!)] ;

(18)
where

Ul (!) = CI (!) cos
¡
!®2

l

¢¡ CQ (!) sin
¡
!®2

l

¢
Vl (!) = CI (!) sin

¡
!®2

l

¢
+ CQ (!) cos

¡
!®2

l

¢
Wl (!) = ©

µ
1p
2¾²l

¶
exp

µ
!2®2

l

M ¢ 4Eb=N0

¶
:

Thus, we have

ImªDk
(!)

!
= exp

Ã
¡!2

¡
1 + 1

M

¢PL¡1
l=0 ®2

l

4Eb=N0

!
¢R (!) sin [£ (!)]

!
; (19)
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with

R (!) =
L¡1Y
l=0

q
[Ul (!) +Wl (!)]

2
+ V 2

l (!);(20)

£(!) =
L¡1X
l=0

tan¡1

µ
Vl (!)

Ul (!) +Wl (!)

¶
: (21)

If we define

A =

¡
1 + 1

M

¢PL¡1
l=0 ®2

l

4Eb=N0
; (22)

f (!) =
R (!) sin [£ (!)]

!
; (23)

from (12), the BEP is given by

Pe =
1

2
¡ 1

¼

Z 1

0

exp
¡¡A!2

¢ ¢ f (!) d!: (24)

Since exp
¡¡A!2

¢
can be considered as a weight func-

tion to f(!), the integral in (24) is interpreted as a
weighted average of f(!) over its range [13, p. 22]. This
Gauss type integral can be calculated using the Hermite
formula [13, p. 224]. Thus the BEP can be expressed in
closed-form

Pe =
1

2
¡ 1

¼
p
A

NX
i=1

Hxif

µ
xip
A

¶
; (25)

where N is the order of the Hermite polynomial, xi and
Hxi

are respectively the zeros and weight factors of the
i-th order Hermite polynomial which are tabulated in [14,
p. 924, Table 25.10]. Typically, N = 20 is sufficient for
good accuracy.
Note that Pe in (25) is conditioned on each channel

realization. For a fading channel with random f®lg, the
BEP can be obtained by averaging Pe in (25) over the
available channel realizations.
A somewhat simpler expression for the BEP can be

obtained by neglecting Wl (!) in (18). Indeed, for small
¾²l , ©

³
1p
2¾²l

´
¼ 0. So R (!) in (20) and £(!) in (21)

can be simplified as

R (!) =
L¡1Y
l=0

q
C2

I (!) + C2
Q (!)

£ (!) =
L¡1X
l=0

tan¡1 CI (!) sin!®
2
l + CQ (!) cos!®2

l

CI (!) cos!®2
l ¡ CQ (!) sin!®2

l

:

Substituting these in (23), we have

f (!) =
R (!) sin

£
£(!)

¤
!

: (26)

An approximate expression of the BEP is obtained from
(24)

Pe ¼ 1

2
¡ 1

¼

Z 1

0

exp
¡¡A!2

¢ ¢ f (!) d!: (27)

The integral is also a Gauss type and can be calculated
by the Hermite formula as in (25).
If we consider only the misalignment error, the prob-

ability density function of the delay error is a truncated
Gaussian with

p (²l) =

8<:
exp[¡²2l =(2¾2

²l
)]

[1¡©(1=
p
2=¾²l)]

p
2¼¾²l

; j²lj · 1

0; else.
(28)

Then (19) becomes

ImªDk
(!)

!
=

exp
¡¡A!2

¢ ¢ f (!)

1¡ ©
¡
1=
p
2=¾²l

¢ ; (29)

where A and f (!) are defined in (22) and (26) respec-
tively. Substituting (29) in (12), the BEP for this case can
be calculated.

B. BEP Bounds
Lower and upper bounds to the BEP can be derived by

starting with the SNR at the output of the Rake combiner
[15]. From (8), conditioned on the estimate of delay b¿ l,
the SNR at the combiner output is given by

°t =
2Eb

N0

hPL¡1
l=0 ®2

l ¹q (²lTp)
i2

PL¡1
l=0 ®2

l

: (30)

Next, we derive lower and upper bounds.
1) Lower Bound: By the Cauchy-Schwartz inequality,"
L¡1X
l=0

®2
l ¹q (²lTp)

#2

·
"
L¡1X
l=0

®2
l

#"
L¡1X
l=0

®2
l ¹

2
q (²lTp)

#
:

It follows

°t ·
2Eb

N0

L¡1X
l=0

®2
l ¹

2
q (²lTp) ,

L¡1X
l=0

°
(1)
l ; (31)

Similar to the analysis by moment generating function
(MGF) in [6] and using the alternative representation of
the Gaussian tail function Q function in [6, p. 71], the
lower bound of the average BEP is given by

P (1)
e =

1Z
0

Q

0@
vuutL¡1X

l=0

°
(1)
l

1A p
³
°
(1)
l

´
d°

(1)
l

=
1

¼

Z ¼=2

µ=0

L¡1Y
l=0

M
°
(1)
l

µ ¡1

2 sin2 µ

¶
dµ; (32)

with the MGF M
°
(1)
l

(s) , E[exp(s°
(1)
l )]. For the

rectangular pulse and the Gaussian distributed delay error,
if we define

al (µ) , ¡Eb

N0

®2
l

sin2 µ
; (33)

bl (µ) , 1

2¾2
²l

+
Eb

N0

®2
l

sin2 µ
; (34)
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and

cl (µ)

, 1p
2bl (µ)¾²l

"
©(

al (µ)p
bl (µ)

)¡ ©(
1

2¾2
²l

p
bl (µ)

)

#

+exp

·
¡ al (µ)

2¾2
²l
bl (µ)

¸
©

µ
1p
2¾²l

¶
; (35)

and after some algebraic manipulations, we obtain

M
°
(1)
l

µ ¡1

2 sin2 µ

¶
= cl (µ) exp

·
al (µ)

2¾2
²l
bl (µ)

¸
: (36)

Using the result in (32), we obtain the lower bound of
the average BEP

P (1)
e =

1

¼

¼=2Z
0

exp

Ã
L¡1X
l=0

al (µ)

2¾2
²l
bl (µ)

!
L¡1Y
l=0

cl (µ) dµ: (37)

2) Upper Bound: For a rectangular pulse, since
¹q (²lTp) = (1¡ j²lj) for j²lj · 1, andhPL¡1

l=0 ®2
l (1¡ j²lj)

i2
PL¡1

l=0 ®2
l

¸
L¡1X
l=0

®2
l (1¡ 2 j²lj)

so that

°t ¸
2Eb

N0

L¡1X
l=0

®2
l ºl ,

L¡1X
l=0

°
(2)
l ; (38)

where

ºl ,
½

1¡ 2 j²lj ; j²lj · 0:5
0; else (39)

to ensure °
(2)
l = 2Eb

N0
®2
l (1¡ 2 j²lj) ¸ 0. Following the

same derivation method as for the lower bound, we have

M
°
(2)
l

µ ¡1

2 sin2 µ

¶
= zl (µ) exp

·
xl (µ)

2¾2
²l
yl (µ)

¸
; (40)

where

xl (µ) , ¡Eb

N0

®2
l

sin2 µ
(41)

yl (µ) , 1

2¾2
²l

+
4Eb

N0

®2
l

sin2 µ
(42)

and

zl (µ)

, 1p
2yl (µ)¾²l

"
©(

2xl (µ)p
yl (µ)

)¡ ©(
1

4¾2
²l

p
yl (µ)

)

#

+exp

·
¡ xl (µ)

2¾2
²lyl (µ)

¸
©

µ
1

2
p
2¾²l

¶
: (43)
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Fig. 3. Comparison of BEP for Rake receivers in the presence of delay
errors using exact and approximate expressions with simulation. M is
the number of pilot symbols.

Finally, we obtain the upper bound of the BEP expressed
as an integral with finite limits

P (2)
e =

1

¼

¼=2Z
µ=0

exp

Ã
L¡1X
l=0

xl (µ)

2¾2
²lyl (µ)

!
L¡1Y
l=0

zl (µ) dµ:

(44)

IV. NUMERICAL EVALUATION

In this section, we evaluate the BEP of Rake receivers
in the presence of channel estimation errors, and compare
the analytical results with the Monte Carlo numerical
simulation. The path delays are assumed ¿ l = 4lTp,
1 · l · L = 8. The power delay profile is given by
−l = −0 exp (¡l±), where −0 normalizes the total power
to unity, and the decay factor ± is assumed of 0:02 [6, p.
27],[16]. The path gain is ®l =

p
−l.

Fig. 3 demonstrates that the BEP obtained by the exact
expression matches well with the Monte Carlo simulation.
By observing the Eb=N0 difference with that without
errors, we conclude that the channel path delay error has
diminished the capability of the Rake receiver to capture
the multipath diversity. We also compare the exact and the
approximate BEP expressions as a function of the number
of pilot symbols. The approximate BEP converges to the
true BEP for high SNR.
The upper and lower bounds are compared with simu-

lations in Fig. 4. The lower bound is tighter than the upper
bound, in particular for a larger number of pilot symbols
(M = 12). With a small number of pilot symbol, both
bounds become loose.
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Fig. 4. The upper and lower bounds of BEP are compared with that
using the exact expression for an MRC Rake in the presence of channel
delay estimation errors. M is the number of pilot symbols.

V. CONCLUSION
The effect of the channel path delay estimate error

has been investigated for an impulse radio UWB Rake
receiver using MRC. Both misalignment and missing-
path errors are accounted for. An exact expression of the
BEP is obtained. An approximate and upper/lower bounds
are also obtained. Simulation results are in close match
with the analytical results. The channel path delay error
is shown to diminish the capability of the Rake receiver
to capture the multipath diversity.
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