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Abstract— Multiple-input multiple-output (MIMO) radar is a In general, the range resolution of a radar system is deter-
multistatic architecture composed of multiple transmitters and mined by the signal bandwidth employed. We will demonstrate
receivers, which seeks to exploit the spatial diversity of radar ¢ coherent processing over widely dispersed sensor elements

backscatter. In conjunction with centralized processing, MIMO that H d the t t lead t uti hiah
radar has the potential to significantly improve radar functions 1@t partly surround the target may lead to resolutions higher

such as detection and parameter estimation. MIMO radar is than supported by the radar bandwidth.

distinct from other types of array radars such as phased array The paper is organized as follows: first, a signal model
or STAP, which process the signals of closely spaced elementsor a single scatterer is developed. Based on this model,
and, hence, cannot capitalize on the spatial characteristics of \he ampiguity function for a two dimensional target location

targets. In this work, we explore the ability of MIMO radar and . - g .

coherent processing to locate a target with high resolution and estlmatlon 1S |ntr0du.ced. Afterwards, theqretlcal bounds for
to resolve targets located in the same range cell. A distributed the location estimation accuracy of a single scatterer are
target model is developed. It is demonstrated that MIMO introduced and compared to simulation results. The bounds
radar with centralized coherent processing is able to resolve are then linked to properties of the ambiguity function. This

scatterers with a range resolution well beyond that supported |o44g 1o 4 further exploration of the ambiguity function and of

by the signal bandwidth. The location estimation capabilities . .

are further illustrated by introducing a new two-dimensional how system parameters, such as signal _bandWIdth and angglar
ambiguity function. The analysis is discussed in the context of Spread of the MIMO elements, determine the shape of this

established results for randomly thinned arrays. The investigation ambiguity function. Finally, an example of resolving several
of high resolution MIMO radar also includes comparison with  scatterers is presented.

the performance of non-coherent MIMO radar and the effect on

performance of the number of sensors and their locations. 1. SIGNAL MODEL AND AMBIGUITY FUNCTION

To illustrate the potential of high resolution approaches
in MIMO-radar, this paper explores first the accuracy, with
which a single scatterer can be located by a coherent array

Inspired by the success of Multiple Input Multiple Outconsisting of widely separated elements, similar to [3], [4].
put (MIMO) schemes in communications, we have beerhe single point scatterer is assumed to reflect isotropically
investigating the potential of MIMO radar systems, [1], [2]all impinging waves to all receive elements, thus allowing
MIMO communications has the great ability to apply diversityhe coherent processing among the elements. However, the
techniques to overcome impairments in the multipath fadingflection coefficient of the scatterer is assumed to be un-
channel. Accordingly, our work so far has been aimed Rhown. For simplicity, the target is assumed located in a
exploring how transmit diversity can be utilized in a MIMOwo dimensional (rather than three dimensional) space. The
radar system to overcome the target's RCS fluctuations, [2],|8tation of the scatterer is to be determined within a limited
how combined transmit and receive diversity can be appliggea that may be determined by a previousbn-coherent
in target detection, [1]. Achieving spatial diversity in radagetection mode, [5]. It is convenient to introduce a coordinate
requires large inter—element distances to ensure that a targefyitem with the origin at the center of the area and to estimate
observed from different aspects. As the different aspects @@ scatterer locatioX = [z,y]” relative to this origin. Figure
presenting uncorrelated target responses, our previous worklustrates the setup. Thé-th transmit andi-th receive
has been based on non-coherent processing. elements, respectively, are located at anglgsand 6] with

In this publication, we seek to explore the potential afespect to the origin, as illustrated in Figure 1. We assume the
MIMO systems to locate a single point scatterer or separatnitored area to be small compared to the distances from the
between several of those, with coherent processing appliggyin to all transmitters and receivers, such that if the origin
over a sparse MIMO aperture. Our focus is on systems wifould be moved to any point in the monitored area, the angles
multiple transmitters and receivers; a system with a sing§¢ and ¢, would not change for alk, I. In this publication,
transmitter is discussed in [3]. we focus on scenarios in which the elements surround the

" o scatterer partly, thus, e.ddl| < 90° and |6]| < 90°.
TSN Lt v 1 amonn v s oreover, we spy e scussion by assuing ha the
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Laboratory under grant no. FA9550-06-1-0046. elements are calibrated to a hypothetical scatterer location at

I. INTRODUCTION



It is noted that in (3), the only term depending on the
k-th transmitter actual scatterer position is the third summand. Assuming
unit norm waveforms, the second summand can be expressed
as 0L SO [ al?[sk(t — 7ry)|2dt = MN|a|®. We use
the maximum likelihood estimate of the unknown scatterer

o¥ Y reflectivity a, which is
y [-th receiver
55
a= 7“}€’l(7f)81*C (t — Tkﬂl)dt, (4)
MN k=11=1

to eliminatea in (3). Then the logarithm of the pdf of the

Fig. 1. Overview of system layout. received signal (log—likelihood function of) is given as

M N 2
In f(r(t)|X) =¢ /r* t)sp(t — my)dt| +c”
the origin of the above mentioned coordinate system. We also rOl%) ; ; ealB)owl 2

assume that the signal attenuation due to the distance from the (5)
transmitter or receiver to the target scatterer is approximately 2

M N
constant and it vy|II be neglected in time d_elay cqlculatlons. — Zzeaizwfcm,z /TZ’fz(t)Sﬁ(t —Tea)dt| 4+,
Furthermore, a single snapshot (or pulse) is considered. The 1=

waveform transmitted by the-th transmitter and reflected by (6)
a scatterer located & leads to a signal component at thth

/ /! i
receiver of the following form wherec’ andc¢” denote constants independent of the scatterer

location. The expression in (6) separates the phase shifts
ra(t) = asp(t — 10(X)) + nea(t), (1) due to the carrier frequency from the baseband correlation
processes. Note, these phase shifts can only be observed in a
coherent processing mode accross all elements. The maximum

likelihood estimate of the scatterer locatial, is then given
as

where a contains the reflectivity of the scatteret;,;(t) is
white Gaussian noise, ang.;(X) is the delay for thek,!
transmit—receive pair introduced by the scatterer localign

—

T (X) = f%(COS 0% + cos ) — %(Sin 01 +sind)). (2) m)?xlnf(r(t)\f) _ lnf(r(t)‘Xg). 7)

Hereafter, the explicit dependency of, on X is omitted | 3 |ater section, the empirical variance of this estimate is
for conciseness. The signals in (1) are of the forim(t) = found using Monte Carlo simulations, and this variance is
T ()€™t and si(t) = sp(t)e’>™/<!, wherer} (t) and  compared to the Cramer Rao lower bound.

sh ,(t) denote the lowpass equivalent signals afadis the

carrier frequency. Assuming that the transmitted waveforms [1l. AMBIGUITY FUNCTION

maintain approximate orthogonality even for different mutual An intuitive way to illustrate high resolution location es-
delays, [ st (t)sti(t — 7)dt ~ 0 Vr,k # k', the receiver timation is to introduce thembiguity functionA(X). The
elements can separate the signals from different transmittion of an ambiguity function has long been used in the
ters. The received signals over the complete system mgghtext of location estimates in radar, e.g. [6]. “Placing” a
then be represented by &N x 1 vector functionr(t) = scatterer at the origin of the coordinate system, which implies
[r1,1(t), ..., ra,n(t)]T. The noise components are assumed, ;(t) = sx(t), the ambiguity function may be defined as a
to be independent identical distributed (i.i.d.) Gaussian wititaled version of the log-likelihood expression given in (5)
zero mean and variane€. Therefore, the probability densityand (6),
function (pdf) of the received signal vector given a scatterer

at X with reflectivity a can readily be expressed as A(X) = d'In f(rx(t +d” (®)

2

-
1
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- M N
r(t)|X, _ 1 * _
FEOIXa) s (Y / S (t)su(t — a0 dt
1 M N oo ) k=11=1
) / Iria(t) — asi(t — ) Pt 1 | 2
k=11=1"—0° = 1EN? Zzeﬂ%f“ﬂ” /s’;i*(t)SZ(t — Tha)dt
M N
1 o 5 5 5 k=11=1
=e - re ()7 + lal?|sk(t — dt o
Xp{ o? (;;/_OJ et +lal e (t = me)l The constantg!’ andd” scale the ambiguity in such manner
M ON that0 < A(X) < 1 is ensured.
_9%Re azz/ e (U8t — ) dt ) Figure 2 contains a plot of an ambi'guity function pf an
11— /- example of a9 x 9 MIMO system with the transmitter

(3) elements distributed evenly over45° < 6 < 45°. The
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Fig. 4. y cut of the coherent and non—coherent Ambiguity Function.

P (7). Accordingly, the ambiguity function can be rewritten
as

2

)

yin i Xin ML
ZZB jemfe k,lSOSZ(TkJ)

k=11=1

which further illustrates the role of the phase shifts across the

transmitter—receiver pairs in the coherent processing. The im-
receiver elements are similarly distributed. AAand y cut pact of these phase shifts is further illuminated by introducing
of this ambiguity function can be found in Figures 3 anthe non—coherenambiguity function,4,,.(X), which serves
4, respectively, together with the cuts of the non—coherea$ an upper bound for the coherent ambiguity function,

ambiguity function introduced in the sequel. v N 2
" " 1
A(X) < Ane(X) = 7575 (ZZ @sg(Tk,l)> - (10)

= 1
ARX) = 3z

Fig. 2. Ambiguity Function for @ x 9 MIMO-radar.

1

09l —— coherent | k=1 l=-1 - -

' — - non-coherent Note that the non—coherent ambiguity function serves as
08¢ 1 an upper bound to the coherent ambiguity function. This
071 function illustrates the location accuracy possible for a MIMO
06 system with non—coherent processing among the elements. The

< o5l location estimate is then strongly dependent on the bandwidth
< o4l of the transmitted waveforms. The non-—cpherent ambiguity

' function is plotted in Figure 5 for the same example system
03f ‘\ as before.
0.2y \ 1 By comparing the two plots in Figures 2 and 5 or the
01} \ : cuts in Figures 3 and 4, it becomes evident how coherent

L -~ N T processing enhances the resolution by substantially narrowing

-5 -10 5 10 15

the mainlobe of the ambiguity function. Moreover, Figures
3 and 4 illustrate how the non—coherent ambiguity function
Fig. 3. « cut of the coherent and non—coherent Ambiguity Function. S€rves as an upper bound of the coherent ambiguity function.
This section is concluded by demonstrating the ability of
The transmitted signals,. (¢) are assumed to have an idead MIMO—-radar system to resolve several closely spaced scat-
rectangular frequency response with bandwidih The ratio terers. Figure 6 features the ambiguity function for four equal
of this bandwidth to the carrier frequency is set to one tentteturn point scatterers at locatiofts 07, [0, 6], [6,0]7 and
2 — (.1. The choice of this value is briefly discussed in thés, 6]7. The coordinate system is again expressed in multiples
séquel. Ther and y coordinates are expressed in multiplesf .
of the carrier wavelength.. The narrow mainlobe around the Comparing this plot to the non-coherent case in Figure
origin demonstrates the potential of coherent processing5n it is obvious, that a coherent MIMO radar can resolve
MIMO radar. several closely spaced scatterers. These scatterers might either
The integrals in the sums of the last line &) (are the constitute a single target with multiple, resolvable scatterers
autocorrelation functions of the waveforrfist* (¢)sh (t—7) = or represent separate, small targets.
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Fig. 5. Non-coherent Ambiguity Function for%x 9 MIMO-radar.
Consider a particula®?, that contains thel/ - N time delays

IV. CRAMER RAG BOUND T, and the complex amplitude padr. anda; such that

As discussed in [7], the Cramer Rao Bound (CRB) for a O = [Ti1 ey Thts e o s TMLN Oy ] (15)

parameter vectons, to be estimated is given as The4 x (M - N +2) matrix G mainly describes the geometric

E {(1[, — ) (e — ¢)H} > Cerp(p) = J-1(y), (11) setting and has, according to the signal model (2), the form

where the inequality implies that the difference between tk&=

first and the second matrix is a positive definite matrikhe  /—1 (cos#% + cos67) ... —1 (cos@y, +cosbp) 0 0
CRB provides a lower bound for the mean square error (MSE) —1 (sin 6 +sin6]) ... —% (cos@h, +cosfy) 0 0
of any unbiased estimator for the unknown parameigss 0 0 10
This is expressed by [8] 0 0 0 1
- _ 16
var($h,} > [37 ()], - (12) (16)

Given the density of the received signal (3)) is subse-
rWently evaluated. First,

/ (rea(t) — asn(t — 70)) a8t — 70)

In the scenario discussed here, the parameter vectmntains
the x and y coordinates of the scatterer and the real a
imaginary part of the common amplitude of the reflected 6In f(r) -1

signal,a, anda;, i.e. ¥ = [r,y,a,,a;]T. In both equations, 6ty 02
J(vp) refers to the Fisher information matrix, which is defined (s (t) — asit — Te2))" adu(t — o),
as (17)

— H

3) = B { Ty o £ (1)) (Vo n f (1)) | with $u(t) — £5.(1). This readily leads to
= —E{Vy (VyIn f(x(t)" }. (13) 2]
{vevy ) E{5nﬂﬂ}=o Vi£U ork£K. (18)

Introducing an alternative parameter vectdr,the chain rule 0T, 10Tk 1

can be used with the first equality of (13), [9],

H

1 (S} (o) S
= gJ(,ﬂ)gH (14) E 57_51 = 2 /Sk(t - TkJ)Sk(t — TkJ)dt,

(19)

One finds for theM - N diagonal elements af ()

1The superscripfd denotes the conjugate transposed.
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(32)

where E {f(Tk-J(t) —asg(t — Try) 85 (t — TkJ)dt} = 0is

the firstM N diagonal elements of(«3) are given as (compare

used (the white noise is uncorrelated to the transmitted wave-(19))

forms and their derivatives). This equality furthermore is used

to derive the following two relations:

52 In f(r) 2 . .
E {W«} = ;iﬂe {a/sk(t - TkJ)Sk(t - TkJ)dt} ,

(20)
2 n .
(21)

It is easy to verify the following three equalities:

21 o M N
E{Maaé(r)} - ZZ/Isw — )2t (22)

k=1 I=1
§%1n f(r) o M N
{5 = F LY [ttt @)

Zlnf(r)]
) "

The integrals in expressions (19) to (23) are evaluated
replacings (t) with sb(¢) - e/27/<t, For (19) this leads to

/Sk(t — Tk,l)«éZ(t — Tk_’l)dt =
e (ff [1siora+ [ f2|sf;<f>|2df) (25)
and for (20) and (21) to
/.ék(t — Ti,1)SE(t — Tg,)dt :j27rfc/|5,2(f)|2df, (26)

where S?(f) denotes the Fourier transform ef (). Using
o? = Ny [|SE(f)|?df and the effective bandwidti, defined
as

_ LS Pdf

P = Tsipear @7)

2 2
g, = Tz gy =
0
Note, that the off-diagonal elements of the upper fefiv x
MN submatrix of J(99) are zero according to (18). The
elements of the lower lef2 x M N submatrix ofJ(9) are
found via (20) and (21), respectively, as

1,...,MN. (28)

47chai .

[J(19)]MN+171.: N i=1,...,MN, (29)
dr feay )

[J(ﬁ)]MNH_’i:— ]{[0 i=1,...,MN. (30)

Furthermore, the diagonal elements of the 2 lower right
submatrix ofJ(¥) are found according to (22) and (23) as

2MN
According to (14),J (1) can now be calculated and is provided
in (32), where for concisenes’); = cosf! + cos6; and
Vi, = sinf}, +sin 6] is used. Note, that those terms reflect
the impact of the geometric setting (the location of transmitters
BXd receivers relative to the target) on the resolution and
are due to the matridg given in (16). The lower bounds
for the variance of ther andy estimates are thél, 1) and
(2,2) elements ofJ ()1 It is noted, that these elements
do not depend on the real or imaginary part of the signal
amplitude, a,. or a;, specifically, but on the signal energy
la]> = a2 + a?. The bounds derived above manner enable
us to predict the performance of a location estimate for a
single scatterer. Therefore, they can be used to judge the
high resolution potential of coherent MIMO radar systems as
described in the previous section and [5]. They also allow
us to derive accuracy limits of approaches similar to the
ones presented in [3], [4]. Furthermore, important conclusions
about the effects of system parameters on the accuracy of the
parameter estimation can be derived frdifa)). Assuming a

rectangular frequency respons#(f), f € [-4L, &L], the

i=MN+1,MN+2. (31



square of the effective bandwidth is found &% = Al—f;. Even though the employed bandwidth has a very limited

Therefore, even for relatively high bandwidth to carrier ratiognpact on the high SNR system performance (as discussed
e.g. % = 0.1, the contribution of the signal bandwidth toabove), it has to be noted that it plays a crucial role in limiting
the CRB is negligible as'li < 1 and thus(1 + 6;) ~ 1in the amount of the with the mainlobe competing sidelobes.
the upper left submatrix ‘of (32). However, it is noted, thapdeed it can be extrapolated from_the work of St_einberg et
by replacing(1 + gj) with 2> the upper left matrix in (32) al., [10], [11], that for random receive and transmit element
Lor2 12 . .. _lgcations the peak sidelobe ratio (PSLR) is proportional to
becomes the Fisher information matrix, one would obtain in 2\ o\ Furth P he PSLR i k Ip P hich
non—coherent, pure time of arrival (TOA) scheme, as describ E)' ur:] ermore,ft el ol 'Sf EroEortlong igﬁ whien
in [9]. Furthermore, it is possible to conclude from (32) that th@otlvatest e use of multiples of both, receasd transmit .
CRB's for thez andy estimates are proportioab A2 and the antennas. However, further work has to be undertaken to gain

inverse of SNR. The proportionality &8 and equivalently to better insights into the importance of these system parameters.

f—12 is due to the fact that the coherent MIMO-system makes

use of the phase information accross different paths, as, foy
example, equation (6) illustrates.

V. CONCLUSIONS

n this paper, we discussed the high resolution capabilities

of a coherent MIMO radar system with widely separated array

elements on the transmit and receive sides. By comparing the
coherent and non—coherent ambiguity function, we illustrated

that the phase shifts across the different antenna elements
and therefore the system wide coherent processing provide
the basis for high accuracy. We established the non—coherent
ambiguity function as an upper bound of the coherent one.

Furthermore, we illustrated with one example that coherent

MIMO processing is capable to resolve scatterers or targets
separated by less than the signal bandwidth. Moreover, we
presented Cramer Rao bounds enabling to predict the location
estimation perfomances of coherent MIMO radar systems.

Finally we linked the with those bounds predicted accuracy

to the shape of the coherent ambiguity function.

¥ MSE for x
© MSE for y
—¥- CRB for x
€)- CRBfor y
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