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Abstract— Multiple-input multiple-output (MIMO) radar is a
multistatic architecture composed of multiple transmitters and
receivers, which seeks to exploit the spatial diversity of radar
backscatter. In conjunction with centralized processing, MIMO
radar has the potential to significantly improve radar functions
such as detection and parameter estimation. MIMO radar is
distinct from other types of array radars such as phased array
or STAP, which process the signals of closely spaced elements
and, hence, cannot capitalize on the spatial characteristics of
targets. In this work, we explore the ability of MIMO radar and
coherent processing to locate a target with high resolution and
to resolve targets located in the same range cell. A distributed
target model is developed. It is demonstrated that MIMO
radar with centralized coherent processing is able to resolve
scatterers with a range resolution well beyond that supported
by the signal bandwidth. The location estimation capabilities
are further illustrated by introducing a new two-dimensional
ambiguity function. The analysis is discussed in the context of
established results for randomly thinned arrays. The investigation
of high resolution MIMO radar also includes comparison with
the performance of non-coherent MIMO radar and the effect on
performance of the number of sensors and their locations.

I. I NTRODUCTION

Inspired by the success of Multiple Input Multiple Out-
put (MIMO) schemes in communications, we have been
investigating the potential of MIMO radar systems, [1], [2].
MIMO communications has the great ability to apply diversity
techniques to overcome impairments in the multipath fading
channel. Accordingly, our work so far has been aimed at
exploring how transmit diversity can be utilized in a MIMO
radar system to overcome the target’s RCS fluctuations, [2], or
how combined transmit and receive diversity can be applied
in target detection, [1]. Achieving spatial diversity in radar
requires large inter–element distances to ensure that a target is
observed from different aspects. As the different aspects are
presenting uncorrelated target responses, our previous work
has been based on non–coherent processing.

In this publication, we seek to explore the potential of
MIMO systems to locate a single point scatterer or separate
between several of those, with coherent processing applied
over a sparse MIMO aperture. Our focus is on systems with
multiple transmitters and receivers; a system with a single
transmitter is discussed in [3].
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In general, the range resolution of a radar system is deter-
mined by the signal bandwidth employed. We will demonstrate
that coherent processing over widely dispersed sensor elements
that partly surround the target may lead to resolutions higher
than supported by the radar bandwidth.

The paper is organized as follows: first, a signal model
for a single scatterer is developed. Based on this model,
the ambiguity function for a two dimensional target location
estimation is introduced. Afterwards, theoretical bounds for
the location estimation accuracy of a single scatterer are
introduced and compared to simulation results. The bounds
are then linked to properties of the ambiguity function. This
leads to a further exploration of the ambiguity function and of
how system parameters, such as signal bandwidth and angular
spread of the MIMO elements, determine the shape of this
ambiguity function. Finally, an example of resolving several
scatterers is presented.

II. SIGNAL MODEL AND AMBIGUITY FUNCTION

To illustrate the potential of high resolution approaches
in MIMO-radar, this paper explores first the accuracy, with
which a single scatterer can be located by a coherent array
consisting of widely separated elements, similar to [3], [4].
The single point scatterer is assumed to reflect isotropically
all impinging waves to all receive elements, thus allowing
the coherent processing among the elements. However, the
reflection coefficient of the scatterer is assumed to be un-
known. For simplicity, the target is assumed located in a
two dimensional (rather than three dimensional) space. The
location of the scatterer is to be determined within a limited
area that may be determined by a previouslynon-coherent
detection mode, [5]. It is convenient to introduce a coordinate
system with the origin at the center of the area and to estimate
the scatterer location~X = [x, y]T relative to this origin. Figure
1 illustrates the setup. Thek-th transmit andl-th receive
elements, respectively, are located at anglesθt

k and θr
l with

respect to the origin, as illustrated in Figure 1. We assume the
monitored area to be small compared to the distances from the
origin to all transmitters and receivers, such that if the origin
would be moved to any point in the monitored area, the angles
θt

k and θr
l , would not change for allk, l. In this publication,

we focus on scenarios in which the elements surround the
scatterer partly, thus, e.g.,|θt

k| ≤ 90◦ and |θr
l | ≤ 90◦.

Moreover, we simplify the discussion by assuming that the
phases and the time references at the transmit and receive
elements are calibrated to a hypothetical scatterer location at
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Fig. 1. Overview of system layout.

the origin of the above mentioned coordinate system. We also
assume that the signal attenuation due to the distance from the
transmitter or receiver to the target scatterer is approximately
constant and it will be neglected in time delay calculations.
Furthermore, a single snapshot (or pulse) is considered. The
waveform transmitted by thek-th transmitter and reflected by
a scatterer located at~X leads to a signal component at thel-th
receiver of the following form

rk,l(t) = ask(t− τk,l( ~X)) + nk,l(t), (1)

where a contains the reflectivity of the scatterer,nk,l(t) is
white Gaussian noise, andτk,l( ~X) is the delay for thek, l

transmit–receive pair introduced by the scatterer location~X,

τk,l( ~X) = −x

c
(cos θt

k + cos θr
l )−

y

c
(sin θt

k + sin θr
l ). (2)

Hereafter, the explicit dependency ofτk,l on ~X is omitted
for conciseness. The signals in (1) are of the formrk,l(t) =
rb
k,l(t)e

j2πfct and sk(t) = sb
k(t)ej2πfct, where rb

k,l(t) and
sb

k,l(t) denote the lowpass equivalent signals andfc is the
carrier frequency. Assuming that the transmitted waveforms
maintain approximate orthogonality even for different mutual
delays,

∫
sb

k(t)sb∗
k′ (t − τ)dt ≈ 0 ∀τ, k 6= k′, the receiver

elements can separate the signals from different transmit-
ters. The received signals over the complete system may
then be represented by aMN × 1 vector functionr(t) =
[r1,1(t), . . . , rM,N (t)]T . The noise components are assumed
to be independent identical distributed (i.i.d.) Gaussian with
zero mean and varianceσ2. Therefore, the probability density
function (pdf) of the received signal vector given a scatterer
at ~X with reflectivity a can readily be expressed as

f(r(t)| ~X, a)

∝ exp

{
− 1

σ2

M∑
k=1

N∑
l=1

∫ ∞

−∞
|rk,l(t)− ask(t− τk,l)|2dt

}

= exp

{
− 1

σ2

(
M∑

k=1

N∑
l=1

∫ ∞

−∞
|rk,l(t)|2 + |a|2|sk(t− τk,l)|2dt

−2Re

{
a

M∑
k=1

N∑
l=1

∫ ∞

−∞
r∗k,l(t)sk(t− τk,l)dt

})}
.

(3)

It is noted that in (3), the only term depending on the
actual scatterer position is the third summand. Assuming
unit norm waveforms, the second summand can be expressed
as
∑M

k=1

∑N
l=1

∫
|a|2|sk(t − τk,l)|2dt = MN |a|2. We use

the maximum likelihood estimate of the unknown scatterer
reflectivity a, which is

â =
1

MN

M∑
k=1

N∑
l=1

∫
rk,l(t)s∗k(t− τk,l)dt, (4)

to eliminatea in (3). Then the logarithm of the pdf of the
received signal (log–likelihood function of~X) is given as

ln f(r(t)| ~X) = c′

∣∣∣∣∣
M∑

k=1

N∑
l=1

∫
r∗k,l(t)sk(t− τk,l)dt

∣∣∣∣∣
2

+ c′′

(5)

= c′

∣∣∣∣∣
M∑

k=1

N∑
l=1

e−j2πfcτk,l

∫
rb∗
k,l(t)s

b
k(t− τk,l)dt

∣∣∣∣∣
2

+ c′′,

(6)

wherec′ andc′′ denote constants independent of the scatterer
location. The expression in (6) separates the phase shifts
due to the carrier frequency from the baseband correlation
processes. Note, these phase shifts can only be observed in a
coherent processing mode accross all elements. The maximum

likelihood estimate of the scatterer location,~̂X, is then given
as

max
~X

ln f(r(t)| ~X) = ln f(r(t)| ~̂X). (7)

In a later section, the empirical variance of this estimate is
found using Monte Carlo simulations, and this variance is
compared to the Cramer Rao lower bound.

III. A MBIGUITY FUNCTION

An intuitive way to illustrate high resolution location es-
timation is to introduce theambiguity functionA( ~X). The
notion of an ambiguity function has long been used in the
context of location estimates in radar, e.g. [6]. “Placing” a
scatterer at the origin of the coordinate system, which implies
rk,l(t) = sk(t), the ambiguity function may be defined as a
scaled version of the log–likelihood expression given in (5)
and (6),

A( ~X) = d′ ln f(r(t)| ~X) + d′′ (8)

=
1

M2N2

∣∣∣∣∣
M∑

k=1

N∑
l=1

∫
s∗k(t)sk(t− τk,l)dt

∣∣∣∣∣
2

=
1

M2N2

∣∣∣∣∣
M∑

k=1

N∑
l=1

e−j2πfcτk,l

∫
sb∗

k (t)sb
k(t− τk,l)dt

∣∣∣∣∣
2

.

The constantsd′ andd′′ scale the ambiguity in such manner
that 0 ≤ A( ~X) ≤ 1 is ensured.

Figure 2 contains a plot of an ambiguity function of an
example of a9 × 9 MIMO system with the transmitter
elements distributed evenly over−45◦ ≤ θ ≤ 45◦. The



Fig. 2. Ambiguity Function for a9 × 9 MIMO-radar.

receiver elements are similarly distributed. Ax and y cut
of this ambiguity function can be found in Figures 3 and
4, respectively, together with the cuts of the non–coherent
ambiguity function introduced in the sequel.
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Fig. 3. x cut of the coherent and non–coherent Ambiguity Function.

The transmitted signalssk(t) are assumed to have an ideal
rectangular frequency response with bandwidth∆f . The ratio
of this bandwidth to the carrier frequency is set to one tenth,
∆f
fc

= 0.1. The choice of this value is briefly discussed in the
sequel. Thex and y coordinates are expressed in multiples
of the carrier wavelengthλ. The narrow mainlobe around the
origin demonstrates the potential of coherent processing in
MIMO radar.

The integrals in the sums of the last line of (8) are the
autocorrelation functions of the waveforms

∫
sb∗

k (t)sb
k(t−τ) =

−15 −10 −5 0 5 10 15
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

y in λ

A
(X

)

coherent
non−coherent

Fig. 4. y cut of the coherent and non–coherent Ambiguity Function.

ϕsb
k
(τ). Accordingly, the ambiguity function can be rewritten

as

A( ~X) =
1

M2N2

∣∣∣∣∣
M∑

k=1

N∑
l=1

e−j2πfcτk,lϕsb
k
(τk,l)

∣∣∣∣∣
2

, (9)

which further illustrates the role of the phase shifts across the
transmitter–receiver pairs in the coherent processing. The im-
pact of these phase shifts is further illuminated by introducing
the non–coherentambiguity function,Anc( ~X), which serves
as an upper bound for the coherent ambiguity function,

A( ~X) ≤ Anc( ~X) =
1

M2N2

(
M∑

k=1

N∑
l=1

|ϕsb
k
(τk,l)|

)2

. (10)

Note that the non–coherent ambiguity function serves as
an upper bound to the coherent ambiguity function. This
function illustrates the location accuracy possible for a MIMO
system with non–coherent processing among the elements. The
location estimate is then strongly dependent on the bandwidth
of the transmitted waveforms. The non–cpherent ambiguity
function is plotted in Figure 5 for the same example system
as before.

By comparing the two plots in Figures 2 and 5 or the
cuts in Figures 3 and 4, it becomes evident how coherent
processing enhances the resolution by substantially narrowing
the mainlobe of the ambiguity function. Moreover, Figures
3 and 4 illustrate how the non–coherent ambiguity function
serves as an upper bound of the coherent ambiguity function.

This section is concluded by demonstrating the ability of
a MIMO–radar system to resolve several closely spaced scat-
terers. Figure 6 features the ambiguity function for four equal
return point scatterers at locations[0, 0]T , [0, 6]T , [6, 0]T and
[6, 6]T . The coordinate system is again expressed in multiples
of λ.

Comparing this plot to the non–coherent case in Figure
5, it is obvious, that a coherent MIMO radar can resolve
several closely spaced scatterers. These scatterers might either
constitute a single target with multiple, resolvable scatterers
or represent separate, small targets.



Fig. 5. Non–coherent Ambiguity Function for a9 × 9 MIMO-radar.

IV. CRAMER RAO BOUND

As discussed in [7], the Cramer Rao Bound (CRB) for a
parameter vector,ψ, to be estimated is given as

E
{

(ψ̂ −ψ)(ψ̂ −ψ)H
}
≥ CCRB(ψ) = J−1(ψ), (11)

where the inequality implies that the difference between the
first and the second matrix is a positive definite matrix1. The
CRB provides a lower bound for the mean square error (MSE)
of any unbiased estimator for the unknown parametersψi.
This is expressed by [8]

var{ψ̂i} ≥
[
J−1(ψ)

]
i,i

. (12)

In the scenario discussed here, the parameter vectorψ contains
the x and y coordinates of the scatterer and the real and
imaginary part of the common amplitude of the reflected
signal,ar and ai, i.e. ψ = [x, y, ar, ai]T . In both equations,
J(ψ) refers to the Fisher information matrix, which is defined
as

J(ψ) = E
{
∇ψ ln f(r(t)) (∇ψ ln f(r(t)))H

}
= −E

{
∇ψ (∇ψ ln f(r(t)))H

}
. (13)

Introducing an alternative parameter vector,ϑ, the chain rule
can be used with the first equality of (13), [9],

J(ψ) = ∇ψϑHE
{
∇ϑ ln f(r) (∇ϑ ln f(r))H

}(
∇ψϑH

)H

= GJ(ϑ)GH . (14)

1The superscriptH denotes the conjugate transposed.

Fig. 6. Ambiguity Function for four scatterers in close proximity and a9×9
MIMO-radar.

Consider a particularϑ, that contains theM ·N time delays
τk,l and the complex amplitude pairar andai such that

ϑ = [τ1,1 . . . , τk,l, . . . , τM,N , ar, ai]
T

. (15)

The4× (M ·N +2) matrix G mainly describes the geometric
setting and has, according to the signal model (2), the form

G =
− 1

c (cos θt
1 + cos θr

1) . . . − 1
c (cos θt

M + cos θr
N ) 0 0

− 1
c (sin θt

1 + sin θr
1) . . . − 1

c (cos θt
M + cos θr

N ) 0 0
0 . . . 0 1 0
0 . . . 0 0 1

 .

(16)

Given the density of the received signal (3),J(ϑ) is subse-
quently evaluated. First,

δ ln f(r)
δτk,l

=
−1
σ2

∫
(rk,l(t)− ask(t− τk,l)) a∗ṡ∗k(t− τk,l)

+ (rk,l(t)− ask(t− τk,l))
∗
aṡk(t− τk,l)dt,

(17)

with ṡk(t) = δ
δtst(t). This readily leads to

E

{
δ2 ln f(r)
δτk,lδτk′,l′

}
= 0 ∀l 6= l′ or k 6= k′. (18)

One finds for theM ·N diagonal elements ofJ(ϑ)

E

{
δ2 ln f(r)

δτ2
k,l

}
=
−2|a|2

σ2

∫
ṡk(t− τk,l)ṡ∗k(t− τk,l)dt,

(19)



J(ψ) =

8π2|a|2

λ2N0
(1 +

β2

f2
c

)
M∑

k=1

N∑
l=1

X 2
k,l

8π2|a|2

λ2N0
(1 +

β2

f2
c

)
M∑

k=1

N∑
l=1

Xk,lYk,l
−4πai

λN0

M∑
k=1

N∑
l=1

Xk,l
4πar

λN0

M∑
k=1

N∑
l=1

Xk,l

8π2|a|2

λ2N0
(1 +

β2

f2
c

)
M∑

k=1

N∑
l=1

Xk,lYk,l
8π2|a|2

λ2N0
(1 +

β2

f2
c

)
M∑

k=1

N∑
l=1

Y2
k,l

−4πai

N0

M∑
k=1

N∑
l=1

Yk,l
4πar

N0

M∑
k=1

N∑
l=1

Yk,l

−4πai

λN0

M∑
k=1

N∑
l=1

Xk,l
−4πai

λN0

M∑
k=1

N∑
l=1

Yk,l
2MN

N0
0

4πar

λN0

M∑
k=1

N∑
l=1

Xk,l
4πar

λN0

M∑
k=1

N∑
l=1

Yk,l 0
2MN

N0


(32)

where E
{∫

(rk,l(t)− ask(t− τk,l)s̈∗k(t− τk,l)dt
}

= 0 is
used (the white noise is uncorrelated to the transmitted wave-
forms and their derivatives). This equality furthermore is used
to derive the following two relations:

E

{
δ2 ln f(r)
δτk,lδar

}
=

2
σ2

Re

{
a

∫
ṡk(t− τk,l)s∗k(t− τk,l)dt

}
,

(20)

E

{
δ2 ln f(r)
δτk,lδai

}
=

2
σ2

Im

{
a

∫
ṡk(t− τk,l)s∗k(t− τk,l)dt

}
.

(21)

It is easy to verify the following three equalities:

E

{
δ2 ln f(r)

δa2
r

}
=
−2
σ2

M∑
k=1

N∑
l=1

∫
|sk(t− τk,l)|2dt, (22)

E

{
δ2 ln f(r)

δa2
i

}
=
−2
σ2

M∑
k=1

N∑
l=1

∫
|sk(t− τk,l)|2dt, (23)

E

{
δ2 ln f(r)
δaiδar

}
= 0. (24)

The integrals in expressions (19) to (23) are evaluated by
replacingsk(t) with sb

k(t) · ej2πfct. For (19) this leads to∫
ṡk(t− τk,l)ṡ∗k(t− τk,l)dt =

4π2

(
f2

c

∫
|Sb

k(f)|2df +
∫

f2|Sb
k(f)|2df

)
(25)

and for (20) and (21) to∫
ṡk(t− τk,l)s∗k(t− τk,l)dt = j2πfc

∫
|Sb

k(f)|2df, (26)

where Sb
k(f) denotes the Fourier transform ofsb

k(t). Using
σ2 = N0

∫
|Sb

k(f)|2df and the effective bandwidthβ, defined
as

β2 =
∫

f2|Sb
k(f)|2df∫

|Sb
k(f)|2df

, (27)

the firstMN diagonal elements ofJ(ϑ) are given as (compare
to (19))

[J(ϑ)]i,i =
8π2|a|2

N0
(f2

c + β2) i = 1, . . . ,MN. (28)

Note, that the off-diagonal elements of the upper leftMN ×
MN submatrix of J(ϑ) are zero according to (18). The
elements of the lower left2 × MN submatrix ofJ(ϑ) are
found via (20) and (21), respectively, as

[J(ϑ)]MN+1,i =
4πfcai

N0
i = 1, . . . ,MN, (29)

[J(ϑ)]MN+2,i = −4πfcar

N0
i = 1, . . . ,MN. (30)

Furthermore, the diagonal elements of the2 × 2 lower right
submatrix ofJ(ϑ) are found according to (22) and (23) as

[J(ϑ)]i,i =
2MN

N0
i = MN + 1,MN + 2. (31)

According to (14),J(ψ) can now be calculated and is provided
in (32), where for concisenessXk,l = cos θt

k + cos θr
l and

Yk,l = sin θt
k + sin θr

l is used. Note, that those terms reflect
the impact of the geometric setting (the location of transmitters
and receivers relative to the target) on the resolution and
are due to the matrixG given in (16). The lower bounds
for the variance of thex and y estimates are the(1, 1) and
(2, 2) elements ofJ(ψ)−1. It is noted, that these elements
do not depend on the real or imaginary part of the signal
amplitude, ar or ai, specifically, but on the signal energy
|a|2 = a2

r + a2
i . The bounds derived above manner enable

us to predict the performance of a location estimate for a
single scatterer. Therefore, they can be used to judge the
high resolution potential of coherent MIMO radar systems as
described in the previous section and [5]. They also allow
us to derive accuracy limits of approaches similar to the
ones presented in [3], [4]. Furthermore, important conclusions
about the effects of system parameters on the accuracy of the
parameter estimation can be derived fromJ(ψ). Assuming a
rectangular frequency response,Sb

k(f), f ∈ [−∆f
2 , ∆f

2 ], the



square of the effective bandwidth is found asβ2 = ∆f2

12 .
Therefore, even for relatively high bandwidth to carrier ratios,
e.g. ∆f

fc
= 0.1, the contribution of the signal bandwidth to

the CRB is negligible asβ
2

f2
c
� 1 and thus(1 + β2

f2
c
) ≈ 1 in

the upper left submatrix of (32). However, it is noted, that
by replacing(1 + β2

f2
c
) with β2

f2
c

the upper left matrix in (32)
becomes the Fisher information matrix, one would obtain in a
non–coherent, pure time of arrival (TOA) scheme, as described
in [9]. Furthermore, it is possible to conclude from (32) that the
CRB’s for thex andy estimates are proportional2 to λ2 and the
inverse of SNR. The proportionality toλ2 and equivalently to
1
f2

c
is due to the fact that the coherent MIMO–system makes

use of the phase information accross different paths, as, for
example, equation (6) illustrates.
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Fig. 7. MSE of ML estimate and CRB for a9 × 9 high resolution MIMO
radar.

In Figure 7, the bounds and the MSE of thex and y
estimates based upon the maximum likelihood estimation
described in (7) are plotted. Note, that the ordinate is given in
multiples ofλ2. The underlying scenario is the9× 9 system
introduced in the previous section. The MSE is obtained from
Monte Carlo simulations with2000 iterations per SNR value.
The empirical MSE and the theoretical bounds are in excellent
agreement for high SNR values. For low SNR, the classical
threshold effect, well known in time of arrival and angle
estimates, is observed. Further, it is observed that the precision
of the x and y estimates differ. This is due to the geometry
of the considered sensor locations. The ambiguity functions
in Figures 2, 3 and 4 are based on the same system layout.
Particularly, thex and y cuts in Figures 3 and 4 show a
much more narrow coherent mainlobe iny than inx direction.
Accordingly, the estimation precision in they direction has to
be higher than in thex direction.

2Assuming a constant∆f
fc

.

Even though the employed bandwidth has a very limited
impact on the high SNR system performance (as discussed
above), it has to be noted that it plays a crucial role in limiting
the amount of the with the mainlobe competing sidelobes.
Indeed it can be extrapolated from the work of Steinberg et
al., [10], [11], that for random receive and transmit element
locations the peak sidelobe ratio (PSLR) is proportional to
ln( fc

∆f ). Furthermore, the PSLR is proportional to1MN which
motivates the use of multiples of both, receiveand transmit
antennas. However, further work has to be undertaken to gain
better insights into the importance of these system parameters.

V. CONCLUSIONS

In this paper, we discussed the high resolution capabilities
of a coherent MIMO radar system with widely separated array
elements on the transmit and receive sides. By comparing the
coherent and non–coherent ambiguity function, we illustrated
that the phase shifts across the different antenna elements
and therefore the system wide coherent processing provide
the basis for high accuracy. We established the non–coherent
ambiguity function as an upper bound of the coherent one.
Furthermore, we illustrated with one example that coherent
MIMO processing is capable to resolve scatterers or targets
separated by less than the signal bandwidth. Moreover, we
presented Cramer Rao bounds enabling to predict the location
estimation perfomances of coherent MIMO radar systems.
Finally we linked the with those bounds predicted accuracy
to the shape of the coherent ambiguity function.
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