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Exact Closed-Form Performance Analysis of
Optimum Combining With Multiple Cochannel
Interferers and Rayleigh Fading

Debang LapStudent Member, IEEEBNd Alexander M. HaimovighSenior Member, IEEE

_ Abstract—A new closed-form expression is derived for the exact fading diversity channels, BPSK di-ary phase-shift keying
bit-error probability (BEP) for optimum combining with binary ~ (MPSK) with multiple interferers and nonnegligible thermal
phase-shift keying. The exact BEP expression is for multiple, equal noise. The performance of such systems has been studied

power, cochannel interferers and multiple reception branches. It tensivelv th h th f Monte Carlo simulati 5
is assumed that the aggregate interference and noise is GaussiarPXensively throug e use of Monte Carlo simulations [2],

and that both the desired signal and interference are subject to capacity [6], upper bound [7], approximate expressions [8], and
Rayleigh fading. The derivation starts by expressing the optimum exact expressions with integral forms ([9], [10]). A summary

combining decision statistic as a sum of quadratic forms of of recent results on optimum combining can be found in [11].
Gaussian random variables and it proceeds to average over the 1o onventional way of deriving the expression for
fading interference. The new BEP expression has low complexity - . -
as it contains only finite sums and products. symboll-grror prc.)bab|llty. (SEP) or BEP starts with dgrwmg the
probability density function (PDF) of the SINR conditioned on
channel realizations of the desired signal and the interference.
For an exact conditional SEP, the Gaussian assumption is
necessary for the interference plus noise. The unconditional
SEP is obtained by averaging first over the desired signal
. INTRODUCTION channel and then averaging over the interference channel.

PTIMUM combining is a well-known method to combat In this paper, we take a different approach by performing

fading and suppress cochannel interference in wireld&e analysis directly on the decision statistic rather than on the
communication systems with reception diversity. It combinez/NR. We show that for BPSK, this approach allows exact BEP
the outputs of the reception branches in an optimum way affalysis and it requires only averaging over the fading of the in-
achieves the maximum output signal-to-interference-plus-not§sference. Although the algebra is somewhat cumbersome, at
ratio (SINR). the end this method provides a closed-form expression.

Performance analysis of optimum combining has been an acThe paper is organized as follows. Following the system

tive research area. Analysis for the case of a single interferefig@del in Section I, we derive the conditional BEP in Sec-
source can be found in [1]-[3]. In [1] and [2], Rayleigh fadindion lll. In Section IV, we average the conditional BEP over
is assumed for the desired signal, but mean values, rather tHh fading of the interference to get the unconditional BEP.
actual distributions, are used to represent fading effects on fddmerical results are presented in Section V, and finally,
interference. In [3], exact expressions (requiring integration) a¢@nclusions are drawn in Section VI.
developed under the assumption of Rayleigh fading for both the
desired signal and interference. Closed-form expressions of the IIl. SysTEM MODEL

bit-error probablllty (BEP) for this case were obtained in [4] Consider a Wire'ess Communication System Wi}[ﬁlndepen_

The case of multiple interferers is more challengingjent reception branches ahd-1 users. Of the users, one is the
Closed-form expressions of the BEP for the number of igtesired user and it transmits signals with power The other
terferers no less than the number of reception branches andources are considered interference. Assuming perfect carrier

negligible thermal noise with binary phase-shift keying (BPSkdemodulation and synchronization, the sampled output of the
modulation were developed in [5]. To our knowledge, no exaghatched filter for théth branch is

closed-form expressions have been published for Rayleigh I
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complex Gaussian random variables (Rayleigh fading), with According to the decision rule, whdn < 0, the decision is
variance 1/2 per dimension. The signal model in vector notatiomade that-1 is transmitted and an error occurs. Therefore, the
is BEP isP. = Pr(D < 0). The analysis has two steps. First, the
I BEP is expressed conditioned on the fading of the interference.
_ o _ Subsequently, the conditioned BEP is averaged over the fading
r=/Pos+ \/FI; cisitn=VPes+z () of the interference.

Fixing the values of the channels of the interference
wherer = [ry,73,...,7x]T, c, ¢c;, andn are defined similarly, sources, leads to fixed values of eigenvalues of interfer-
zZ = \/Ezle c;s; + n is the interference plus noise vectorence-plus-noise covariance matiik These eigenvalues,,
and the superscriff denotes vector transposition. form the diagonal of the matrix. Substitutingw = R~c into

It is further assumed that conditioned on the vectgrghe (4) and decomposinB.~! asUA~!U#, we can expres® as
interference plus noise vectar has a multivariate complex-
Gaussian distribution with zero mean and covariance matrix

N
_ H
R = Blaz”] D=3 A (G + gm}) 5)
L m=1
e . H 2 . . .
R = szclci to'ly () where \.’s are the eigenvalues aR defined previously,
=1 z,,'s are elements of the whitened observation vector
. .. L. — R | A H ’
where the superscripf denotes the Hermitian transpositiet, X = [71,%2,...,on]" = U”r, andg,,’s arg elemgnts of the
is the power of the noise, arld; is an identity matrix of rank Whitened channel vect@ = [g1, 92, ..., gn]" = U¥¢. Con-
N ditioned on the eigenvalues,,, the variableD is a quadratic

.DefineNmax = max(N, L) and Ny, = min(N, L). Diag- form pf Gaussian random variables. Our goal is to evalugte the
onalizeR asR = UAUH, whereA = diag (A1, Aa, ..., Ax), por?d|t|onal BEPP(e|\) = Pr(D < 0])), whgre the notation
A1, s, ..., Ay are the eigenvalues &, andU is the unitary indicates the dependency on tNg.i, largest eigenvalues dt
matrix whose columns are the eigenvector®ofAssume that (the other(N — Ninin) e|genva|u_es_ are eq_ual to cons'Fa_[ﬁ).
the vectors:; (fori = 1,2,..., L) are linearly independent (a L€t ®p(jw) be the characteristic function & conditioned
reasonable assumption, since the components of these vec@rd- Using results from [13, App. B], it can be shown that the
are realizations of mutually independent random variables), affnditional BEP is
adopt a convention whereby eigenvalues are listed in descending
order. It follows that [10\; > A2 > ... > Ay, are random co+-je

variables, while\,,, = o2 form = Npin+1, Nmin+2, ..., N. Pe|) = — L / (I)D(Jw)dw

For later use, we denote the set of nontrivial eigenvalues as 2mj v

A = {A1,A2,..., An... }. The inverse covariance matrix B moote o (i

isR™! = UATIUX, - _ Z Res {M;wn} (6)
w

Im(wy,)>0
I1l. DERIVATION OF CONDITIONAL BEP

. . . heree is a small positive number anles|[® (j ; Wn
In this and the next section, we carry out the theoretical an%f— y b es[@p(jw) /w; wn]

. . o -_denotes the residue @fp(jw)/w at polew,,. The summation
ysis of the BEP of optimum combining for BPSK modulatlorll taken over the poles in the upper half of the complex plane.

in the presence of multiple interference sources when both t 8cording to the complex variables theory [14], if a function
desired signal and interference are subject to Rayleigh fading.(w> has a poles, of orderm, the residue of (w) étwO is
| 7

With the optimum combining detector, the received sign
vectorr is weighted and combined to obtain the output signal.

The weight vector that yields the maximum SINRsis= R~ !¢ R ' _ 1 d(m—1) .
[2].t The output of the combineris“ r. For BPSK modulation, " [f(w); wol = (m — 1)! dw(m—D) [(w = wo)™ f(w)] -
the decision rule of the detector is, ®(wr) > 0 (where B (07)

R(-) denotes the real-part operation), the decision is made that

1 is transmitted; otherwise, the decision is made thatis |, Apnendix A, it is shown that the characteristic function

transmitted. Due to the symmetry of the BPSK constellation a@;iD (jw) is expressed as shown in (8) at the bottom of the next
assuming a source with equal symbol probabilities, it suffic?J%l e

to analyze the case af= 1. For this case, the received signa

Substituting (8) into (6), and carrying out the calculation of
is r = /P,c + z. Define 9® ©) ying

the residues, we obtain the conditional BEP as shown in (10)
at the bottom of the next page. When the number of reception
branchesV is less than or equal to the number of interferers,

1In this paper,R is the interference-plus-noise covariance matrix. Somee., N < L, Nyin = N, the summatiorEf\;BN“""_l in (9) is
authors compute the optimal combining weight vector from the signal-p|u§qua| to zero.
interference-and-noise covariance matrix. As shown in [12] and can be . .
readily verified, the resulting weight vectors provide the same performance As an example, we derive the expression of BEP for the spe-

as they differ only by a scaling factor. cial case of no interference.

D= 2§R(er) =whir+ (er)*. (4)
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A. Special Case: No Interference wherep = \/v/(1 +v), andy = P,/o? is the signal-to-noise
ratio (SNR). (12) is the same as (14-4-15) in [13]. Note that the
derivation of (12) did not require integration. In [13], the BEP
of maximum ratio combining is obtained by integration. It was
shown that [13, eq. (14-1-18)] for SNiR>> 1

2N -1\ 1
P.~ — 1
e < N >4N7N (13)

In this case Nyuin = L = 0, optimum combining becomes
maximum ratio combining. Equation (8) becomes

®p(jw) =

{ [w—i—j(\/PS—}-oz—\/I—_’s)] [w—j(\/Ps—}-Uz-l-\/I'_)s)] } .

(11) Equation (13) will be used for comparison later.

IV. DERIVATION OF UNCONDITIONAL BEP
Substituting the above expression in (6), and carrying out the,

. . For the general case with interference, the unconditional BEP
calculation of the residue, we get

P, is obtained by averaging the conditional BERe|\) over
the fading of the interferenag, or equivalently, over the eigen-

pez[%(l—m]N{NZl <N_,:+k>[ 1+ )]k} valuesh = (A, 2z, .+, An.}

k=0 12) P, = /.../P(eIA)pA(/\)d/\ (14)
, N-N,
mole) = { [w+i(VPs+ 07 = VP)] [w = (VP + 0* + VP }
Nmin

1—:[1 [w+i(VPs + dom — ]nfw—J\/P Fm + VP ®

Nmin
A

P(e|A) =(=1)NH! il
(e =1 ,;2\/1’s+/\m(\/l’s+>\m+\/ﬁ)
2)N—Nmin m—1 A,
X )\( )2 N—Num; H I\ \
O — o2 1L 5505
Nunin 3
B L 2\N = Nmin
X H (/\m_)‘n)+<0)
n=m-+1
N—Npin—1
=" N — Nmm + l -1
> ( ) ©)
1=
(e ey
Nmm Nmin /m—1
=1 n=1
N
(n m+1)\m )\/P + A
X ! !
(m VP:) (VP + 07 + /Py F Xy )N~ Nowin =1
1 1
_|_
(VPs + A + VP:) (VP + 0% — /Py Xy )N = Nmin l”
1
(10)

X
(, /P, 4+ 02 + 1 /]?S)N—Nmin—l@, /P, + 0'2)N_Nn\in+l
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wherep, (A) is the joint PDF of the eigenvalues. The PR \) melog y2
was developed in [10] for a signal model similar to ours and is X DN = Nuia =1 (Ym) H Y2, — o2
given by N n=1
T L
. X 5 (- (23)
1 Nmm /\L 0_2 n:m+1 ym y'n,
) =Ko—— | [] 9XP< > . . o :
Py 20 The functionby (y,,,) in (23) is, in turn, defined fol < k£ <
A Nimax—Nmin N — Npin as
(*57)
Py b (ym) = =14 ym) (1 = ym)* + (1 = y) (0 + y)*. (24)
Ai—o? A —o2)\? Clearly, the conditional BEP(e|y) is a rational function of
X H P (15) the elements of the sgt Using the Jacobian of the transforma-
1<i<j<Nmin tion from \ to y, we get the joint PDF of as
where N
1 ki N, — Ny
Ko = : : - (16)  py(y)=Ki { T exp [-68 (97 =n*)] (97 —n*)"™ }
[TT2" (N = 0!] [T (N = )]
The conditional BEP in (10) is a nonrational function of the " H (2 — 2)2 (25)
eigenvalues,,,,’s. To facilitate the integration in (14), we define Lcicren Yi—Y; Y4200 YNowi
S1<)>{Nmin

the following transformation of variables:
fory, > y2 > ... 2 yn,.. = 1, Whereg = P,/P; is the

Ym = /}m +1, m=1,2,..., Nmin (17) signal-to-interference ratio (SIR), and
° Nmin
and define the sey = {y1,92,...,Yn.n}- Since A, K, = - 2 - 3N max Nmin
random,y,,, is random as well. Also define [Hf\z‘“;“ (Nmax — i)!} [Hf\z‘“;“ (Nnin — i)!]
o (26)
= ‘7_2 +1=. /l +1. (18) The unconditional BER”. is obtained by averaging the con-
P v ditional P(e|y) over the random variables in the set
Then we have
2 P = / / ely)py (y
)‘m:PS(ym_l)7 m:1727'--7Nmin (19)
Z=P,(n*-1). 2 N
o (1 ) (20) - _ / /fm Py y)dy + (- ) Nimin
Substituting (19) and (20) into (10), and after some straight-
forward manipulations, we get the conditional BEP as a function Nm'“ N—-N,,+1-1 1\
of the variablesy,,,’s X Z I 5
N —Nmin
- Z_:l fm(y)+(_1) X |1+ Z / /hml py dY]

N—Nmin—1
N—Npin+i-1 (1- 77)
X —_— 27
Nmm (1— 1) NNmin =t l This expression can be used for any number of diversity
X |14 Z P 1 (y W ( ) (21) branchesV and any number of mterfereds. WhenN < L,
(2n Nmin = N, the summatlonZl min—1 g equal to zero
where the functions,,,(y) and h,,, ;(y) are defined, respec- therefore only the first term- > =% [ ... [ fi(y
tively, as is required to calculated the BEP for < L.
We proceed to evaluate the terms of (27).
_ . m—1
fm(y) = L—ym (1- WQ)NA N; { 11 1—yn } A. Evaluation ofyNmir [ [ fo(y )dy
m J — ‘min 2 _ 2
2ym (y2, — 1) net Ym = Yn The following deflnltlons are needed.
Nomin 2 1) B, is a sequence defined as
X 55 (22)
) nmt1 Y = Yn /5 (077 Q(v2Pn). 9=0
an
r - 1 _ 2 s 2 —
o i(y) = ()Nt B, =1 35+ (3 - ) /5 e (Bn)Q2n). q=1
(L) NNt 1 (25 = %) Byos + 51 9° By, ¢>2.

) @
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The values ofB, for ¢ > 2 can be evaluated recur-B. Evaluation ofz

sively from the values oB,_, andB,_,. Since (28) is

a second-order difference equation with initial values f
By, by using the method detailed in [15], we can solve

this equation and expregs, (for ¢ > 2) in terms of the
initial valuesBy and B, as

By =v4-1,1B1 +v4-1,2B0 (29)
where
q+j—1
W=y ¥ [H — ] (@0)
r=1 li+..+lr=q+i-1 [m=1 n=1
l; e{1,2},l->3
andeg1 = (2¢ + 1)/(28) — 1%, eq2 = qn*/B. The

999

o [ i (¥)py (¥)dy
By mathematical mduction, it can be proved that the function

C?fk(ym) defined in (24) can be alternatively expressed as

(5]
t
k(Wm) = 20m > akt (vp —°) (34)
t=0
where[k/2] denotes the largest integer that is equal to or less
thank/2, anda ; is evaluated as

Akt = [(k _tl - t) (1—mn)—2n (k t__l 1_ t)] (2m)F 172t

(35)
When calculating,;, we assum¢”) = 0form < norn < 0.
Substituting (34) in (23) and using steps similar to those in
Appendix B, we have

second summation in (30) is taken over all sets of indexes

satisfying the stated conditions. Substitutifg and B,
in (29), we haveB, (for ¢ > 2) in closed form

n 1
By =vi1155 +'[<2ﬂ "2>1“1J'*”qL{

\/%eXp A1*)Q(v/26n). (31)

2) H, , is a function of integerp andq. For0 < p, ¢ <
Nmin -1
1
Hyq =

[TL2" (N = )1 [T (N — 1]
>

mid..dmy . _1=Npi
1 Ninin —1=Nmin

m;e{0,1}

>

nptetny o 1=Nmin—
n;€{0,1}

X

X (32)

1—q

where forNyi, = 1, det W =1; for Npip, > 1, det W
is the determinant of afVynin — 1) X (Nmin — 1) matrix
whoseith row, jth column element is

VV’y] = (mj +nj +Nmax - Nmin +'1/+_] — 2)'

Using these definitions, in Appendix B it is shown that

nnn N—=Nmin
Nmax—Nmin+1
/ /fm py y = <__> B

Nmin—1 Nmin—

p=0 q=0
X ! (B
— PNpax—N
Yo +q
1 (Nmax—N+4q)!

9 [Nmax—N+g+1

)

x rHa, (33)

i]/ /hml py

N N — (1 4 77) Nuin lﬂN Nmin+1
% Z aN_Nmm—l-t% Z
=0 R
Nowin—1
T SERTE S
=0

i (5)
Y

Using the expressions obtained in (33) and (36), we can pro-
ceed to evaluate (27) to obtain the exact BEP for any given
number of diversity branches, number of interfererd,, SNR
v = P,/o?, and SIR3 = P,/ Pr.

A simpler expression can be derived for the special case of
N > L, SNR~v > 1, and SIRG < 1.

Special CaseN>L, SNRy>1, and SIRG«1: In this case,
Nmin = L. Both (33) and (36) contain the terafy —Nmin+1,
Since <« 1 andN > Nmin, terms containingﬂN—NminJrl

(36)

are neglected We ha\E [ fm(¥)py(y)dy = 0 and
SN [ hana(y )dy ~ 0. Substltutlng these ap-
proximations in (27) and using= /1/7v+1~=1+4+1/(2y)
for v > 1, we obtain
2(N - L) — 1
r= (Ml e oD

Comparing (37) with (13), we can see that for SNR> 1,
the BEP of a system witlV diversity branches anf(L < N)
large interferers is equivalent to that of a system with —

L) diversity branches but without interference. This is a well-
known result for optimum combining [6].

V. NUMERICAL RESULTS

As mentioned in the introduction, the performance of op-
timum combining has been evaluated in several publications
(without the benefit of exact closed-form expressions). Our
focus in this paper is not the performance of optimum com-
bining, rather, we use Monte Carlo simulations to demonstrate
the new exact BEP expression.
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Fig. 1. BEP versus SNR faV = 4 branches]. = 1 Gaussian distributed Fig. 3. BEP versus SNR faN = 4 branches = 3 Gaussian distributed
interferer. interferers.

Vv SIR=0.02 (Simulation)
—— SIR=0.02 (Analysis)
A SIR=1 (Simulation)
ceviiiiiiiie | = = SIR=1 (Analysis)

¢ SIR=10 (Simulation)
+ =+ SIR=10 (Analysis) H
#* SIR=50 (Simulation)
— SIR=50 (Analysis)

O SIR=0.1 (Simulation)
- SIR=0.1 (Analysis)
. : A SIR=1 (Simulation)
- ++++ SIR=1 (Analysis)
: : : ¢ SIR=10 (Simulation)
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4 i}
%10 510"
& £10
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Fig. 2. BEP versus SNR fo¥ = 4 branches] = 2 BPSK interferers. Fig. 4. BEP versus SNR faV = 8 branchesL = 5 Gaussian distributed
interferers.

Figs. 1-4 show the BEP versus SNR for different SIR
Figs. 1-3 are forV = 4 diversity branches, and =1, 2, 3 1o
interferers, respectively. Fig. 4 is fof = 8 diversity branches
and L = 5 interferers. Fig. 5 is for four reception branches, SRR
varying number of interferers, and SR 10. oL ;
In Figs. 1, 3, 4, and 5, the interference generated in the sim
ulations had a Gaussian distribution as assumed in developir z
the BEP analysis. Simulation results in Fig. 2 were generate:3
for two interference sources transmitting BPSK symbols. Ana-% 107E:
lytical results were calculated using (27) and related expressior ‘5
such as (33) and (36). =L
In all the figures, the analysis results match the simulatior |
results. This provides convincing demonstration of the validity
of the analytical expression for BEP. N
As shown by Fig. 2 for BPSK interference, the Gaussian as : e : : ‘
sumption for the interference, while necessary for obtaining the 1’ s 10 5 20 P
theoretical results, is not critical for the accuracy of the BEP ex- SNR (4B)
pressions. This can be explained by recognizing that the systgfl s, ggp versus SNR faV = 4 reception branches, SIR 10. The
has a sufficient number of degrees of freedom to suppress tlheber of interferers varies frof = 4 to L = 7.

O L =7 (Simulation)
— L =7 (Analysis)

¢ L =6 (Simulation)
=+ L =6 (Analysis)

O L =5 (Simulation) |~
— = L =5 (Analysis)
| # L=4(Simulation) :
L =4 (Analysis)
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interference sources effectively. The interference suppression APPENDIX B
is not sensitive to the Gaussian assumption. In fact, it is well
known that optimum combining maximizes the SINR, irrespec- EVALUATION OF Zz‘;“l‘ I fn(¥)py (y)dy
tive of the density function governing the interference. In this appendix we evaluate the sum of integrals
Z min j fm(¥)py(y)dy and prove the relation in
VI. CONCLUSIONS (33). “The main steps 'of the evaluation are as follows.
In this paper, we derived a new closed-form expression of 1) Combine the sum oV, integrals (each is aiVy,;,-fold
the exact BEP for optimum combining with BPSK modulation integral) into oneV,i,-fold integral.

over a diversity channel with Rayleigh fading. The interference 2) Change integration limits to simplify evaluation of the
sources were assumed to have equal power and the Gaussian integral.

assumption was invoked for the aggregate of interference plus3) FOrNmin > 1, separate théV,,;,-fold integration.

noise. However, it was shown that numerical results wereDue to page restrictions, we will present the procedure of the
insensitive to the Gaussian assumption for the interferenérivation but have to omit some details.

The theoretical BEP was developed starting from the optimum
combining decision statistic expressed as a quadratic form”&f
Gaussian random variables. The key result of this paper isHere our goal is to convert the SUmmft,;, integralsinto one
contained in (27). The complexity of the new expression igtegral. We first consider the integras... | f.(y)py (y)dy
relatively low, as it contains only finite sums and product$0r I < m < Nyin, then form = 1 andm = Nmm

The theoretical results in the paper are amply demonstrated byrOr eachn, 1 < m < Npin, we first carry out the integration
simulations. overy,,, thenovetyy, . , nextyy, . —1,and last ovey,. Recall
that the values of theg,,’s, defined in (17), descend with the
APPENDIX A increase in indexn. The integration limits ofy,,, arey,,+1 <
m<ymlsII’ICE77<yN < ... <y <y < 00,
J - J fm(y)py(y)dy can be expressed as shown in (39) at the
bottom of the page with the inner integrations being carried out
In this appendix, we derive the expression (8) for the chardeefore the outer integrations.
teristic function® p, (jw) of the decision statisti®. Substitutingf,,, (y) from (22) andp, (y) from (25) into (39),
From the signal model in Section II, and the definition of thend changing the variables fropto ¢ as follows:
whitened observation vectarand the modified channel vector
g, the following covariance matrix relations can be easily ob?!
tained:R,, = E[xx#] = PIy + A, Ry, = Iy, R,, = Ymt1 = by 3 YNt = N 10 Um = I
R,. = VPIy. we obtain an expressmn (which is omitted here to save space)
Definedm = M08 mm + A gma,, then from (5) we have of [ [ f(y)py (y)dy for eachm, 1 < m < Npiy. Expres-
D =3YN_, d.Touse the results in [13, App. B] to derive thesions form = 1 andm = Npmin can be obtained similarly. It
characteristic function ab, we identify the following quantities can be shown that the sum of these expressions is
using the notation in the referenck;,, = x,,, Y;n = gm- Then
with R, Ry, Ray, R, defined above, and [13, App. B, (B-5) / /f V)P
and (B-6)], together with,, = B,, = 0 andC,, = A-!, and m(¥)py(

m !

after some manipulations, we obtain the characteristic function o t S

of d,,, as K1 2V N / /

¢a,,(J,w) = n n

A Nmin—1
m Nmax —Nmin
[+ i (VP t o — VP [0 = 5(VPa F s — Vo) x { [T a-2)@-» tn
(38) n=t

Combine the Sum &¥,,;, Integrals

DERIVATION OF THE CHARACTERISTIC FUNCTION

t1y2—>t2 ..... s Ym— 1—>tm1

Substituting (38) intab p (jw) = [ _, ba,, (jw) and using
/\Nmin+1 = /\Nmin+2 =...= Ay = 0'2, we obtainLPD(jw) as X H (t2 — t2)2
shown in (8). 1<i<j<Nmin—1

/- /f: oy (v

Y1 Ym—2 Ym—1 Nmin—1 Ym—1

/ / / / / / S (¥)Py (Y)Y ¢ dyn,i ¢ -+ W1 p A1 p ... dyz 3 dyy  (39)

n n n n Ym+1
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7 NN It follows that (41) is equal to the integrand integrated over
/ (1 —tnp) (B —m) ™™ 0 < 21,29,23,...,2N,.. 1 < oo and divided by( N, — 1)!
N1
: [ 0 (.- tz)] Z [ [ ity
vt oo oo oo
X exp [—[3 (t2 N =11 )] dt mm} -+ ]\ Nmin / //
X diy. _1,... dadl; (40) (Nmin—1>' 2Nmin )
min—1
wherezy = 1 —7% = —1/~. Note that (40) consists of only one { H 20 — 2 )z max = Nomin exp(—[)’zn)}
Nmin-fold integral. n=1
To simplify notation, we perform the change of variables:
(t2 —n?) — z, forn = 1,2,..., Nyin — 1, then (40) becomes X H (zi — 2j)?
1<i<j<Nmin—1
nun o oo
Nimax—N
£f /fm s AJo-i -
oo zZ1 Nmin—2 7]
Npin—1
- // i T e
0 0 n=1
X ex t2  —n?)]dty.
)N (i) P [ﬂ( N = 1)) AN }
#n)Zn n X dZN =15 - - -, dz2d2]. (42)
The integration above is treated differently fy,;, = 1 and
(Z’L' - 21)2 Nrﬂin > 1.
1<i< < Nomin — For Nmin = 1, (42) is a single integration. Using (26) and
oo z9 = —1/~, we obtain forN,;, = 1
{ / (1= tap) (B =) N
n / /fm py

n=1 B (Nmax - 1)' v
X exp [—[3 (t?v — 772)] dtNm;n} 1 (Nyas — N)!
X 2N 1. dzadzr. (41) X ( Nomas =N = "GN mNF1 ) (43)

where

B2 [(E =) e -6 (-] dn @)

B. Change Integration Limits
n

Consider the integrations in (41). The integration limits fo{or —0.1.2 (28) can be easily derived from (44)
variablesz; (1 < i < Ny, — 1) are (listed in the order of in- Next v7ve7 cé).n.s.i.der the case faF... > 1 '
tegration, starting with the innermost integral)< zy,_. 1 < ’ e
INpin=2:--,0 S 23 < 22,0 < 23 21,0 < 21 <00 We ¢ genarate thev,,;,-Fold Integration for Ny, > 1

make the following observations.
It can be shown that an |ntegrat|on of an integrand which
1) The integrand is symmetric with respect to the Va”abk:r'ﬁ\/olves i (zi — 2;)?] can be converted to an
1<i<j<Npin—1\77 J
zinlS4 < Nmmd 1(ie. bfor any1h< g Jd<|Nmm - h integration on{egrand containing the determinant of a matrix
L, i # j, z;, andz; can be interchanged, leaving th16 "oy 3], Exploring this result, from (42), we have
integrand the same).
2) There are(Nmin — 1)! possible permutations of the N i
integration limits of z; for which (41) will yield the / /fm y)py (y
same result. For example, one such permutatidn &

ZNmin—1 < zAT111i11—27"'70 <23 < 21,0 < 21 < 29, 707 7
0 0 0

0 < z3 < o0. In this example, the order of integrationis =
reversed for; andz,. 2Nmin
3) Thesd Noin—1)! integration limits are disjoint, and their N
union is the regiom < z1 < 00,0 < 2 < 00,0 < 23 < X { (20 — 2n) exp(—Bzp )z } det Z

00,...,0 < 2y . 1 < 00.

min n=1
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oo

8 [ =) (B =)
n
Nonin—1
x| [I (R =
n=1
X exp [—[3 (t?\,min
X dZN s dZQle

min ™

2_Zn)

)] dt i }

(45)

wheredet Z is the determinant of the matri&, whoseith row,

jth column element isit7=2 Note that all the elements on the

jth column of the matrixZ depend only on variable;.
Obviously, we can expresﬁ 1(z0 — z,) a@s

2

E 2 —p P § Zinlz;nz.

p=0 myi+mo=2—p
myp,mo€{0,1}

(46)

ZO_ZTL

I1¢
n=1

The second summation is taken over all setswfandms

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

satisfying the stated conditions. Expanding the two products in

(45) similarly, we get

S smisns

Nmin—1

(10]

(11]
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