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Abstract — A multiple symbol differential detec-
tion detector is presented for communication systems
with reception diversity operating over slow fading
Rayleigh channel and in the presence of interference.
The channel for the signal of interest is assumed un-
known. The maximum likelihood decision statistic
for the detector is developed. An approximate up-
per bound for the bit error probability is also devel-
oped. The main result in this paper is that with in-
creasing observation interval, the performance of this
non-coherent detector approaches that of optimum
combining detector with differential encoding at the
transmitter.

I. INTRODUCTION

Multiple symbol differential detection (MSDD) was first pro-
posed by Divsalar and Simon [1] for uncoded BPSK and the
additive white Gaussian noise (AWGN) channel. They devel-
oped a decision statistic assuming a channel with unknown,
but fixed phase over multiple symbol intervals. With this de-
tector, the decision is made based on more than two received
symbols. They showed that for a long observation interval,
the performance (in terms of the required signal-to-noise ra-
tio for a given bit error probability) of noncoherent MSDD
approaches that of coherent detection (with differential en-
coding at the transmitter). With a differential scheme at the
receiver, differential encoding is necessary at the transmitter
as well. The main advantage of differential MSDD detection is
that the knowledge of the channel state information is not re-
quired. In a communication scenario when recovering channel
phase is very difficult or impossible, MSDD is a good option.
In [2], the same authors extended the method to trellis coded
M-PSK. In [3], Ho and Fung applied MSDD to a correlated
fading channel. Simon and Alouini applied MSDD to chan-
nels with reception diversity in [4]. Using similar method as in
[1], they showed that with increasing observation interval, the
MSDD detector with diversity can approach the performance
of a coherent detector with maximal-ratio combining. Since
their detector is noncoherent, the estimation of the channel
state information (CSI) is not required.

Previously published literature on MSDD assumes opera-
tion with additive white Gaussian noise. In this paper, we dis-
cuss the MSDD detector with reception diversity in the pres-
ence of an interference. The interference is assumed spatially
correlated. The channel of the desired signal is assumed to
be slow fading Rayleigh channel. The interference is assumed
non-fading. The decision statistic of the maximum-likelihood

detector is developed. We also derive an analytical expres-
sions for the pairwise error probability (PEP). A closed-form
expression for the bit error probability (BEP) is intractable,
but we find an approximation of its upper bound. Simulations
for differential binary PSK demonstrate the theory developed
in the paper. The main result of the paper is, with increasing
number of symbols, the performance of the MSDD detector
approaches that of optimum combining (with differential en-
coding). Therefore, MSDD can be used as a robust (with
respect to the CSI) detection scheme for wireless communica-
tions.

II. SYSTEM MODEL

Consider a wireless communications system operating over a
slow fading channel with one transmit antenna and M receive
antennas. At the receiver, the signal of interest is received
in the presence of a spatially correlated interference and ad-
ditive white Gaussian noise. Perfect time synchronization is
assumed. The sampled output of the matched filter at antenna
m and time k can be expressed as

Tk,m = VPsCm Sk + Zk,m, m=1, ,M: (1)

where P; is the power of the signal of interest, ¢, is the com-
plex gain between the desired user and the mth receive an-
tenna, s is the transmitted differentially encoded M-PSK
symbol. s, is expressed as s = exp (j27 (ix — 1) /Mo),
ir =1,2,..., Moy, where My is the number of different PSK
symbols used by the transmitter. The term zj,,, represents
the spatial interference plus white Gaussian noise. The signal
model in vector notation is

ri. = VPicsy + zk, (2)
where ri, = [re,1, ... 1", ¢ =let,---,em]”, and zg =
[Zk,h e ;Zk,M] .

The following assumptions are made with respect to the
interference: (1) zg,n is complex-valued, Gaussian, with
E[zkm] = 0 and E [zk,m2f1j ] = 0 for j # 0 (superscript *
denotes complex conjugate), (2) the spatial covariance matrix
of z;, can be expressed as a sum of a rank one interference and

additive white noise:

s Tk, M

R.

E [zkzkH]
= Picrey + diag[Ni, No,- -, Na), (3)

where Pr is the interference power, ¢ is a constant vector,
E [cf'e;] = M, Ny, is the power of the white noise compo-
nent at the mth antenna and the superscript H denotes the



Hermitian transpose. The interference covariance matrix is
assumed known at the receiver.

The user’s channel coefficients ¢, are complex-valued,
Gaussian with zero mean. The channel coefficients are mu-
tually independent. It is further assumed that the channel is
slow fading, meaning that the channel is static over the obser-
vation interval. The channel takes on independent realizations
in different observations intervals.

Consider a symbol sequence of length K running from time
k— (K —1) to k. Assume the channels are static within the
duration of this sequence. Using vector notation,

r, = VP:Hsy + z;, (4)

where the r;, = [rk,... ,rk,(K,l)]T, H = c¢®1,, the sym-
bol ® denotes the Kronecker product, and Iy is an iden-
tity matrix of rank M. The signal vector is defined as

S = [sk,... ,Sk_(K_l)]T. Zk = [Zk,... ;zk—(K—l)]

III. DECISION STATISTIC

We use MSDD to detect the transmitted symbols s;. The
decision is made after K symbols are received. The maxi-
mum likelihood sequence detection rule for the sequence of K
symbols sy is given by

Sk = argmax p(ry[s;) (5)

We express the likelihood conditioned on the channel vector
c as

p(rgls, c) =7 MR, ["F exp

{— Z_ (ri—i — VPsesp—i) "R, (i — \/ECSki)}
i=0
(6)

Diagonalizing the interference spatial covariance matrix R,
we obtain R, = U,A, U where A, = diag[\i, -, A,
A1, -+ ,Aum are the eigenvalues of R, and U, is a unitary ma-
trix whose columns are the eigenvectors of R, .

From R, = U,A,UZ, we have R;! = U,A;!UZ. Sub-
stitute that into (6) to obtain

p(rgls,,e) = 7 MR, TF

K—-1

exp {— Z (Ufl‘k_i — vV PSUfCSk_i)H
i=0

AT U gy — \/PsUfcsk_i)} (7)

Now define the whitened received signal vector x; =
[:Ijkfi,l,.’lrkfi,g, ce ,:Ijkfi,M]T , such that

X = Ufl‘k (8)

Also define the modified channel vector g = UZ¢. Since c is
complex Gaussian and U, is unitary, g has the same proba-
bility density function as c. It follows from (7) that

p(rils, g) =7 MR, TF

K-1
exp {— > (ki — VPogsk )T AT (ki — \/]ngski)}
)

Let gm = ame’®™. After expanding the exponent and
taking out the terms that do not depend on g and si_;, we
get

7r7KM|Rz|7K exp {—Co}
M
[] exp {-K P an+

m=1

2\/Fs)\;n1 |ym| Qm COS (¢m - em)} ) (10)

p(ryls,.g8) =

where
K—1

M
Co = Z Z Mot |Zk—im|?

=0 m=1

(11)

and the complex variable y, = |ym|e®™ is defined by

K—1
*
Ym = E Tk—i,mSk—i
i=0

Next, average p(ry|s,,g) over the channels g,

(12)

p(ryls,) =/p(£klsk,g)dg (13)

After some manipulations it can be shown that

7 MR exp {~Co}

M =] 27
H / / exp{—KPs)\,_nlafn+
m=170 0

2P ym] am €08 (6 — 6m) }
p(am)p(¢m)damd¢m

p(rylsy) =

(14)

For Rayleigh fading channels,

2a a? 1
ponan) = 22 exp (<32) gy 6m)= - (19)
where Q,, = o2, is the mean square of the amplitude of
the mth channel.

Substitute (15) into (14) and separate the integrations,

(16)
After the second integration is carried out,
G2

prylsy) = 7 MR exp{-Co} [] o

m=1""

* —1 1 2

/ exp{— (KPS)\m + —) am}
0 Qm

Io(2VPAL! [ym]| am)atmdorm, (17)
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Figure 1: Detector structure

where Io(z) is the zeroth order modified Bessel function of the
first kind. Finally, after computing the integral, we obtain

7 KMIR, | 7K exp {~Co}

M A
('nlL_—[l KPst + Am)

= Qi |ym|2
AL Ph e oromew ) B

In (18), only the argument of the exponential function is de-
pendent on si. Due to the monotonicity of the exponential
function, maximizing p(r,|s,) with respect to sy is equivalent

p(rplsy) =

M 2
to maximizing { 21 SV 07 N Ty (2gs|'§‘)’:‘nl+/\m) } To emphasize the de-
m=

pendency of the variables y/,s on the transmitted symbols, we
note that from (12), y;,s are a function of the symbol vector
Sg.

Therefore we can determine that the decision statistic at
time k is

m |ym (si)|”
Z,\ (KP,Qum k+)\ ) (19)

A diagram of the MSDD detector is shown in Fig. 1. In
the figure, each §; is a sequence of K M-PSK symbols. From
(19) we can see different s; could have the same 7(s;). That
is why differential encoded is needed at the transmitter. In
Fig. 1 M, is the number of all possible sequences that has
different n(sx). For example, for Mo-PSK, M1 = Mé{_l. The
calculation algorithm is given by (19).

Let’s consider a special case when there is no interference,
i.e., Pr = 0. In this case, R, = diag[Ni, N, -, Na]. We get
Ai =Ny, i=1,2,...,M and U, = In. Using (8) and (12),
for this case we have

Xk—i = Tk—; (20)

and

K-1
s) = Z TheimSh—i (21)
=0

The decision statistic in (19) becomes

Sk)_ZN

When the channels have the same power profile Q,,
Qo, and the noise power is uniform, N,, = Ny, for m

m ym (si)|”
(KP:Q + Nyn)

(22)

1,2,--+, M. (22) becomes
2

which is equivalent to the decision statistic

M

n(sk) = Y lym(sk)l
m=1
M |K—1 2
= z z Tk—i,mSk—i (24)
m=1 | i=0

As expected, this decision statistic is the same as (9) in [4].
That means (9) in [4] is only a special case for the more general
case of (19).

IV. ERROR PROBABILITY ANALYSIS

Due to the complexity of the problem, it is very difficult to
find the bit error probability (BEP) for MSDD analytically,
except for the case of two symbols K = 2 and binary PSK. In
stead as in [1], we first derive the pairwise error probability
(PEP). Subsequently we derive the union bound of the BEP
for general cases.

To simplify the problem, we assume that the channels are
flat, i.e., Q,, =1 and N, = No for m = 1,2,--- | M. In this
case, the interference spatial covariance matrix is given by

R. = Picicf + Nolu (25)
and the MSDD decision statistic becomes
lym (s)I”
— 26
Z Am (K Ps + Am) (26)

The eigenvalues of R, can be shown to be [5, p. 441],

M

A = PIZlcl,m|2+N0 (27)
m=1

Am = No m=2,3,---, M (28)

Let si and s}, denote two sequences of K differentially en-
coded M-PSK symbols. The pairwise error probability (PEP)
that when s, is transmitted but s}, is detected (sx # s) is
denoted as P (s — sj|sk) -

Define the variable

D = n(sk) — n(sk) (29)
Then the required PEP is given by
P (sk — sg|sk) = P(D < O|sk) (30)

Let ®p|s, (jw) be the characteristic function and p(D|sy)
be the probability density function of D, then

/0
= /0 i/mcb (jw)e *“Pdw| dD
- - or . D|s J

(31)

P(D < 0|sg)

p(D|sk)dD



Exchange the order of integration in the previous expression,

1 (&S] 0 i
P(D < 0lsg) = %/ ‘I>D|sk(jw)dw/ e “PdD
_ _L oco+je ¢D|Sk(jw)dw
27Tj —oo+je w
®ps, (4
= —Zresidue [D|+(Jw)] . (32)
u.p.

where ¢ is a small positive number and the summation is taken
over the poles in the upper half of the complex plane. It
follows that the PEP can be computed from the characteristic
function ®p|s, (jw)-

After some algebra, and defining the matrix

G = ( IS‘ _gM ) (33)

it can be shown that the variable D can be expressed as
D =7 Gf, (34)

where f = [eT(sk),eT(s'k)]T, and the mth element of the M
dimensional vector e(sy) is

€m (Sk) = bmym (Sk) 3 (35)

1
m=—————— m=1,2---, M
b VA (BP o+ x) ™ (36)

Using the result in appendix B in [6], the characteristic
function of D is

where

2M
1
Ppps, (jw) = [[ 57— (37)
k=1 1- 2-““““]

where py is the kth eigenvalue of the matrix M = R¢G, and
R; = E [ff] is the covariance matrix of f.

Next, we want to get the closed-form expressions for the
eigenvalues pi. To that end, we need to find a more convenient
expression for the vector f. Define the M x 1 vector w(s,),
with elements

K-1
W (sk) = Z TheimSh—i (38)
i=0

From (8) and (12), we have

T
y = ly,v2,... ,yu]

K-1

— *

= E Xk—iSk—i
i=0

K-1
= ) Ulriisie
i=0
= Ulw (39)
It follows that
e(sk) = By(sk) = Tw(sk), (40)

where B = diag[by, - -- ,by] and T = BUZ.

The covariance matrix Ry can then be expressed as

Ry
_ [ e(sk)e(sk)?  e(sk)e(si)”
e(sie(sk)?  e(si)e(si)”
_ [ TE [w(sg)w(se)?] T TE [w(sk)w(s;,)”] T
TFE [w(s%)w(sk)H] T TE [w(s'k)w(sgc)H] T

(41)

After some calculations, we can get
E [w(sk)wH(sk)] = K’PJIy + KR, (42)
E [w(s'k)w(s;c)H] = |v(st)|’ P.In + KR, (43)
E [w(sk)w(s'k)H] = KPw'(si)I,, + v (s)R, (44)
E[w(siw(s)"| = KPu(si)l, +vs)R,,  (45)

where v(s},) = s}’ sy, is the correlation coefficient between the
transmitted sequence s; and the detected sequence sj,.

Noting that

1" = BUJU.B” =BB” (46)
TRI T BA.B” (47)

and substituting (42) - (47) into (41), we finally have Ry as
K’P,BB"” + KBA.B”
KP,u(s,)BB” +u(s;,)BA,BY

(48)

Using (33), (48) and M = RyG we can get M. When P; #
0, the eigenvalues of M can be found as:

_ KP4+ \/K2b1P2 + A[KP, + \] K, \ibf

m 5 (49)
_ KybiPs — \/K2b1P2 + A[K P, + \i] K, \1b] 50
po = 5 (50)
s = Kb3P; + /K2b3P2 + 4[KPs + \2] Ky \2b3 (51)
" 2
for m =3,5,--- ,2M — 1 and
o = K,b3P; — \/K2b3P2 + 4[K P, + A2] Ky Aobj (52)
" 2

for m =4,6,--- ,2M, where K, = K> — |u(s})|*.
It can be seen that g, > 0 when m =1,3,--- ,2M —1 and

Bm <0 whenm=2,4,---  2M.

Using (37) and (49) to (52) into (32), we get the following

KP,v*(s},)BB” +v*(s},)BA,B”
lu(sh)|” PsBBY + KBA,B?

)



expressions for the PEP

P (s;c — s'k|sk) = P(D < O|sk)
1 1

only the error sequences that have the largest |v (s})|. Follow
the same reasoning, the approximate upper bound is given by

1

>

1
Residue [Z (1 — 2jmw) (1 — 2jpaw)

Pole wzfjﬁ,—jﬁ
1 1 ]
(1 = 2jpaw)™ ™" (1 = 2jpaw)™ !
2M—-1
_ (p2)
= _ —
(1 — p2) (ps — p2)™ ™" (pa — o) M1
(~DM M-t 1 (M -2+ k)
- M—1 —_ 92)! !
1l (M =2)! & k!
m m T
(B1 = p2) (p1 — pa)™ 1"
2 MM—I—k uM—l+k
2 3
= 12) Gz = ™ | (s — )™ T

B -+
(K —1)log, Mo

>

i
ug Fuy

|2 (5 )I= 1250 ) e

h(ug, uy)P (sp — si|sk)

1 ’
renr PV
RCSEREAT
i NCATEREA &)

max

where |v (s},)|,,., 15 the maximum of all |v (s)|.
In the following, we consider the special case of binary dif-
ferential PSK where Moy = 2. For convenience, we choose

(534« = [0,0,---,0]. Assume the information bit 0 is encoded

From the previous relation, it follows that the PEP de-
pends only on the correlation between sj and s}, instead of on
individual s and s},

Next, we find the union bound of the BEP.

Let uy be the sequence of (K — 1) log, My information bits
that produces s; and uj, be the sequence of (K —1) log, My bits
that results from the detection of s},. When s is transmitted
but s}, is detected (si # s}, ), the pairwise bit error probability
is

1

P, / —_
b (s = silsk) (K —1)log, Mo

h(ug, uy,)P (sk — si|sk)
(54)

where h(ug,u),) denotes the Hamming distance between uy
and uy,.

Let Py(sk) be the bit error probability that sy is transmit-
ted but an error sequence (any error sequence) is detected.
Py(sg) is upper bounded by the union of all pairwise bit error
events,

Py(s) <

Z P(si — si|sk)
uj #uy,

1
(K —1)log, Mo

Z h(uk,uz)P (s;c — s'k|sk)

uj #uy,

(55)

Since differential M-PSK is symmetric, Py(sx) does not
change with s; and is actually equal to the BEP for no matter
what sequence is transmitted. Denote the BEP with P;, then

1
(K —1)log, Mo
> h(ug,ui)P (si — silsk)

uj Fuy

P,

(56)

It can be shown that sequences that have smaller |v (s},)|
have smaller PEP. When a sequence has a very small |v (s},)],
its PEP is so small that its contribution to the union bound
can be neglected. In [1] and [4], as an approximation when
calculating the upper bound, the authors took into account

as phase shift 0, bit 1 is encoded as phase shift 7, and the
first transmitted symbol is 1. Then corresponding s would
be [1,1,---,1].

When K = 2, Mo = 2, there is only one error sequence,
which is uj, = [1], the corresponding s}, would be s, = [1, —1],
therefore h(u,u}) = 1, and |v (s},)| = 0. The PEP is exactly
the BEP,

P,=P (sk — Sklsk)||u(s;c)|:0 (58)
When K > 2, it is shown in [1] that
[0 (5%) | o = K =2 (59)
and
> h(ug,u) = 2(K — 1) (60)

uj Fuy

[o(=5)1= 10 (%) |

Substitute (59) and (60) into (57), then we get for K > 2
and My = 2,

~
~

B~ 2 P (si — si|sk (61)

)||v(s§c)|:K72
B could be calculated with any sequences sj and s}, such
that |v(s})| = K — 2.

V. NUMERICAL RESULTS

Numerical results presented in this section include computer
simulation results and the theoretical results obtained using
equations in the earlier sections. The simulation uses binary
differential PSK modulation with uniform channel and noise
profiles (2m =1 and N, = Ng for m = 1,2,--- | M). The
signal to interference ratio § is defined as § = Ps/P;. The
signal to noise ratio SNR is defined as SNR = P, /Ny. We as-
sume ¢; = [c11, - ,cma)” ,where ¢;; = €%, 6; is a random
variable uniformly distributed between 0 and 27. For compari-
son purposes, Figures 2 and 3 also contain performance curves
for optimum combining. The BEP for optimum combining for
BPSK (denoted as Py.) is given by (10.25) in [5]. Using (4.201)
in [7], the BEP for optimum combining for binary differential
PSK is

Py oc = 2Poc(1 - Poc)
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Figure 2: Bit error probability of MSDD and optimum
combining, M =2, 8 =2

Figures 2 and 3 show the BEP versus SNR for M = 2 and 4
antennas at the receiver, respectively. In both figures, the sig-
nal to interference ratio was kept constant at 8 = 2. Curves
labeled ‘simu’ represent simulation results, while curves la-
beled ‘theo’ show theoretical results. Theoretical results were
computed using (53) and (58) (for K = 2) or (61 (for K > 2).
We can see that the theoretical results are very close to the
simulation results. Thus they are useful for evaluating the
performance.

From the figures, it is clearly observed that as the MSDD
frame length K increases for 2 to 12, the performance of
MSDD approaches that of optimum combining. For exam-
ple, for M = 2, at BEP = 2 x 1072, when K = 2, the SNR
difference between MSDD and optimum combining is about
2.1 dB. When K = 12, the difference is only 0.8 dB. The im-
provement for M = 4 is more significant. At BEP = 2x 1073,
when K = 2, the SNR difference between MSDD and optimum
combining is about 2.6 dB. When K = 12, the difference is
only about 0.6 dB. That means there is 2 dB improvement
going from K = 2 to K = 12.

VI. CONCLUSION

In this paper, we have developed a MSDD detector to sup-
press interference. The interference was assumed non-fading,
temporally white and with known spatial correlation ma-
trix. A decision statistic was derived based on the maximum-
likelihood criterion. Closed-form expressions were obtained
for the pairwise error probability and the union bound of
the bit error probability for this detector. This noncoherent
MSDD detector can achieve performance close to that of opti-
mum combining as the observation interval increases. The ad-
vantage of MSDD over optimum combining is that it does not
require knowledge of the channel of the desired user, which is
necessary for optimum combining. Although nonfading of the
interference is assumed in the paper, the method developed
can be applied to fading interference without much change.
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