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Target Velocity Estimation and Antenna Placement
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Abstract—This paper studies the velocity estimation perfor-
mance for multiple-input multiple-output (MIMO) radar with
widely spaced antennas. We derive the Cramer—-Rao bound (CRB)
for velocity estimation and study the optimized system/configura-
tion design based on CRB. General results are presented for an
extended target with reflectivity varying with look angle. Then
detailed analysis is provided for a simplified case, assuming an
isotropic scatterer. For given transmitted signals, optimal antenna
placement is analyzed in the sense of minimizing the CRB of
the velocity estimation error. We show that when all antennas
are located at approximately the same distance from the target,
symmetrical placement is optimal and the relative position of
transmitters and receivers can be arbitrary under the orthogonal
received signal assumption. In this case, it is also shown that for
MIMO radar with optimal placement, velocity estimation accu-
racy can be improved by increasing either the signal time duration
or the product of the number of transmit and receive antennas.

Index Terms—Antenna placement, Cramer—Rao bound (CRB),
multiple-input multiple-output (MIMO) radar, maximum-likeli-
hood (ML) estimate, velocity estimation.

1. INTRODUCTION

ESEARCH on multiple-input multiple-output (MIMO)
R radar has been drawing more and more attention from
both the communication and radar communities. Most studies
on MIMO radar can be classified into two categories. The first
category [1]-[8] employs widely separated antennas at both the
transmit and receive ends. Among these studies, both coherent
and non-coherent processing has been considered [1]. Non-co-
herent MIMO radar requires time synchronization between the
sensors. Besides time synchronization, coherent MIMO radar
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requires additional phase synchronization. The second category
[9]-[16] uses closely spaced antennas.

Widely dispersed antennas enable MIMO radar to view the
target from several different angles simultaneously. This lowers
the chance that all antennas measure low Doppler shifts. Re-
cently, we have begun to study the detection of moving tar-
gets using MIMO radar [7]. We showed that MIMO radar with
widely separated antennas enjoys both the diversity gain and the
geometry gain. The diversity gain is similar to that uncovered in
[3], so we do not focus on this in the current paper. The geom-
etry gain is a different type of gain that results from viewing the
target from different directions. While a single antenna may be
blind to a target moving in a direction orthogonal to the line to-
wards the antenna, a group of widely spaced antennas will not
be. This is the essence of geometry gain. In the current paper we
focus on geometry gain in our numerical results, since it is less
well understand. To complete [7] and answer some remaining
questions, we focus here on the ultimate velocity estimation per-
formance obtainable through MIMO radar with widely spaced
antennas by studying the Cramer—Rao bound (CRB). We show
the utility of these results by using them to study proper antenna
placement.

Various CRB studies for MIMO radar performance have ap-
peared in the literature. For example, the CRB for target local-
ization in a coherent MIMO radar is presented in [4], [8]. The
average CRB for bearing estimation in MIMO radar is analyzed
in [2]. In [6], the outage CRB is introduced to evaluate MIMO
radar direction finding performance. In [16], range compression
and waveform optimization problems for MIMO radar are in-
vestigated based on the CRB matrix. None of these papers con-
sider target velocity estimation performance, which is another
important issue for radar systems [17]-[20].

MIMO radar systems optimization has also been investigated.
Most existing publications concentrate on waveform optimiza-
tion. For example, in [21], waveform design methods for maxi-
mizing the conditional mutual information (MI) or minimizing
the mean-square error (MMSE) are discussed. The two criteria
lead to the same solution under the same total power constraint.
In [22], the uncertainty of the target power spectrum is consid-
ered and the MI and MMSE criteria lead to different minimax
robust waveforms. Different from this work, in [23] and [24],
waveform optimization for target parameter estimation based on
the CRB is studied. In [25] the MIMO radar ambiguity function
is used for designing good waveforms. In this paper, the CRB
is used to study target velocity estimation in MIMO radar with
widely dispersed antennas. We present an optimization strategy
for transmit/receive antenna placement.

Considering a target moving with constant velocity and a
model which includes Gaussian noise and path loss, we calcu-
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late the CRB for velocity estimation using MIMO radar. The
derived CRB provides an effective way for finding the optimal
value for certain parameters. With the other system parameters
fixed, we focus on the optimal antenna placement. Assuming
all antennas are located equidistant from the target, it is shown
that symmetrically placing the transmit and receive antennas is
the best choice, and the optimal achievable performance is not
affected by the relative position of the transmit and receive an-
tennas under an orthogonal received signal assumption. This re-
sult is also extended to a more general case without the equidis-
tance assumption. This optimal placement result justifies some
of our numerical findings, which also show that larger sensor
separations, corresponding to larger angular spreads, lead to
better performance. We develop the maximum-likelihood (ML)
estimator, compare the mean square error (MSE) of the ML
estimate with the CRB result for some specific examples, and
show the ML estimate and the CRB agree for sufficiently large
signal-to-noise ratio (SNR). While initially, we focus on a target
whose reflectivity is the same during the observation, we show
how to extend our results for more general models. For com-
pleteness, the extreme sensor placements resulting in a singular
Fisher information matrix, which means one cannot accurately
estimate the desired quantities, are briefly discussed.

The paper is organized as follows. The signal model is pre-
sented in Section II. Section III derives the ML estimate of
the velocity and calculates the corresponding CRB for a case
with an extended target whose reflectivity varies with angle. In
Section IV, we start to concentrate on a special case, assuming
an isotropic scatter, which simplifies the analysis and enables
us to provide useful insight. Then, Section V describes a gen-
eral optimization based on the derived CRB, with optimal an-
tenna placement studied as a particular example. Numerical re-
sults are provided in Section VI. Finally, Section VII describes
extensions to cases outside the original assumptions and also
provides conclusions for this paper.

II. SIGNAL MODEL

Consider a coherent MIMO radar that has M transmit and
N receive antennas. The elements at both the transmit and re-
ceive ends are widely dispersed, see [1], [7] for motivation.
The set of transmitted signals expressed in low-pass equivalent
form is given by \/E/Msi(t), k = 1,..., M, where FE is the
total transmitted energy. Each of the waveforms s (¢) is nor-
malized and satisfies [ |sx(t)|°dt = 1, where 7 is the ob-
servation interval. Assume a narrowband signal such that the
common complex envelope notation can be applied to the trans-
mitted signal,’, i.e., §x(t) = sy ()e?27 7, Each of these signals
is emitted by an individual transmit antenna. Note that the sig-
nals si(t), k = 1,..., M are expressed in a completely general
form, other than normalization, so that for example, either single
pulse or multiple pulse waveforms can be assumed. In addition,
it is assumed that the target returns do not fluctuate during the
observation interval.

Consider a target moving with an unknown constant velocity

= (Vs,vy), wWhere v, and v, are velocity components in
a two-dimensional Cartesian coordinate system, as shown in

INote that the actual transmitted signal is the real part, but we use complex
envelope description so we deal with complex signals.
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Fig. 1. Location of transmitters and receivers with respect to the target and its
motion.

Fig. 1. Since the focus of this paper is target velocity estima-
tion, we assume that through the observation interval, the target
is known to be present in a resolution cell with nominal coordi-
nates X = (x,y). Let the transmitters and receivers be located
at (¢t ,yt), k=1,---,M,and (z],y]),l = 1,---, N, respec-
tively. The low-pass equivalent of the signal received by the [th
receiver due to the transmissions from all M transmitters and
the reflection from the target is given by

M
E i Foe (v
ri(t) = Vi ZClkalkSk(t — )l () (1)
=1

k

where (jx = (rr + jCk1 is the unknown complex target reflec-
tivity for the [kth path? 75 denotes the time delay of the [kth
path, and fi;( ) is the Doppler frequency detected by the /th
receiver due to the kth transmitter. The observation interval is
assumed long enough so that all transmitted signals can be ob-
served, irrespective of their delay. The terms

1

Ak = 2 Piks I=1,--- N, k=1---M (2
ik

in (1) represent the propagation coefficients, where Ry, =
Ry + RL, with Rl = \/(«% — x)> + (y. — y)” representing
the path length from the kth transmitter to the target, and
Ry = \/ (x) — z)? + (y; — y)? representing the path length
from the target to the [th receiver. Note that the path loss is
assumed to be inversely proportional to R?. We also have
Tik. = Rix/c, where c is the speed of light. The phase shift
induced by the carrier frequency is captured in the exponent of
Pl = e 127 feTik

The noise at the Ith receiver is denoted by w;(¢) in (1). The
noise components w;(¢), ! = 1,---, N at different receivers are
spatially independent, and temporally each w; (¢) is a zero-mean
white complex Gaussian process with power spectral density
(PSD) o2,. If the noise is colored3 with PSD P, (w) = |G (w)|?,
then a whitening filter I'(w) = 1/G(w) is needed at each re-
ceiver to remove the correlation of the noise.

The positions of the transmit and receive antennas with re-
spect to the target motion are shown in Fig. 1. The transmitter

2Here we assume the target reflectivity is different for each transmit-to-re-
ceive antenna path. If this is not the case we can reduce the number of unknown
parameters as discussed later.

3For simplicity, G(w) is assumed known. In practice it may have to be es-
timated. For further details, the reader is referred to the extensive literature on
space-time adaptive processing (STAP).
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k and receiver [ view the target from different angles ¢! =
tan=1 (g —y)/ (¢}, —)) and ¢} = tan=1 (g —y)/ (] —)),
where k = -wM and [ = 1,---,N. The Doppler shift
fue( ) observed at the /th receiver due to the signal transmitted
by the kth transmitter is given by

fun()

= fur (Ve vy)

v)\ (cos @t + cos ¢ ) TJ (sm Pt + sin ¢ )

:—mA lB 3
\ lk+)\ kl (3)

where A denotes the carrier wavelength and

A = cos ¢l + cos ¢
By, = sin ¢}, + sin ¢} “4)

define two position matrices, [A]; x = Ay and [B]; x = B,
for [ = --,Nand k = 1,---, M. These matrices are de-
termined by the placement of the transmit and receive antennas
with respect to the target of interest.

The signals received from all the receivers are collected in
a vectort r = [ry(t),72(t), -, 7n(t)]". The joint probability
density function (pdf) of the observations (time samples at mul-
tiple receive antennas) parameterized by the unknown param-
eter vector

= [V2, vy, Ci1Ry Gty Ci2r, Ci2rs -+ Cvarg, Cvner]t - (5)

is given by [26]
1 XN
p(r; ) ox exp __ZZ/
w 1
\/72 O‘lk(lkSk t — le) 727 fue (v)t

Taking the logarithm of the probability density function, we ob-
tain the log-likelihood function

2
at s . (6)

1
e )= =57 32 [ 1)
E M |
_\/;Z alkClkSk(t — le)e]27rflk(v)t

k=1

2
dt+C (1)

where C' is some constant independent of the parameters col-
lected in

III. CRB AND ML ESTIMATE FOR
TARGET VELOCITY ESTIMATION

In this section, the CRB and the ML estimate of the target
velocity are discussed for MIMO radar.

4The superscript  denotes transposition.

A. Cramer—Rao Bound for \elocity Estimation

In this subsection, we compute the CRB for the model intro-
duced previously. The variance of the sth element of any un-
biased estimator for an unknown parameter vector satisfies
[28], [30]

~

var( ;) > [J_l( )]

i

where J( ) is the Fisher information matrix (FIM) defined as

I( ):E{VOIHP(I'; ) [V lup(r; )]T}
=-F {Va [V In p(r; )]*} )

and the gradient operation is Vg =[0/0v,,0/
vy, 0/0C11R, 0/0C111,0/0C12R,0/C121, - -+, 0/ NMR, O/
AN I]T. The CRB matrix is the inverse of the Fisher
information matrix, Ccrg = J7!( ). Note that here the
reflection coefficients (j; are assumed to be deterministic
unknown. Using the approach described in [6], the CRBs for
the reflection coefficients modeled as random variables are
provided in Appendix I.

Since p(r; ) is a function of the Doppler frequency shifts
fu( ), l=1,--- N, k=1,---, M, we introduce the param-
eter vector

9= [f11( ), fiz( ), fvne( ),

Ciimy Cuary Cioms Crory -+ Cvarry CvarrlT (9

which is a column vector with 3N M elements containing the
observed Doppler shifts from every transmit—receive path as
well as the real and imaginary parts of the target complex re-
flectivities. Using the chain rule, the FIM can be expressed as

I0) =

The term V9'¢9]L can be calculated from (3) and (9) as

(Ved")I(8)(Ved")'. (10)

i _ | Usxnm 022N 01
Vo' =
| Oonnrxnnm Tonnrxen
where
A A1z Anwm
_ A A A
U= Bi Bio Bnum
L A A A

and 0 and I are the all zero matrix and the identity matrix,
respectively, with dimensions given in the corresponding sub-
scripts.

We now calculate J(), which is a 3NM x 3N M matrix,
using (8) with 4 replacing . Considering the structure of J(19)
has to do with the order of the elements arranged in 9, it is
convenient to divide it into four block submatrices

Dymxnm
( Donvmrxnw

J(9) = NMx2NM
@) Lonmxanm

The upper left submatrix D involves derivatives of the
Doppler frequencies. Consider the 4, jth components of 9 such
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that 1 < 1,7 < NM, as per (9), and assume the ¢th component
corresponds to fix( ), and the jth component corresponds to
fre (). Then
0% Inp(r; )
I . = —E [—
)k Ofu )i ()
0 L#£T
= 2 £ %
S(,TMR{ClkClkffSlkk/} =0
for 1<4,5<NM

where>
5lkk’ = alkafk, /tQSk(t — le)SZ’ (t — lel)
T
x eI 2 fue ()= fur WMt gy (17)

where | = 1,---,N and k, k' = 1,---,M. When k = Kk,
the integral term in (11) represents the square of the effective
pulse width of the kth transmitted signal plus the square of the
pulse center of the [ kth received signal (see (34) for more detail),
scaled by the squared magnitude of the propagation coefficient
for the [kth path. Note that in this calculation, the received sig-
nals are delayed by a certain amount of time (the delay for the
path from the kth transmit antenna to the [th receive antenna),
and the observation interval is chosen so that the received sig-
nals are visible with this delay. When k& # £/, then the integral
term in (11) is related to the squared average of the overlap time
between the signals transmitted from the kth and k’th transmit
antennas when received at the /th receive antenna. Note that due
to the complex signals involved, a conjugate enters into the cal-
culation, as found normally in cross-correlation of complex sig-
nals. For each [, we can arrange ;. for different k, &’ into an
M x M matrix 8, the kk'th entry of which is [61], ., = Ok’

The lower right submatrix L involves derivatives of the target
complex reflectivities. Consider the , jth components of 4 such
that NM + 1 < 2,57 < 3NM, as per (9), and assume the ¢th
component corresponds to (jxr or (;xs, and the jth component
corresponds to (j/ g or (; 1. Then we have

0% Inp(r; ) 0 L#U
[ ( )]’L,j [aclkRacl'k/R:| %%{ lkk/} l: l/’
9?Inp(r; ) 0 £
J9)). . = -—F|—2 7| = B
[ ( )]’L,j [a(lklacl,k,1:| %é}a{ lkk’} l: l/
and
0% Inp(r; ) 0 L#U
[ ( )]’L,] |:a<lkRaCl'k/I:| %%{ lkk/} l: l/

5The superscript * denotes conjugation, and % and < denotes the real and
imaginary operators.

where

lkk! = alka;kk/ / Sk (t_le)SZI (t—le/ )€j27r[flk(v)7f”“' (v)]tdt
T

12)
The integral term in (12) represents the cross-correlation be-
tween two signals as received at the [th receive antenna when
transmitted from the kth and &’th transmit antennas (k # k'),
or the self-correlation when both transmitted signals come
from the kth transmit antenna (k = k). Note that the received
Doppler shifts and propagation coefficients enter into these
calculations as expected.

The upper right submatrix  involves derivatives related to
both the Doppler frequency and the target complex reflectivities.
Consider the 4, jth components of 4 such that 1 < i < NM,
NM +1< 35 <3NM, as per (9), and assume the 2th compo-
nent corresponds to fii, and the jth component corresponds to
Crirr or (g 7. Then we compute

82 lnp(r' ) 0 l 7é v
IO, ,;=—E| 75| = —4Z&
D), [aflk8Cl’k’R:| i?,,M S{Cwnmww } 1=1
and
92 Inp(r; ) 0 £
39), =—E |22 ) ) e
S [3fzk<9§z'k’1 } 40?‘1? R{Cemert 1=1

where
Mikek! = QL /tsk(t—Tzk)SZ/ (t = mupr )&= (Ol g,
T

(13)
The integral term in (13) is similar to that in (12), except for
an additional ¢ in the integrand. This makes it implement an ef-
fective center of mass type calculation for the cross-correlated
signals to estimate the time at which the center of this cross-cor-
related signal resides. When k = £/, the integral term represents
the time center of the kth transmitted signal when received at the
[th receiver.

Plugging J(¥) and Ve in (10), the FIM is obtained

O-[5 %]

In order to get the CRB matrix, we need to invert the FIM.
Usually, UDU" and L are invertible, and one can apply the
matrix inversion lemma [33] to (14) to calculate the inverse of
the FIM as in (15), shown at the bottom of the page. Here, we are
interested only in the estimates of v, and v,, whose variances
are bounded by

(14)

var(d,) >CRB,, = [J7'( )]171 (16)

(UDU*—U LU )T)_l

—(L—(U yi(uput)-1u )_I(U y[(UDUT) 1 (L—(U yi(upuh)-1u )_1

. _ -1 B
—(UDUT—U L 1W) U L s
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CRB a7) IV. VELOCITY ESTIMATION ANALYSIS
FOR AN | SOTROPICSCATTERER
Thus, it is sufbcient to calculate the upper-left 2 submatrix

of called To simplify the analysis and provide useful insight, we con-

sider the isotropic scatter, which gives the same reRRectivity for
all directions, and hence are the same for all paths, i.e.,
,forall . Note that the discussions in the
rest of the paper are based on this simplibcation.
CRB (18) A. Cramer-Rao Bound
CRB
For an isotropic scatter, the log-likelihood function can be
The two diagonal elements of determine the CRBs Written as
of the estimates of and . They are dependent on several —
parameters, such as the wavelength, the energy used per trans-
mitter, the PSD of the noise, the target rel3ectivity, the range cell
of interest, the terms and related to the trans-
mitted signals, and the number and placement of the radar an- (20)
tennas implied in the position matricesand

The dimensions of the unknown parameter vectors are greatly
B. ML Estimate of Velocities reduced

ML estimation is an asymptotically optimal method [28]. For
signal-in-noise problems, the ML estimator achieves the CRB
for sufbciently large SNRs. In our problem, the ML estimate ignq

given by
which yields
and
where .
Note that contains unknown parameters that need

where the submatrices and are the same as previously, but
and have much fewer elements than their former versions,
nd .Inthe submatrix ,involving the th components
for we have

to be estimated simultaneously, although onlyand are
of interest. Since the closed-form solution for the ML estimate
seems not available, numerical evaluation is needed. The corP@
putational complexity for a -dimensional search is very0
high, especially for large . A practical approach is to use
iterative optimization procedures such as the space alternating
generalized expectationbmaximization (SAGE) algorithm [29].

C. Optimized System/Con guration Design Based on CRB

The results of Section Ill-A show that the CRBs of the es-
timates of and are dependent on several parameters. Vénd
require the optimized system/conbguration design with respect
to a parameter vector to minimize a metric
formed by the sum of the CRBs of the estimates ofind
The value that optimizes this metric is given by

CRB CRB where

(19)
where denotes the objective function dependent on param-
eter ,and denotes the feasible set of Numerical methods
are usually resorted to for solving this problem. (21)
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In the submatrix ’, involving the 4, jth components of 4 for
1<i:<NM,NM+1<j< NM+ 2 we find

9% ln p(r; —An E
@) yagsr=—F [afzk(p()gﬁj -2 M S}
and
0% In p(r; A E
[J(ﬁ)]i,NIVH»Q =-kK {aflk(p()écl)} = UQM §R{ka}
where

M
e = Z alka}*k, /tsk(t — le)sZI(t - le/)

k=1 7
x 27 i) = fur (Wt gy (22)
Plugging J(¥) and V' in (10), the FIM matrix is obtained
and given in (23), shown at bottom the of the page, where the
matrix §; is defined after (11),and A; and B;,[ = 1,---, N are
the [th row of the position matrices A and B. The upper-left 2
x 2 submatrix of J~1( ) related to the velocity estimates is
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and

i AR{6,}B]

e (

M N

Z Z Alk\s{cnlk} Z Z szd{fﬂlk}

k=11=1 k=11=1

+ Z Z ApR{Cnu} Z Z B R{Cmurc }

k=11=1 k=11=1 )

27)

B. ML Estimate of Velocities

Based on the log-likelihood function in (20), the ML estimate

of = [/Um7vy7<R7<I]T is

= ars g (e )}

N M
=arg m;i,x —Z/ Tl(t)—CVMZOllk
=1 k=1
up? A202 1 h -z 9
CRB ™ g 2E|1c2gh—22 |-z ¢ X sp(t — 1) eI 2™ fr (V) dt}}.
| CRB,, ° 24)
N o CRB,, For any = (v,,uv,), the likelihood function is maximized
by letting
where g, h and z are defined as
0
9 up(r; ) 0
N M N 2 8CR CR:ERML
g= Z AR{6}A] - Ak (25)
=1 b1 1=1 and
M N 2 9
h= ZBm{sl}BT—— Z kTR (26) 50 me(rs )| =0
=1 k=1 1=1 S Cr=Cryy,
I( ):(_V,,ﬁ*) (ﬁ)(Vem)
sl ZA?R{:S Al SEIE SN A wis)BI ~k A i SS ARR
R{6:} pera 121 1R{6:} B Z Z wS{Cmr} GH kgﬂg 1k {ka}
S A 8> £ ¢l s Sh>
Z B/R{6}A] ez Zle%{ﬁz}Bz Z zZ: B S{Cm } /\az PP BuR{Cmr }
= B M aeE M N 2k
15 > EAlk%{ka} - > 2 BueS{Cm} =3 0
v g=10=1 Y k=11=1 “
5 M N 5 M N oE
Rl Z Z ApR{Cm} A S S BuR{Cm} 0 & J
L 7% k=1i=1 7v g=11=1 w

(23)
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Then the ML estimate of the target complex reflectivity { =
Cr + j(r is obtained

(ML = CRML + 5¢nu
M N |
Zzazk/ t)si(t — ik )e —i2mfu (V) gy
\/} k=1 1=1 pa
where s defined in (21). Substituting &ML back into the log-

likelihood function, the ML estimate of the target velocities can
be derived

AML:arg{mgx{lnp(r; )|C:QCML}}
AR
—argd max = |30 3o [ nlb)sict - )
k=11=1 3
Xe—ﬂﬂﬂﬂvﬁd42}.(2&

As further simplification seems not available for the ML esti-
mator, ", needs to be determined numerically. In the numer-
ical study, we adopt a two-dimensional grid search followed by
an iterative optimization to obtain the maximum-likelihood es-
timate.

Assuming the received signals satisfy an orthogonality cri-
teria, we show later that the k # k' terms in  are zero, and
hence is a constant independent of velocity, which simplifies
(28). Then the optimal estimator selects the velocity vector
in the phase term that maximizes the output of a matched filter,
which is matched to a shifted version of the transmitted signal.
A bank of matched filters that covers the allowable velocity re-
gion can be used to produce an approximation to this optimal
estimator. However, if the orthogonal received signal assump-
tion does not hold, then the k£ # k' terms enter in . Note that the
values of the k # k' terms are affected by the velocity vector.
In this case, a more complicated optimal estimator is required.
The more complicated estimate still employs a matched filter,
but the quantity maximized is the matched filter divided by a
term that characterizes the impact of the interference one gets
between signals originating from different transmit antennas, as
might be expected with non-orthogonal signals.

V. OPTIMIZED SYSTEM/CONFIGURATION DESIGN BASED ON
CRB AND AN ISOTROPIC SCATTERER

Using the CRB submatrix (24), for fixed wavelength and SNR
(so that E|¢|?/M o2, is fixed), the CRBs can be expressed as a
function of the quantities g (25), h (26), and z (27). Plugging
CRB,,, and CRBUy into (19), the objective function becomes

g+h

= i) 29
€B)= 1y Bedy 29)
and thus the optimal parameter should satisfy
~ . g+h
B =arg {5232 gh— 27 } . (30)

A. Optimal Antenna Placement With Orthogonal Signals and
an Isotropic Scatterer

In the rest of this section, we consider the case of orthogonal
signals, formulated in Assumption 1, which follows.

Assumption 1 (Orthogonal Signals): We assume that the M
transmitted signals are orthogonal

[suwsiar = {3;
T

and maintain orthogonality for a variety of allowed time delays
Tk, Tr and Doppler frequency shifts fix, far, i.e.,

/sk(t — Th)sp (t — T eI 2T San =T )t gt { (1]’
)

itk =k
ik £ K

if k= &
ifk £ K.

See Appendix II for further discussion.
Given Assumption 1, we can simplify (see Appendix III) the
results in (11), (21), and (22) as

0, K4k
6lkk’ = |alk|2th2|Sk(t—le)|2dt (31)
= |Ozlk|2&‘l2k, k/ = k,
M N
=D louf (32)
k=1 I1=1
2 2 2=
M = |our] /t|8k(t—m)| dt = loae|"Ze (33)
T
where
e =0 +E4, Ep=t+m (34)

o2 = [(t —t)?|sk(t)|?dt, o is the effective pulse width of the
transmitted signal, and ¢ = [ t|si(t)|?dt represents the time
center of the transmitted signal [35]. Plugging é;, , and m
back into (24)—(27), the CRB submatrix is obtained.

Before discussing the optimal antenna placement, we define
symmetrical antenna placement.

Definition 1 (Symmetrical Antenna Placement): Symmetrical
antenna placement satisfies

(¢;Lym::[27“/1 4—¢0}1n0d2w k=12, ... M

() sym = [% + ¢6} mod 27 1=1,2,...,N,
(35)
where ¢} and ¢;, are arbitrary constant angles.

Next, we introduce an equidistance assumption.

Assumption 2 (Equidistance): We assume all antennas are
placed around the area being monitored, such that they have
roughly the same distance R from the target.

In this case, the antenna placement variable 8 =
[, dhys B --~,<;SN] is an N + M vector consisting
of the transmlt and receive antenna directions with respect
to the target. The feasible set is ®5 = ONtM  where

b ={¢peRN0< <2}

Under Assumptions 1-2, |az|* = |a|* = 1/(2R)* (without
loss of generality, we normalize this term to |a|?> = 1 in the
sequel for simplicity), e, = 2, and Zj; = = are the same for
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alllandk (l=1,---,N,k =1,---, M), and hence the terms
g, h, z (25)—(27) can be simplified to

T S oy (zzfm)z o

k=11=1 k=11=1

N
_EZZZ B} — ( ZB,k) (37)
k=1 1=1 k=1 1=1
and
M N
2—62ZZA1szk—NMZZAszZsz (38)
k=1 1=1 k=1 1=1 k=11=1

It can be proved that for a MIMO radar system with M (M > 3)
widely separated transmitters and N (N > 3) widely separated
receivers, g > 0, h > 0, and gh — z~2 > 0. See Appendix IV.

In this case, the optimal solution B in (30) can be determined
by the necessary condition that it makes the gradient of the ob-
jective function equal to zero

o [04B) a¢B) B 1
Vﬂf(ﬂ>_ |:aﬂl ’ 8[32 ’ 8/33 } .
or more precisely
5 - [0 0B ocp) kB
Vgé(B) = [%t et e D Tv] .
=Jo,..., 0,0,...,0]" =0 (40)

Plugging g, h, z (36)—(38) in £(f3), the elements of the gradient
Vg&(B) can be calculated. See Appendix V.

The following theorem indicates that there is only one kind
of solution to (40), which therefore provides the solution to the
optimization problem (30) and leads to the best achievable ve-
locity estimation performance.

Theorem 1: Assume a MIMO radar system with M (M > 3)
widely separated transmitters and N (N > 3) widely separated
receivers satisfies Assumptions 1-2, then for waveforms with
arbitrary €2 and Z from (34), only symmetrical placement can
be optimum.

The proof of Theorem 1 is obvious based on the following
two lemmas.

Lemma 1: Assume a MIMO radar system with M (M > 3)
widely separated transmitters and N (N > 3) widely separated
receivers satisfies Assumptions 1-2, then no solution other than
a symmetric antenna placement will solve the zero gradient con-
dition (40) for waveforms with arbitrary €2 and = from (34).

Proof of Lemma 1: See Appendix VI. [ |

Lemma 2: Assume a MIMO radar system with M (M > 3)
widely separated transmitters and N (N > 3) widely separated
receivers satisfies Assumptions 1-2, then any symmetrical an-
tenna placement will solve the zero gradient condition (40).

Proof of Lemma 2: See Appendix VII. [ |

Lemma 3: Assume a MIMO radar system with M (M > 3)
widely separated transmitters and N (N > 3) widely separated
receivers satisfies Assumptions 1-2, then all symmetric antenna
placements give exactly the same performance.

Proof of Lemma 3: Under the assumptions given in Lemma
3, according to (103) in Appendix VII, at all symmetrical place-
ments, the quantities g, h, z (36)—(38) are given by

Boym = h Boym = e’NM, =z

g By =0 (4D
The value of the objective function is the same for all symmetric

antenna placements

g+h 2

gh — 22 T 2NM (42)

Bsym

Consequently, all symmetric antenna placements give exactly
the same performance. |

Theorem 2: Assume a MIMO radar system with M (M > 3)
widely separated transmitters and N (N > 3) widely separated
receivers satisfies Assumptions 1-2, then for waveforms with
arbitrary £2 and = from (34), any symmetric antenna placement
is optimal, assuming an optimum placement exists. The relative
positions between the transmit and receive antennas have no
impact on the performance.

Proof of Theorem 2: According to Theorem 1, no solutions
other than symmetric placements can be optimal, and according
to Lemma 3, all symmetric placements give exactly the same
performance. Therefore, any symmetric placement must be op-
timal.

If you substitute the placements of the form given in (35),
one finds the resulting expression is independent of ¢} and ¢j.
Therefore, the relative positions between the transmit and re-
ceive antennas have no impact on the performance. ]

We further conclude from (42) that for a MIMO radar system
with symmetric (optimal) placement, the velocity estimation ac-
curacy can be improved by increasing €2 or the product of the
number of the transmit and receive antennas N M.

Singular FIM Cases: When an FIM is singular, one cannot
accurately estimate the desired quantities without additional
constrains. To understand the problems that can result, consider
a single pair of collocated transmit and receive antennas. Since
they can measure, at most, only a single Doppler frequency,
they cannot possibly measure a two-dimensional velocity.
Further, if the target is moving in a direction perpendicular to
the vector between the antennas and the target, then no velocity
measurement can be made.

Improper antenna placements could result in singular FIMs,
if they make any row or column of J( ) from (14) a linear com-
bination of the others. To simplify matters, we focus on the case
of orthogonal signals. Investigations for other cases follow sim-
ilar steps. Plugging (31)—(33) into (23), under Assumptions 1-2,
a singular FIM appears when the first two rows/columns of the
FIM are proportional to each other, that is

M N M N M N
> A7 Z > Au B Z > A
=1 i=1 _ k=1i=1 _ k=1i=1 43)
M N M N J\[ N
> > AwBu > > Bi > > Bu
p=1i=1 h=1i=1 h=1i=1

For example, when a radar system has one transmitter and
one receiver (I = k = 1)
Al _ AuBu _ An
AnBn B}, Bn
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MSE of ML and CRB for a 3x3 MIMO radar velocity estimation

B N S|

—— MSE for vx |
.| —©— MSE for vy |]
...| — % —CRBforvx |
31| — © — CRBforvy ]

1 1
-5 0 5 10 15 20 25 30
SNR (dB)

Fig. 2. MSE of ML estimate and CRB for a 3 x 3 MIMO radar with { }
50° & =81° %t =230°},{ 71 =167° 5 =65° 5 =280°},{ ¢
4000 £ =28290 L =6000}m,{ T=28000 7=7300 7 =25000}
m.

thus (43) is satisfied, resulting in a singular FIM. For another
example that leads to singular FIM, consider a radar system with
multiple transmit and receive antennas, but all the transmitters
and/or receivers are co-located, then A;;, = A7 and By, = B1;
for all [ and k. Hence, (43) is achieved by

NMA},  NMAy By
NMAL By, NMB?,

~ NMAy,
" NMBy

Intuitively, these two systems provide only one propagation
path, from which only one Doppler frequency f11 can be ob-
served. This provides essentially a single observation, which is
certainly not enough to estimate the two-dimensional quantity

= (Umvy)'

VI. NUMERICAL RESULTS

In this section, the CRBs are computed for some example
MIMO radar systems. In Figs. 2—4, the empirical MSE of the
ML estimate is compared to the CRB. The figures are distin-
guished by different antenna placements and different numbers
of antennas.

We use Monte Carlo simulations with 2000 iterations per
SNR value to obtain the MSE. We vary 03, in (1), and label
our plots using a scaled version of 1/02 . In particular, we use
SNR = E|¢|?/M R}, 02, where Ry is the maximum dis-
tance between the target and radar antennas. Assume a moving
target with velocity = (15.5,97.1) m/s is in the resolution

MSE of ML and CRB for another 3x3 MIMO radar velocity estimation

10 M —
1 | —#— MSE for vx 1
...... | —&— MSE for vy|]
10" — % — CRB for vx
‘| = © — CRBforvy|]

1 1
-5 0 5 10 15 20 25 30
SNR (dB)

Fig. 3. MSE of ML estimate and CRB for a 3 x 3 MIMO radar with { !
9° L =110° % =351°}{ 1 =20° 5 =70° &=205°}{
4000 L =8290 % =6000}m, { T =8000 j;=7300 %=35

MSE of ML and CRB for a 2x2 MIMO radar velocity estimation

R R S S R
--| —#— MSE for vx
.| —&— MSE for vy ]
— % — CRB forvx [

— © — CRBforvy |{

3 ERERE SR 7

-5 0 5 10 15 20 25 30
SNR (dB)

Fig. 4. MSE of ML estimate and CRB for a 2 x 2 MIMO radar with { ! =
50° L =81°},{ 1 =65° 5 =280°},{ {=4000 . =8290}m,
= 7300 7 = 5000} m.

r
1

cell of interest. Suppose the signal time duration®is 7' = 0.1 s
and the carrier frequency is f = 1 GHz. A set of pulsed sinu-
soidal signals sy (t) = (1/VT) exp(j2rkAft), k=1,---, M
with frequency increment Af = 100 Hz are employed for
transmission (see Appendix II). The sampling frequency used
is f¢ = 2 KHz.

InFigs.2and 3,an M x N = 3x 3 MIMO radar is considered
with two different antenna placements. In Fig. 2, the trans-
mitters are located at {¢} = 50°,¢5 = 81°,¢% = 230°}
while the receivers are located at {¢] = 167°,¢5 =
65°,¢% = 80°}. In Fig. 3, the transmitters are located at
{p} = 9°,¢% = 110°,¢% = 351°} and the receivers are

The signal time duration is set to a large number to shorten the simulation
time for getting the MSE curve of the ML estimates.
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Fig:2 vy better Fig.4 vy better

'
—1 %0
270

(b)

Fig.5. Antenna positions corresponding to Figs. 2—4. Triangles represent trans-
mitters while circles represent receivers. (a) Antenna positions in Fig. 2. (b) An-
tenna positions in Fig. 3. (c) Antenna positions in Fig. 4.

located at {¢] = 20°,¢5 = 70°,¢% = 205°}. The distance
between the transmit antennas and the target are assumed
to be {R] = 4000,R% = 8290,R, = 6000} m, while
the distance between the receive antennas and the target are
{R} = 8000, R} = 7300, R; = 5000} m.

In Fig. 4, a 2 x 2 MIMO radar, with fewer transmit and re-
ceive antennas, is considered. The angles defining the transmit
and receive antenna positions are {¢} = 50°, ¢4 = 81°} and
{¢] = 65°,¢5 = 80°}, respectively. The transmitters and
receivers are located at {R! = 4000, R, = 8290} m and
{R] = 7300, R} = 5000} m away from the target.

The simulation results show that the MSE of the ML estimates
approach the CRBs as SNR becomes large. This is consistent
with the theoretical asymptotic efficiency of ML estimates, and
also supports the correctness of the CRB derived in the previous
section.

It can be observed that the CRBs in Figs. 2 and 3 are smaller
than those in Fig. 4. This indicates that MIMO radars with more
antennas can achieve better performance. It is also found that the
estimated error bounds (variance) for v, are larger than those for
v, in Figs. 2 and 4, while the estimated error bounds (variance)
for v, are larger than that for v, in Fig. 3. These results show
that the estimation accuracy for v, and v, are quite different and
depend on the chosen antenna positions. The corresponding an-
tenna positions in these examples are illustrated in Fig. 5, where
triangles represent transmitters and circles represent receivers.
Projecting the antenna locations to the z and y axes we find that
in (a) and (c) the antennas are more widely spread along the
y-dimension. In this case, the antennas are more sensitive to the
target motion in the y-direction, thus the estimation accuracy of
v, is more accurate than that for v, in Figs. 2 and 4. On the
contrary, in (b), the antennas are more widely spread along the
x-dimension, for the same reason the estimation accuracy for v,,
is more accurate than that for v, in Fig. 3. Thus, the results in
Figs. 2—4 show that, generally, the more we spread out the an-
tennas, the better the performance. Such findings are partially
explained by our optimum placement results from Section V,
which also suggest it is best to spread out the antennas as much
as possible.

A. Cramer—Rao Bound Analysis

In this subsection, we provide some further analysis using
the CRB result in (24). For simplicity, we assume all an-
tennas are located at approximately the same distance from
the target, and let R}, = R = R = 6500 m for all / and k.

" Symmetric and non-symmetric placements

b — & — CRB for VX, nonsym 1 ;

1 — B — CRB for vy, nonsym 1 |1

14 | — » — CRB for vx, nonsym 2|

10 11 — © — CRB for vy, nonsym 2 |3

-1 — * — CRB for vx, sym 1

1 — © — CRB for vy, sym ]

10° 4

om E
m N
O 4

107" 1

102 -~

4

10’3 i i i I i i ®
15 20 25 30 35 40 45 50

SNR (dB)

Fig. 6. CRB for a 4 x 3 MIMO radar system with non/symmetric placement.
R = R; = 6500 m; Nonsymmetric placement 1 (nonsym 1) {¢! =
10°, ¢4 = 120°, ¢t = 34°, ¢t = 80°}, {o] = 199°, ¢} = 245° ¢r =
300°}. Nonsymmetric placement 2 (nonsym 2) {¢} = 140° ¢, =
150°,¢% = 51°,0% = 115°}, {47 = 325°,05 = 60°,¢5 = 300°}.
Symmetric placement (sym) [¢}, ¢}, &%, ¢t] = [0°,90°,180°,270°]  ¢f,
[07.03. 03] = [0°,120°,240°] .

Assume the velocity of the target is = (7.75,13.42) m/s.
The transmitted signals employ pulsed sinusoidal signals
se(t) = (1/VT)exp(j2nkAft), k = 1,---,M with fre-
quency increment Af for their low-pass equivalent, time
duration 7' = 6.4 ms. The carrier frequency is f = 1 GHz and
the sampling frequency is f; = 500 KHz.

In Fig. 6, we plot the CRBs for a 4 x 3 MIMO radar
system with different placements. Let Af = 31.25 KHz.
We first allocate the antennas non-symmetrically. The di-
rections of the transmit and receive antennas in case 1
are {¢} = 10°,¢L = 120°,¢4 = 34°,¢% = 80°} and
{d] = 199°,¢5 = 245°,¢% = 300°}. In case 2, they are
located at {¢} = 140°, ¢4 = 150°,¢% = 51°,¢, = 115°}
and {¢] = 325°,¢5 = 60°,¢5 = 300°}. Then we consider
symmetric placement, where the transmit antennas are at
[#%, %, %, dh] = [0°,90°,180°,270°] + ¢f and the receive
antennas are at [¢], ¢5, ¢5] = [0°,120°,240°] + ¢f, where ¢}
and ¢ are arbitrary. Fig. 6 shows that case 1 has the highest
CRB. When the antennas are symmetrically placed, the CRB
achieves the lowest value.”

In Fig. 7, we consider the CRBs for a 4 x 4 MIMO radar
system with optimally (symmetrically) placed antennas trans-
mitting orthogonal signals. In this example, we also use
pulsed sinusoidal signals s;(t) = (1/vT)exp(j2rkAft),
k = 1,---,M. The frequency increment is chosen as
Af = 31.25 KHz, such that the signals are approximately
orthogonal. All antennas have the same distance to the target
R = R} = 6500m,! =1,---,N, k = 1,---,M. We
vary the signal time duration from 7" to 27, and to 57, where
T = 6.4 ms. The sampling frequency is fs = 500 KHz. As

"Note that with antenna positions fixed, one can compute the CRBs for dif-

ferent target positions. The results seem not very sensitive to the target position
in cases we looked at.
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Slgnal time duration effect on velomty estimation
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Fig. 7. Signal time duration effect on velocity estimation (using optimal place-
ment). Signal time duration varies from T'to T,andto 7.T . ms.

shown in the figure, the estimation accuracy is improved by
increasing the signal time duration. It is found that for all cases
in this example, the CRB curves for 7, and v, estimates fall on
top of each other. This is not surprising if we take a look at (41),
which implies that the accuracies of the velocity estimation in
the = and y axes are equal when the antennas are optimally
placed.

Fig. 8 compares the CRBs for MIMO radar systems using a
different number of transmit and receive antennas (M x N). As-
suming orthogonal signals and optimal placement are adopted,
the parameter settings in this example are the same as in Fig. 7,
while the signal time duration is fixed at 7. It is seen that the
larger the product of N M, the lower the CRB values. For ex-
ample, the 8 x 8 system with N M = 64 has the highest N M
value of the four, hence the lowest CRB curve. It is noticed that
the 5 x 5 system performs better than the 7 X 3 system, even
though both cases have a total of ten antennas. Also, the 8 x
8 system having a total of 16 antennas outperforms the 3 X
16 system with 19 antennas in all. Realizing the fact that it is
the product of transmitter and receiver numbers that determines
the estimation accuracy is significant. It enables a MIMO radar
system to achieve better performance with lower complexity
(fewer antennas).

Finally, in Fig. 9, we give an example to show that our results
are also valid for multiple pulse waveforms. The transmitted
waveforms are given by sx(t) = (1/V/TD) Zn _0 rect((t —
nT,)/T,)exp(j2rkAft), k =1,---, M, where T, is the pulse
width, T'. is the pulse repetition time, K is the number of pulses
during one coherent processing interval (CPI), T' = KT, is the
time duration of one CPL, D = T, /T, denotes the duty cycle,
and rect(z) = 1 (0 < # < 1) is the rectangular window func-
tion. Here, we choose 1}, = 2 pus, T, = 0.2 ms, K = 32,
T = 6.4ms, Af = 5MHz, and f = 1 GHz. Consider a 4
x 3 MIMO radar system. Suppose all antennas have the same
distance to the target R, = R} = 6500 m, | = N,
k =1,---,M. The CRB curves are plotted for both symmet-
rical (S) and nonsymmetrical (N) placement. In the nonsymmet-

Effect of transmitter and receivers numbers on velocity estimation

107 T Tl I R | T R S 5 T T
g.\. ....... e R R Dt N ST T I
e
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Fig. 8. Effect of transmitter and receiver numbers M X N on velocity esti-
mation (using optimal placement).

CRB for a 4x3 MIMO radar applymg multlple pulse signals
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Fig. 9. CRB for a 4 x 3 MIMO radar applying multiple pulse signals with
T, us, T . ms, K T . ms, f MHz, f. GHz;
R Ry m. Antennas angles are either nonsymmetrical (N) { ¢!

° @t ° ¢'t @4 } {@1 o'¢'§ 07¢3

} or symmetrlcal (S) oL, oL, @3 o) °,°, ° 6
O, P, D% ° ¢y, where ¢f and d)* can take on any values.

rical cases, the angles defining the transmit and receive antenna
positions are {¢} = 140°, ¢4 = 150°, ¢4 = 51°, ¢} = 115°}
and {¢] = 325°,¢5 = 60°,¢5 = 300°}, respectively. The
figure shows similar results as we already discussed in the pre-
vious pulsed sinusoidal signal cases.

VII. DISCUSSIONS AND CONCLUSION

In the signal model considered, the unknown target reflec-
tivities (j; are assumed to be constant during the observation
interval. As an extension, one may assume that the target re-
flectivity fluctuates during the observation interval (from pulse
to pulse), such that each (j;, varies with pulse number, which
gives (;1(n), where n = 1,---, K, and K denotes the number
of pulses in the observation interval. In this case, the parameter
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vector isa2(NMK + 1) x 1 column vector given by =
[V2, vy, C11r(1), C11r(1), - -+, Cvarr(K) (v arr(K)]T. The di-
mension of the resulting FIM is then 2(NM K +1)x2(NM K+
1). The extension involves similar calculations to those given in
this paper for simpler cases, whereas for large values of NM K
the computation complexity increases greatly.

As another extension to the analysis in Section V-A, suppose
we no longer constrain all antennas to be the same distance R
from the target. Suppose the possible region for us to place radar
antennas is the outside of a circle with diameter R , which sur-
rounds the target. Since we often cannot get too close to a target,
this is a reasonable scenario. In order to use minimum power, it
is easy to see we should place all the antennas at the same dis-
tance R from the target. If Assumptions 1 and 2 are also satis-
fied, then the results in Section V apply for this scenario if we
replace R with R .

In this paper, the CRB for the target velocity estimation has
been derived when a MIMO radar is deployed with widely dis-
persed antennas. A signal model was formulated. The equations
specifying the ML estimates of target velocity were developed,
and the mean square error of the estimates was compared to the
CRB for some examples. These comparisons substantiate the
CRB results.

Optimization strategies were discussed for MIMO radar
velocity estimation. The conditions for optimal antenna place-
ment were derived. For MIMO radar transmitting orthogonal
signals, symmetrically placing all the transmitters and all the
receivers gives the best achievable performance. The relative
position between the transmitters and receivers does not affect
the results under orthogonal signals. The symmetric placement
result shows that larger sensor separations, corresponding to
angular spreads, lead to better performance, which also justifies
some of our numerical findings. It was shown by both analysis
and simulation that for any MIMO radar system with optimal
placement, it is possible to improve the velocity estimation
accuracy by increasing the effective signal time duration or the
product of the number of transmit and receive antennas.

APPENDIX I
CAMERA-RAO BOUND FOR RANDOM REFLECTIVITY
USING THE APPROACH FROM [6]

In this section, we derive the CRB for velocity es-

timation when the reflectivity coefficients (j; are as-
sumed as random variables. Denote = [vg,vy] and
¢ = [Gir,Cir, Gor, Gar - (v, Cver], then  in

(5) can be written as = [ ,¢]". The FIM conditioned on ¢ is

JO ) =-F {V'u [V Inp(r; )]T} (44)

where V,, = [9/0v..,0/9v,]T. Plugging (3) into (7) and taking
derivative with respect to v,, and v, we find
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The CRB conditioned on reflectivity ¢ is

/\20121, 1 |: }L() —Z(]:|
812E goho — 23 [ —%0 9o
_ | CRB(v[€) .
e erB(ylo)]-

CRB( [() =
(46)

Further, we introduce several approaches to get rid of the
dependence on the nuisance parameter ¢ from the CRBs. Fol-
lowing the discussion in [6], we can compute the average CRB
(ACRB) by averaging (46) with respect to ¢

ACRB(v,) = E¢ {CRB(v,[¢)}
ACRB(v,) = E¢ {CRB(v,|¢)}

(47)
(48)

where the expectation is taken with respect to the pdf p(().

We can also compute the outage CRB (OCRB) [6] for a given
probability p based on (46), considering the CRBs in (46) de-
pend on the realization of ¢

OCRB,,(v,) =arg, {Pr[CRB(v,|¢) > z]} =p
OCRB,,(vy) = arg, {Pr[CRB(v,|{) > z]} = p.

(49)
(50)

Another approach is to compute the modified CRB (MCRB)
[31] based on (45)

MCRB(v,) = [(E{3( [OD ]

MCRB(v,) = [(Ec {3( 1O} ] -

(51
(52)

Note that since (FA)~! < E(A~!) (according to Jensen’s in-
equality or [32]), the ACRB is tighter than the MCRB.

The true CRB (TCRB) is tighter than the above CRBs dis-
cussed, although it is very hard to evaluate

TCRB(v, ) = [(—E{v,,[v,, In B {p(r; )}]T})_l} (53)

11

TCRB(vy):[(—E{V,,[V,,IHE({p(r; )}]T})l} . (54)

22

Note that the inner expectation in (53) or (54) is taken with re-
spect to the pdf p((), and the outer expectation is taken with
respect to the pdf p(r; ).
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Fig. 10. Frequency spectrum for transmitted signals (solid curves) and the ef-
fective parts of their time delayed versions (dotted curves).

APPENDIX II
FREQUENCY SPREAD SIGNALS

In this appendix, we describe one class of signals which could
be employed. Under appropriate assumptions, these signals ap-
proximately satisfy the conditions of Assumption 1 for orthog-
onal signals. We discuss these assumptions. These assumptions
essentially ignore small sidelobes in the Fourier transform of
these signals to approximate them with truncated (in frequency
domain) signals. After discussing the assumptions, we compute
the CRB using the untruncated signals and also by assuming
ideal orthogonal signals and show the two CRBs are extremely
close in cases of practical interest.

Consider a set of pulsed sinusoidal signals8

1 i
su(t) = ﬁexp(JQWkAft)7 0<t<'T (55)
0, otherwise
where k = 1,---, M, T denotes the signal time duration, and

Af = fry1— fr > 0is the frequency increment between s, (%)
and sg1(t). The approximate bandwidth of each signal is F' =
1/T. The spectrum of sy (¢) and sg/ (t), Sk(f) and Sk (f), are
shown in Fig. 10. Note that in this section, it is always assumed
that k # k'. According to Parseval’s theorem

(oo}

/ sk ()57 ()t = / Se(F)Sp (F)df.

T —oo

(56)

By observing the spectrum, we see that when |k — K'|Af >
(1/T), the main lobes of Sy (f) and Sy (f) are sufficiently sep-
arated, so that S, (f)S}, (f) =~ 0and (56) approximates 0, which
makes s (t) and s () approximately orthogonal. Here, we are
ignoring contributions from small sidelobes which is similar to
truncating the signals in the frequency domain. As |k — £k'| > 1,
if the frequency increment satisfies

1
A = 57
1>z )
then any two signals from the signal set si(¢) (k = 1,---, M)

are approximately orthogonal.

Assume that si(t) and sy (t) are time delayed by 7 and
7. The nonzero part of the delayed signal s (¢ — 71 ) occupies
T < t < 7 + T, and the nonzero part of sy (t — 74+ ) occupies
T < t < Tr + T. Hence, the time duration of the overlap be-
tween them is 7' — A7y, where A7y = |7 — 75| denotes the

8Windowing can be applied in practice but we omit discussion of this well
studied topic.

time delay difference. Note that when A7y is greater than or
approximates 7’, the overlap part of these two signals vanishes,
which implies (56) is close to 0 and the signals can be consid-
ered as orthogonal. Therefore, it is possible for the two delayed
signals to be nonorthogonal only if A7y < T, which makes
the following discussion necessary.

We denote the overlap interval as 7a . Thus,

/Sk(t — Ti)sh (t — Tpr)dt = / sk(t — )85 (t — T )di
T T
= /ék(t)§z,(t)dt
Ta

where $j,(t) and §; (t) represent the overlapping parts of sy, (t —
7 ) and sy (t — T4 ), the time duration of which are both 7" —
ATy . More specifically, suppose 7r < 7 < 7 + T, then we
have

§k(t) = Sk(t — Tk)7
§k/(t) = S’ (t — Tk/),

T <t<T+T
T <t<Tp+T.

The spectrum of $5,(¢) and (), i.e., Sp(f) and S (f), are
plotted by dotted curves in Fig. 10. In a similar way, for the time
delayed signals, the orthogonality is approximately maintained
if

|k —K|Af> (58)

T — A’T‘kk/.

Since |k — k’| > 1, the inequality is maintained by requiring
Af > (1/(T — Atyr)). As Aty < T, the condition be-
comes Af > (1/T), which is the same as in (57). Hence, the
requirement for (57) guarantees (58). That is, if (57) is met, the
time delayed signals are orthogonal.

Next, we further discuss the Doppler shift restriction
for orthogonality. The effective time delayed and Doppler
shifted signals are given by () = & (t)e/?7fart and
§p(t) = 8w (t)e?? fa't The frequency spectrum of the ef-
fective time delayed signals §;(t) and % (t), i.e., Si(f) and
Sp (f), are replotted in Fig. 11 using solid curves, the center fre-
quency of which are f; and fi/. After Doppler frequency shift,
the spectrum of the effective time delayed and Doppler shifted
signals are Sk(f) = Sk(f — fdk) and Skl(f) = Sk/(f — fdk’)~
They are shown in Fig. 11 using dashed curves. Thus, the
center frequency of the effective signal 5y (¢) is fx + far, while
the center frequency of 5;/(t) becomes fir + far'. Clearly,
provided |(k — k/)Af + far — far | > (1/(T — ATkk/)), that is

1
— , r_ N —
far = faw < (K —k)Af T Arp
or
/
. — 7 — K A _
far — faw > (K = k)Af + T—Arn (59)

the overlapping part between Si(f — fax( )) and S} (f —
far( ) (K" # k) can be ignored. Thus, the orthogonality is
well approximated. Note that since (58) is satisfied, we have
(K" — k)Af| > |(1/(T — A7y ))|- Hence, the term 1/(T —
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tiable with respect to fi (or fix+), we can interchange the order
of integration and differentiation [34] to get

j 1
tz t - */ t — ’ ]27r[flk_flk/]tdt
/ Sk( le)sk: ( Tik )6 47r2
T
X 9 - sk(t_le)g*/(t_le’)ejQﬂ(flk_f“_,)tdt
aflk 8flk, . k

When the orthogonal signals assumption (Assumption 1) holds,
the above integral equals zero for k # k', and therefore

5lkk’ =0 fork 75 kl.

For k = K/, it is straightforward to get

6lkk = |alk|2 /t2 |8k(t - le)|2 dt.

Observing (21), is composed of a bunch of weighted inte-
grals terms. The one for k # k' are zero under Assumption 1.
Thus,

N
Dl

11=1

Ms

~
Il

The integral in (22) can be written as

. 1
/ ts(t — i) sp (t — T )ed 2 I = furlt gy — o
T

0 ,
= _ * or o Ve 27 (fik—fu )t
X! oI {Sk(t ik ) Spr (t — Turr e }dt-

Interchanging the order of integration and differentiation gives

i 1
/ tSk(t — le)szl(t — le/)e-727r[flk—flk’]tdt — o
T
_(9 x 727 (fie—frpe )t
X Sk(t—le)Sk/(t—le/)eJ Lk ! dt
9 fur

which equals zero under Assumption 1 for k& # k’. Therefore,
all summands on the right-hand side of (22) vanish except that
for k' = k. Therefore,

Mme = |Oélk|2/t|8k(t — le)|2dt.

T

APPENDIX IV
THE PROOF OF g > 0, h > 0, AND gh — 22 > 0

In this section, we prove some inequalities related to g (36),
h (37), and z (38) in Section V.

In the first step, we prove g > 0 by comparing the size of
the minuend and the subtrahend of g (36). We first examine the

summation terms contained in the minuend and the subtrahend.
Assume X = [x1, T2, -+, zxnr)| = vect(A),0 then

M N NM M N NM
D) ILED SERFED 9 DS SEANCY
k=11=1 i=1 k=1 1=1
According to Jensen’s Inequality, we have
| XM | MM 2
2
B i i 61
NM ; = (NM ; v ) 1)
where the equality holds if and only if x1 = 22 = --- = TN
Plugging (60) into (61) we obtain
M N N 2
Yy gy (Tre) @
k=1 1=1 k=11=1
where the equality holds if and only if
An=Ap==Any="=Axm. (63)
Since A, = cos gbfc + cos ¢7, (63) is equivalent to
cos ¢t = cos P = -+ = cos ¢l
and cos @] = cosdy = --- = cos Ply. (64)

For a MIMO radar system with M (M > 3) widely separated
transmitters and N (N > 3) widely separated receivers, ¢} #
04 # - # By and ¢ # @5 # - # i, where ¢, ¢] €
[0, 27), thus (64) cannot be met. Therefore, the equality condi-
tion in (62) cannot be satisfied and the equal sign is eliminated.
Further considering the square of any real number is non-nega-
tive, we obtain

M N
ZA,k > —— NM (ZZA,k> >0. (65

Now we consider the other parts of (36) As discussed in
Section V-A, 5 = o2 + =2 (34) with 02 > 0 (positive pulse
width ¢) and €2 > 07 Z2 > 0 (from their definitions) so

2

e”>E">0. (66)
From (65) and (66) we find
=2 (M N 2
Y3 o (LX)
k=1 1=1 k=1 1=1
and therefore
g > 0. (67)
Similarly, we can prove
h > 0. (68)

9The symbol vect(-) denotes the matrix vectorization operator.
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Finally, we prove gh — 22 > 0. Looking back at (24), we find

that g/(gh — 2?) is a positive multiple of a variance [J~1( )]z 2,
which is always non-negative, so

gh a 5 >0, (69)
According to (67) and (69), we obtain

gh— 22> 0. (70)

APPENDIX V

ELEMENTS OF THE GRADIENT

Under the assumptions given in Section V, we calculate the
elements of the gradient Vg&(8).
Focusing first on the kth transmit antenna yields

K0 _ 0 (geh)
o}, o, \ gh — 22

_ 1 2 99 24 2 Oh
‘(yh—z?)Q[( ’”aqst SRR
#2004 H) } )

where the terms 9g/9¢},, Oh/I¢t, and dz/D¢}, are computed

as follows. Plugging A; = cos ¢!, +cos ¢} and By, = sin ¢}, +

sin ¢ in g, h, z (36)—(38) and taking derivative with respect to
k, we can obtain

[I]

99 _ 9
0gy 09,

= — 252N sin ¢}, cos ¢k + go

o /M N 27
EQZZA <ZZAlk>
k=1 1=1 k=11=1

(72)

on o |, = (LE Y
_ 2 2 —
o [P (L)
L k=1 1=1 k=1 1=1 i
=2¢2Nsin ¢f cos ¢t + hyy,, (73)
and
1Y
_— = Ay By
a¢k k k=1 I=1
—2 M N
SN W H I
NM k=11=1 k=1 1=1
=&’ N (cos® ¢}, — sin® ¢},) + 2{y, (74)
where

N
Jop = — 2¢2 sin ¢f, E cos ¢}

=1

=2 M N
+ % sin ¢k <N Z cos ¢l +M Z cos d)f) (75)

k=1 =1

N
hoy, =2 cos ¢, E sin ¢f

=1

=2 M N
_ ﬁ cos ¢, <N > singh+M > sin qs;) (76)

k=1 =1

and
N N
2, =€% | —sin ¢}, E sin ¢} + cos ¢k, E cos ¢]
=1 =1

52
— NI —

M
N2 sin ¢t Z sin ¢},

k=1

M
N2 cos ¢, Z cos ¢k

k=1

N
+ NM cos ¢, Zcosqﬁ{
1=1

N
—N M sin ¢, Z sin qs;‘) ) (77)
=1

Substituting (72)—(74) into (71) and after some manipulation,
we obtain

15) e2N . +
.= G = 07~ )i 20t)
+22(g + h) cos (20}) + &) (78)
where

o [ 4 Wl — (22 4 Pl + 22+ )zl

(79)

In the same way, we can calculate the elements of the gradient
with respect to the /th receive antenna

f(le =

KB &M
oy ~ (gh — 2?)?
X [(h? = g®)sin (2¢7) + 22(g + h) cos(247]) + &y

where

—(2* + h*)g}

1
§or = m[ ( — (22 + g°)hiy + 22(g + h)z)

M
gh = — 2e%sin gy E cos ¢},

k=1

9z2 N M
+ Tsinqﬁ}" <MZCOS¢S}" + NZcosdﬁC)

=1 k=1

M
hy; = 2¢? cos ¢ E sin ¢},

k=1

o N M
_ %cosqﬁf <MZSin¢f + NZSinqﬁi)

=1 k=1
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and

2y =% | —sing) Zsm B}, + cos ¢] ZCOS qbk)

= k=1

=2 N
N <—M2 sin ¢; ; sin ¢} +M? cos ¢ ;cos o
M

+ NM cos ¢; Zcosgbz
k=1

M
—N DM sin ¢} Z sin gbi) .

k=1

Consequently, every element of V() can be obtained.

APPENDIX VI
PROOF OF LEMMA 1

In this section, we show that under the assumptions given in
Lemma 1, symmetric placement is the necessary condition for
the gradient being equal to zero, i.e., no other placement will
solve the zero gradient condition.

The gradient being zero V g&(B) = 0 requires 9¢(8)/d¢}, =
Ofork=1,---,M and 0¢(B)/0¢] =0forl=1,---,N.

We first investigate the derivatives with respect to transmit
antennas. The derivative with respect to the kth transmit antenna
is given in (78). Since it has been shown that gh — 2% > 0 in
(70), 9(B) /0%, = 0 is equivalent to

(h* — g*)sin (2¢},) + 22(g + h) cos (2¢},) + & = 0. (80)

Plugging g, hy» and z();, from (75)-(77) into (79), &},. can be
written as

&b = asin @, + beos ¢l (81)
where
2(e? — 52) 9
a:Wz + h%) Zcos@
222 5 4o G-
_gQM(Z +h )Zcosqﬁk— 5N z(g+h)
k=1
M
XZsmqﬁl 2M z(g+h) Zsm¢k (82)
and
9(=2 _ 2 9=2
b= ( S )z +q Zsmqﬁl ZM(Z +q)
1=1
E — 2)
XZsmqbt z(g+ h) Zcosqﬁl
1=1
=2 M
(83)

— t
— EQ—MZ(Q =+ h) ;COS¢k.

Substitute (81) into (80), thus 9¢(B) /9%, = 0 is equivalent to

(h* — g*)sin (2¢},) + 22(g + h) cos (2¢},) +

asin ¢l +bcospl, = 0. (84)
Note that for a certain placement, the coefficients h2— g2 ,22(g+
h), a, and b in (84) do not vary with k. Next, we will show by
contradiction that the zero gradient condition requires all these
coefficients equal to zero.

Let us assume that the gradient is equal to zero but the coeffi-
cients in (84) are not all equal to zero. For example, we assume
h? —g?> = 0,22(9g+h) = 0,a # 0,and b # 0. In this case,
(84) is equivalent to

asin @i, + bcos ¢k = 0. (85)
Zero gradient means that 9¢(B)/d¢: = 0 holds for
kE = -, M. Equivalently, it implies (85) holds for all
k. That is

asin ¢! + bcos ¢t =0
(86)
asin ¢, + beos ¢, =

Note that as ¢ and b do not vary with k, for a certain placement,
they are fixed for all the equations in (86). As is assumed in
Lemma I, the transmit antennas are widely separated, thus ¢} #
@5 # -+ # ¢4, The range of each ¢! is [0, 2m). Hence, (86)
implies that the following equation:

asing +bcos¢p =0 &7
with respect to ¢ has at least M (M > 3) distinct solutions in
[0,27). This leads to a contradiction, since with fixed nonzero
coefficients a and b, the trigonometric equation (87) has only
two solutions in [0, 27) [36]. Therefore, for any M > 3, the
placement with h% — g2 = 0,22(g+h) =0,a # 0,and b # 0
cannot have zero gradient.

Similarly, we can show that other cases, when any one or
some of the terms h? — g2, 2z(g + h), a, and b are not equal to
zero, will lead to a contradiction and thus fail to solve the zero
gradient condition for any M > 3.

The analysis for the derivatives with respect to receive an-
tennas is similar.

Therefore, for MIMO radar with any M > 3 transmit an-
tennas and any IV > 3 receive antennas, the placement that en-
sures zero gradient must simultaneously satisfy

h? — g% =0, (88)
22(g+h) =0, (89)
a=0, and b =0. (90)
Applying (88)—(90) to (82) and (83), we have
N -2
(B2 —€?) Y cosop) + 5N Z cos gt =0
e 1)

N —2
(22 —e?) Ysing) + 5N Z singt =0
=1 k=1
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where ¢ and Z(¢? > =? > 0) are tunable parameters for radar
waveforms. To make sure (91) holds for arbitrary 2 and Z, fol-
lowing the similar analysis as discussed above, it is required that

N M
dcosdy =0, > cosgh =0
=1 k=1

~ o 92)
Sosing] =0, > singl =0.
=1 k=1

Hence, the placement with zero gradient must satisfy all the
equations in (92). It can be shown that for odd N and M, only
symmetric placement satisfy (92); for even N or M, either
symmetric placement or nonsymmetric placement with angle
pairs that differ by = (ie., {pL}r-, = {$L., oL +x}n’"
or {(f)}“};\;l = {¢], 9] + 7(};}121) will satisfy (92). To
see this, we can imagine drawing pictures in the complex
plane. Consider ¢’ Sk (take the transmit antennas for ex-
ample) as a vector on the unit circle. Using Euler’s formula
el?r = cos ¢t + jsin ¢t [37], the sum of these vectors being
equal to zero (i.e., Yo, e/%k = 0) ensures 3" p, cos gL, = 0
and Y0, sin gl = 0.

Next we will show that the possible nonsymmetric placement
with angle pairs that differ by = can be ruled out, thus only sym-
metric placement can solve the zero gradient condition. Plug-
ging A, = cos ¢l + cos ¢y, By, = sin¢l + sin ¢} and (92)
into g, h, z (36)—(38), we have

M M N
= 2(NZC052¢;;+ ZZ cos ¢}, cos ¢y
k=1 =1

N
+M Z cos? 45;’)

=1

2
= <NZCOS¢k +MZCOS¢1)

=1

(NZCOS ¢k+MZCOS ¢l>,
M N
(NZszqﬁk—}—QZZsmgbksmng

k=11=1

+M Z sin qﬁ}")

=1
=2

_ M N 2
= : t : r
-~ <N2sm¢k + MZsm@)
k=1 =1
M N
=g (NZsin2 o4 + MZsin2 qﬁlT)
k=1 =1

and

M M N
= 2<Nzcos¢> sin ¢k, +ZZCOS¢ sin ¢;

k=11=1

+ZZCOS¢, s1n¢k+MZCOS¢z Sm¢l)
k=1 1=1
EM <N2ZCOS¢ZZSin¢2

+NMZCOS¢I Zsm¢>k

1=1 k=1
M N

t : T

+NME cos ¢y, g sin ¢;
k=1 1=1

N N
+M? Z cos ¢; Z sin ¢>IT)
=1 =1
M N
=¢2 <NZCOS¢§C sin ¢}, + MZCOS(M sinqﬁ;’) .

k=1 =1

Since g > 0 (67) and h > 0 (68) (See Appendix IV), the con-
ditions h% — g% = 0 (88) and 2z(g + h) = 0 (89) give h = g
and z = 0. That is

( M

N 3 cos? ¢t —I—MECOS o7
k=1 =1

=N Z sin? ¢t —|—MZSH12(;5T
k=1 =1

N Z cos ¢}, sin ¢}, + M Z cos ¢} sin ¢f = 0.
k=1 =1

93)

\

According to summation formulas (see Appendix VIII for a

proof)
2] L [ 0]
for P >3, (94)
S o[ [ 20D )
p:flor P>3 (95)

where ¢ is an arbitrary constant, symmetric placement ensures
(93). However, the nonsymmetric placement with angle pairs
that differ by 7 does not satisfy (93) for any N, M > 3 and
should be ruled out.

As a consequence, for any N, M > 3, the placement with
zero gradient must satisfy the equations in both (92) and (93),
and thus symmetric placement (35) is the only solution.

APPENDIX VII
PROOF OF LEMMA 2

In this section, we prove that under the assumptions given
in Lemma 2, symmetric placement is a sufficient condition for
the gradient being equal to zero, i.e., symmetric placement will
solve the zero gradient condition.
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Assume symmetric placement is used such that 8 = 8
where the transmit and receive antenna positions ((;Si,)sy
(4]) oy, are given in (35).

We first observe the derivative with respect to the kth transmit
antenna 9&(B) /0%, (78). Based on the expression in (78), we
are going to prove 9¢(B)/0¢t = 0 by showing that £, = 0,
h? — ¢®> = 0, and z = 0 for symmetric placement.

In the first step, we calculate the terms gj,., h{y,, and z(, in
(75)—~(77) contained in &}, (79). Use the summation formula
(see Appendix VIII for a proof)

sym?

and
m

Z cos [ + (f)o} Z sin [ — 1 + ¢>o}

= 0 for P>2 (96)
where ¢y is an arbitrary constant, then for N, M > 3, (¢%)

and (7)., in (35) satisfy

sym

M=

ZCOS ¢k sym: ’
M

k=1

€08 (1) qym = 0

ir
I

E

(sin ¢},) Sym =0, (SN ¢7) g = O- o7

Il
-

Thus, the corresponding terms in gj,, Ay, 25, (75)—(77) are
equal to zero, and we obtain

gorls.,.. =0, hokls,,, =0, and =zl =0. (98)
Substituting (98) into (79), we obtain
&orla,m = 0- 99)

sym

Next we compute h* — g2 and 2. Plugging Ay, = cos ¢}, +
cos ¢] and By, = sin gbfc + sin ¢; into g, h, and z in (36)—-(38),
we obtain

M N
(NZCOS b5, +QZZCOS¢kCOS¢Z

k=11=1

+M Z cos? qﬁ;’)

=1

2
<NZCOS¢)t + MZCOS(bT)

[I]

(100)
M N
(NZsm $h+2> > sing}sing]
k=1 1=1
+Mzsin2¢;>
_2 - 2
- N7 <NZsm¢k—|—M;sm¢l> (101)

and

(N Z cos ¢t sin ¢t + Z Z cos ¢k sin ¢

k=11=1
M N
+ZZCOS¢)I sin ¢k +MZCOS¢>I smgbl)
k=11=1 =1
=2 M M
— Z\7M <N22(305(152251n¢§C
k=1 k=1
—|—NMZCOS¢”ZSH1§/>’
=1 k=1
M
—i—NMZcosqSstm(;Sl
k=1 =1
N N
+M? Z cos ¢y Z sin gbf) . (102)
=1 1=1
For symmetric placement 3, where ¢}, = ((bfc)sym and ¢] =

(qﬁ}")sym, the summation terms in (100)—(102) can be treated by

using the summation formulas (94)—(96). It can be derived that,
for N,M > 3

glg,,. =e’NM, hlg  =e’NM, zlg =0 (103)
and hence
h?—g¢*lg,, =0 (104)
Thus, we have proved that §, g, = 0(99),h* —¢*|g_ =

0 (104), and z|g_, = 0 (103). Plugging them in 9¢(8 ers
(78), we find the derivative with respect to any transmit antenna
is equal to zero for symmetric placement

(B
%Z) =0 for k=1,---,M. (105)

Similarly, we can show that the derivative with respect to any
receive antenna is equal to zero for symmetric placement

9¢(B)

=0 for
eloly

I=1,---,N. (106)

The gradient of the objective function at the symmetric place-
ment, which is made up of these terms in (105) and (106), is
therefore equal to zero

[osB)  o¢B) 9B 94B)]’
LT R on s ,
=[0,...,0,0,...,0]" =0. (107)

Consequently, the symmetric placement does make the gradient
equal to zero.
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SUMMATION FORMULAS

In this section, we give proofs for some useful summation
formulas. First, we introduce two basic formulas derived from

[38]

and

Let , , and
According to (108), we have

and —

Therefore, for arbitrary

and

Let , , and
According to (108), we have

, Where integer

, Where integer

and —

Therefore, for arbitrary

(108)

(109)

(110)

— (111)

— (112)

and

(113)
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