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Abstract—MIMO (multiple-input multiple-output) radar
refers to an architecture that employs multiple, spatially dis-
tributed transmitters and receivers. The widely spaced antenna
structure suggests unique features that set MIMO radar apart
from other radar systems, making it strongly related to MIMO
communications. The widely separated transmit/receive antennas
capture different aspects of the target cross section that can be ex-
ploited to obtain diversity gain for detection and estimation of the
target’s various parameters, such as angle of arrival, and Doppler.
The use of coherent processing can provide localization accuracy
gains well beyond that supported by the radar’s waveform. This
paper provides a review of some recent work on computing the
Cramer-Rao lower bound (CRLB) on the achievable localization
accuracy. The geometric dilution of precision (GDOP) is used as
a tool for assessing and illustrating the localization accuracy of
the Best Linear Unbiased Estimator (BLUE).

Index Terms— MIMO radar, spatial processing, adaptive ar-
ray.

I. INTRODUCTION

MIMO radar is defined broadly as a radar system employ-
ing multiple transmit waveforms and having the ability to
jointly process signals received at multiple receive antennas.
Elements of MIMO radar transmit independent waveforms
resulting in an omnidirectional beampattern or create diverse
beampatterns by controlling correlations among transmitted
waveforms [1], [2]. MIMO radar may be configured with
its antennas colocated or widely distributed over an area.
MIMO radar is an emerging concept, but it is already apparent
that it has the potential to make important contributions to
the radar field. In [3] it is observed that MIMO radar has
more degrees of freedom than systems with a single transmit
antenna. These additional degrees of freedom support [exible
time-energy management modes [4], lead to improved angular
resolution [5], [6], and improve parameter identifiability [7].
With widely separated antennas, MIMO radar has the ability
to improve radar performance by exploiting radar cross section
(RCS) diversity [8], handle slow moving targets by exploiting
Doppler estimates from multiple directions [9], and support
high accuracy target localization [10].

From a model point of view, widely separated antennas
take advantage of the spatial properties of extended targets,
while with colocated antennas; the target is modeled as a point
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with no spatial properties. Each configuration and model has
its strengths and challenges. With colocated antennas, MIMO
radars can mimic beamformers utilizing low probability of
intercept (LPI) waveforms. Rather than focusing energy on
a target, the transmitted energy is evenly distributed in space
[11]. The loss of processing gain compared to conventional
phased array beamforming due to the uniform illumination is
compensated by the gain in time, since a narrow beam does not
need to be scanned as in a phased array [12]. MIMO spatial
signatures in systems with colocated antennas can be exploited
to estimate radar parameters (location, RCS) of multiple
targets, but the ability to resolve targets is limited by the
Rayleigh resolution limit of the transmit/receive arrays. Widely
separated antennas support high accuracy target localization,
and by focusing on the effect of the channel, create a link
between MIMO radar and MIMO communications.

MIMO systems have led to a revolution in wireless commu-
nications [13]. Recent publications (for example, [14], [15],
and references therein) indicate that one can exploit similar
ideas in radar, suggesting interesting cross-fertilization of ideas
between MIMO communications and MIMO radar. For quite
some time, it has been understood that radar targets provide
a rich scattering environment yielding 5 to 20 dB target RCS
Cuctuations. Such targets display essentially independent scat-
tering returns when radiated from sufficiently different direc-
tions [16]. The premise of MIMO radar with widely separated
antennas is that angular spread (RCS variations as a function
of aspect) can be exploited to improve radar performance in
a variety of ways. The parallel to MIMO communication is
recognized in the similar roles that the transmission medium
(channel) and target play in respectively, communication and
radar. In other words, the target serves as the "channel" in the
radar problem. For example, combining target returns resulting
from independent illuminations yields a diversity gain akin
to the diversity gain obtained in the communication problem
over fading channels when the data is transmitted through
independent channels. Diversity gains are well understood in
communications [17]. In radar, the idea is that any individual
look at the target might have a small amplitude return with a
significant probability, but by increasing the number of looks,
the probability that all the looks have small amplitude returns
can be made arbitrarily small. Diversity gain is only one of two
key gains that MIMO communications can provide. The other
gain is called spatial multiplexing [13]. Spatial multiplexing in
MIMO communications expresses the ability to use transmit



and receive antennas to set up a multidimensional space for
signaling. Similarly, in MIMO radar, a multidimensional signal
space is created when the returns from multiple scatterers or
targets combine to generate a rich backscatter. With proper
design, transmit-receive paths can be separated and exploited
for improving radar performance.

In this tutorial paper, we review features of MIMO radar
with coherent processing for target localization. The distinc-
tion between non-coherent and coherent applications relies
on the need for merely time synchronization between the
transmitting and receiving radars vs. the need for phase
synchronization. As the potential for localization performance
enhancement is evident from the ambiguity function [10], the
lower bound on the attainable accuracy is set by developing
the Cramer-Rao lower bound in section IIl. The bound is
shown to be proportional to the carrier wavelength squared,
and independent of the signal bandwidth, for narrow band
signals. Two target localization estimators are presented in
IV: the maximum likelihood estimator (MLE) and the best
linear unbiased estimator (BLUE). The last provides an insight
into the relation between sensors locations, target location,
and localization accuracy. To establish a more comprehensive
expression of these relations, a metric widely used in Global
Positioning Systems (GPS) for mapping estimation precision
and known as geometric dilution of precision (GDOP) is
introduced in section V.

II. SYSTEM MODEL

The MIMO radar scheme is based on a system with M
transmitting radars and N receiving radars, widely distrib-
uted. It is assumed to be both time and phase synchronized.
The transmitting and receiving radars are located in a two
dimensional plane (x,y). Considering a point target located
at coordinates X = (x,y), where the rel ectivity of the target
is spatially homogeneous and is modeled by the complex value
¢ = (re + JCim- Let the target be illuminated by the M
transmitters arbitrarily located at coordinates Ty, = (T¢k, Ytk)
k=1,..., M. The signals scattered by the target are collected
by N sensors placed at arbitrary coordinates Ry = (¢, Yr¢)
¢ = 1,...,N. The set of transmitted waveforms in low-
pass equivalent form is \/E.sy (t), k = 1,..., M, where
S Isk (t))*dt = 1, the normalized transmitted energy is
E. = E/M, while E is the total transmitted energy, and
T is the waveforms’ duration. Let all transmitted waveforms
have the same bandwidth W. Further specification of the wave-
forms sy (t) depends on the application. A set of orthogonal
waveform is transmitted, where orthogonality is assumed to
be maintained such that [ s (t) s}, (t—7)dt = 0 for all
k # m, and for all time delays of interest. Path loss effects
are neglected, i.e., the model accounts for the effect of the
sensors/target localizations only through time delays (or phase
shifts) of the signals.

It can be easily shown that the lowpass equivalent of
the signal observed at sensor ¢ relected by a scatterer at
coordinates X = (x,y) is given by:

M
e (t) = \/Eezhﬂk'sk' (t = Tor) +welt), ey
k=1

where hy, = (exp (—j2n f.Tex), the total signal time delay
iS Ty = T + Tre, the propagation time delay between the
k-th transmitting sensor located at coordinates 7} and the
target at X is Ty = 1

c\/(xtk' - $)2 + (Yik — y)2 and the
propagation time from the target to the /-th receiving sensor

1S Ty = % (e — x)2 + (Yre — y)2, the carrier frequency is
denoted by f,, the speed of light by ¢, and wy () is a circularly
symmetric, zero-mean, complex Gaussian noise, spatially and
temporally white with autocorrelation function o2, (7).

The received signal at each sensor is a mixture of the
transmitted signals relected by the target. The mixture of
signals is separated at the receiver end by exploiting the
orthogonality between the transmitted waveforms.

III. CRLB ON TARGET LOCALIZATION ESTIMATION

The ambiguity function concept has long been used in the
context of localization [18]. In [10] it has been used to pro-
vide a comparative performance of coherent vs. non-coherent
processing of MIMO radar waveforms. The high accuracy
localization benefits of coherent MIMO radar systems are
inherent in the ambiguity function plots. To set the lower
bound on the attainable accuracy in the coherent case, the
CRLB needs to be derived.

The CRLB provides a lower bound for the mean square
error (MSE) of any unbiased estimator for an unknown 7para—

meter(s). Given a vector parameter 6 = [, Y, (0, Cim] , itS
~ ~ ~ 1T
unbiased estimate 6 = {@, Uy Cres Qim] satisfies the following

inequality [19]:

Eq {(5 —0:) (0 - @-)T} >, o

where J (6) is the Fisher Information matrix (FIM) given
by:

def d d r
J(6) = Ep %bgp(rIG) %logp(ﬂ@) , 3

For the signal model in (1), the joint probability density
function (pdf) of the observations (time samples at multiple
receive antennas) p (r; @) parameterized by the unknown pa-
rameters vector @, is then:

p(r;0) o exp )
LN M 2
_0__22/ ’rg(t) - \/E_GZhngk (t — Tgk-(X))
w1 /T k=1

Let the CRLB matrix be defined as:
Ccrrp=[J(0)] . ©)

While the CRLB expresses the minimum mean—s%uare error
(MMSE) of the estimate of 8 = [z,y,(,., (] , We are
really interested only in the estimation of = and y. The target
rel ectivity terms (. and (,,, serve as nuisance parameters.
For the variances of the estimates of x and y, it is sufficient



to derive the submatrix [CCRLB]221(2 = [J(8)]55 denoting
the first 2x2 submatrix of [J (@)]” " . The diagonal elements
of the [CorrB|oy, submatrix provide the information for the
MMSE 0’2 Z [CCRLB]l,l and 0'32! Z [CCRLB]272 .

In [20] the CRLB submatrix for the target position esti-
mates, in the coherent case, is shown to be:

—1
[CORLB] o = <HAXCHT - VHAElHTVT> . (6

where the following notations are being used:

Axc =87?SNR (f2 4 %) Invxnu, )
MN
AC = SNR_212><27
q
Anf.SNR _Cfm Cf”e
VETE | ’
7<im <re NM x2
He A Anrn :
B Bun MNxMN

where SNR is the signal-to-noise ratio term, defined as
SNR = E./|¢|?, and the term 3 is the effective bandwidth

defined as 5 = %, where the integration is over
the bandwidth W. The Tows of matrix H are defined by the
terms Ay, = cos ¢y, + cos ¢, and By = sin ¢y, + sin ¢,
such that ¢, = tan~! (ﬁ) and ¢,; = tan~! (%3
are the phases created by the geometric information of the
radars location configuration relative to the target position.

The MMSE for the target position for the = axis is

2

T ( ) SWZSNRfcsz uC’RLBC ( )
and for the y axis is
2
2 (MMSE) = : e 9
Ty ( ) 87T2SNRfc2fR U rLB, ©

2
where fr is a the ratio fp = <1 + %) and the terms
Ucprp,» Jre and gy relate to the geometric layout of the
transmitting and receiving radars compared with the target

location, as follows:

(sum (Bg,))?

N | 0

Joe = lsum (B?k) —

for the = axis coefficient, where the following notation is used

sum(e) = 323 (9).

The y axis coefficient Jye

(sum (Ag))?
Jye = lsum (Afk) T MN | (11)
and the common term ., , is:
Ucrrp, — [g:w] ’ [gyC] (12)
sum (Apr) sum (B 2
- {Sum (ApBer) — ( ;;)MN ( ék)}

These terms are summations of the terms Ay, and By, that
represent the geometric relation between the sensors locations
and the target location.

The expressions for the MMSE:s for target location estimate
given in (8) and (9) can provide some insight into the perfor-
mance of coherent MIMO radars, as follows:

e The MMSEs expressions show that the achievable accu-
racy is inversely proportional to f2(1 + ?—2), due to the use of
the phase information across different paths. For narrow band
signals, where JJ% < 1, and therefore, fr ~ 1, the localization
accuracy is inversely proportional to the carrier frequency f2
and independent of the effective bandwidth. It is apparent that
coherent processing offers an accuracy gain when compared
with the effective bandwidth, for narrow band signals.

e The MMSEs terms are strongly reliant on the geographical
spread of the radar systems, compared with the target location.

This dependency is integrated into the terms —2==— and
CRLB,
9y

——. From these terms one cannot intuitively identify

the relation between the radars positions and the obtainable
accuracy. For this reason, we need to define a more suitable
method to express these relations. The GDOP metric provides
these tools.

e The CRLB is known to provide a good bound in high
SNR. As for low SNR, the CRLB does not give a rigorous
bound. As the time estimates are based on matched filters
at the receiver end, the ambiguity features of the signal
waveforms predominate the estimation capabilities in low SNR
conditions. A more rigid bound needs to be found for the
localization error variance in the low SNR case.

IV. TARGET LOCATION ESTIMATION

Once an expression for the lower bound on the MSE
for target localization has been provided, target localization
techniques can be evaluated. Two estimators are presented:
the maximum likelihood estimator (MLE) and the best linear
unbiased estimator (BLUE). The MLE is motivated by its
asymptotic optimality, while the BLUE by its closed form
expression.

A. Target Localization using MLE

The MLE is a practical estimator in the sense that its appli-
cation to a problem of observations in white Gaussian noise is
relatively straightforward. Moreover, under mild conditions on
the probability density function of the observations, the MLE
of the unknown parameters is asymptotically unbiased, and it
asymptotically attains the CRLB [19].

For the case of MIMO radar, the signal waveform received
by radar ¢ is given in (1). The MLE of the unknown parameter
vector 6 = [z,y,(, ., {mL]T given the observation vector r is
given by [19]:

01 = arg {mgmx [logp(r;O)]} (13)

= ar max
g{ x {c

m%x [1ng (I‘; X, Crev Cim)] } } )

re’Sim



where x defines the location vector x = [z, y]T , and p (r; 0)
was expressed in (4). We are not interested in estimating (..,
Cim explicitly, but this is needed for the estimation of x and
y. Recall that ¢,.. + j(;,,, = ¢, hence the MLE of ( is found
from the following condition on the log-likelihood:

=0.

=CmeL

0

8—C10gp(r;x, o) (14)
Using (4) in (14) the MLE for the relectivity index is
derived in [10] and substituted back into (13). The MLE for
x is then given by maximizing the log-likelihood function

log p <r; X|ZML> with respect to x such that [10]:

M

XMLE = arg {m}z}x lzzpm /W (t) sy, (t — Tor(x)) dt

k=10=1
s)

where p;;. = exp (j27 feTer). Since a closed form expression
can not be found for the MLE in (15), numerical methods
need to be applied. A grid search or an iterative maximization
of the likelihood function needs to be performed to determine
Xy E- This might involve a significant computational effort.
In practice, we can limit the search grid for high resolution
target localization estimation to an area around a preliminary
non-coherent location estimate X, = (z., y.). When iteration
methods are used to determine X,/r.5, this estimate can serve
to initialize the search.

B. Target Localization using BLUE

The MLE derived in Section (IV-A) does not have a closed
form expression, and numerical methods need to be used to
solve it. A different approach to the localization problem is by
using a linear perturbation model of the target location and use
of the BLUE. This estimator provides a closed form solution,
and enables a comprehensive evaluation of the performance.

To develop the BLUE, a linear perturbation model needs
to be defined for the relation between the signals time delays
and the target location. To do so, we start with the propagation
time estimate of a signal transmitted by the k-th transmitting
radar located at coordinates Ty = (xtk, yik), relected by a
target located at X = (z,y) and received by a radar located
at Ry = (x,,yr) that can be approximated as :

Tk = Tik + €1, Vk=1,..,.M,l=1,.., N, (16)

where 7, the propagation time, is the sum of the time delays
from radar k to the target and from the target to radar [:

Vi =27 + =0yl + (e 9

Tik c p
a7
and g, is the estimation error.

As we can see in (17) , the relation between the time delay
and the target’s coordinates is nonlinear. In order to express
the time delays 7 as a linear function of perturbations of the
x and y coordinates measured relative to an arbitrary point

X. = (¢, ye) - The perturbed point X, can be obtained by an

b

initial, nominal estimation. Using notation defined previously,
the time delay between a transmitter-receiver pair is given
by using the Taylor series expansion of 7 around (z.,y.),
resulting in a linear perturbation model for the time delay, as
a function of the displacements = and y from peturbed point
X, as follows [21]:
~ T < < Y c : c
Tek & = (cos @y, 1 COS ¢7-z> 2 (sin ¢y, + sin¢y,), (18)
where the angles @7, and ¢, are the angles that the transmit-
ting radar k and receiving radar ¢, respectively, create with the
reference axis X. = (z., y.). Letting A, = cos ¢5;, + cos ¢%,
and By, = sin ¢, + sin ¢%,, we can express the time delays
in the following simplified form:
~_ZT e _Ype
Tok A2 cAlk; CBZk:' 19)
The linear relation between vector 7 = [T11, 712, ..., TN M]T
and the vector of unknowns ¢ = [x,y,u]?, where the set
(z,y) stands for the target position and g is an unknown
nuisance parameter produced by the time-offset between the
radars and the target, can be written as follows:

T =D, 20)
where the angle dependent matrix D is defined as:
o4 By 1
D= 2 21

AfVM B}:VM 1 NMx3
We postulate the following model between the observable

time delays and the target location

7 =Dy +¢, (22)

where € =[e11, €12, ...,5NM]T is the M N x 1 measurement
noise vector. Notice that one of the differences between the
MLE and BLUE models is that the MLE target localization
is carried out utilizing signal observations, while according
to (22), the BLUE’s “observations” are in the form of time
delays. So an intermediate step of time delay estimation is
implied. The time delays estimates used as observations Ty
are derived by the MLE as follows:

Ty, = argmax [exp [727 fv) /7‘4 (t) sy (t—wv)dt|, (23)

where v is a dummy variable for the time delay. It is shown
in [21] that the maximum likelihood time delay estimates are
unbiased with error covariance matrix

02

Ce = SrsNR 2fnr

For the linear and Gaussian model in (22), the BLUE is
computed from the Gauss-Markov theorem [19] that states the
BLUE of the unknown vector ¢ is given by the expression:

Inmxnm- (24)

—~ _ —1 _
Po0s = (DTC'D)  DTCr (25)

The theorem also determines the error covariance matrix to
be



Cpor = (DTCZ'D) (26)

BLUE

Using the time error covariance matrix C_ and the linear
transformation matrix D in (21), the following estimate for
the target localization is obtained:

~ A . GBLUE Sum(Ale-T”@)
Xprve = [‘PBLUE]QXI =-¢ T sum(Bfk.le)

27)
where A7, Bjf,, were defined previously, and 7, are the
time observations. The elements of matrix [G,,, ], are
expressed as :

(Gosupl s = sum((B)") — 3 (sum(Bi))” . (28)
c\2 1 c 2
[GBLUE]z,z = sum((Aj,)") — MN (sum(Aj,))",
1
[GBLUE]LZ = [GBLUE]Z,l = —— (sum(Aj,)sum(Bjy))
MN

— sum(Aj,Bi),

and the term u is defined by

BLUE

2
Uprve = [GBLUE]Ll ’ [GBLUE]272 - ([GBLUE]LQ) . (29)

Using these results in (26) provides the MSE for the BLUE
estimates as follows:

c? G

BLUE] 1,1

2(BLUE) = - 30
T ( ) SWQSNngfR Uprup G0
and for the y axis is
2 G
03 (BLUE) _ C [ BLUE]2,2 (31)

8m2SNRf2 fr T

The BLUE estimator in (27) provides an explicit expressions
for the localization estimation. The terms Af, and By, relate
to the geometric layout of the transmitting and receiving
radars. From the above terms one can not intuitively identify
the relation between the radars positions and the obtainable
accuracy. This evaluation is undertaken in the next section.

BLUE

V. GDOP

The GDOP metric is commonly used in GPS for mapping
the attainable localization precision for a given layout of GPS
satellites positions [22], [23]. Here, we seek a metric that
expresses the effect of the positions of the transmitting and
receiving elements of the MIMO radar on the relationship
between the time delay estimation errors and the localization
errors. Plots of GDOP provide a clear view of high accuracy
areas for a given set of radar locations.

The GDOP metric for the two dimensional case is defined

as:
\/o2 + o2
GDOP = +———| (32)
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Fig. 1. GDOP contours for a symmetric positioning of radars around the
axis origin: case (a) for M=N=6.

GDOP contours for 6 transmit antenna and 6 receive antennas: Symmetric Layout

y axis

Fig. 2. GDOP contours for a symmetric positioning of radars around the
axis origin: case (b) for M=N=6.

where o2 and 05 are the variances of localization on the x
and y axis, respectively, and o is the standard deviation of the
time delays, assumed the same for all sensors. Substituting o2
and 05 by the BLUE MSE given in (30) and (31), and using
the time delay variance in (24), we get the following GDOP

expression:

[GBLUE]LI + [GBLUE]Q,Q
m .

GDOPgryE =

(33)
BLUE

In this expression, the sensors’ locations are embedded in
the terms Ay, and Bpg. The GDOP reduces the combined
effect of the locations to a single metric. Once we get the
values mapped, the actual localization error is easily derived
by multiplying the GDOP value with co.

In Figures 1 and 2, contour plots of the GDOP values
are presented for the case of respectively, M = N = 4
and M = N = 6 radars positioned symmetrically on the
N vertices of a polygon centered at the origin. The radars
are all transmitting orthogonal signals and perform time delay
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Fig. 3.  GDOP contours for an asymmetric positioning of N = M = 6
radars, where the radar are almost aligned.

estimations. The first noticeable factor in the comparison of
the two plots is the higher accuracy obtained with six radars
compared to four radars. For example, the lowest GDOP value
for the case of four radars is 0.354, while with six radars, the
GDOP is 0.236, corresponding to a 67% improvement. All
the targets located inside the virtual N-sided polygon achieve
relative high accuracy localization, while the most accurate
localization is obtained for the target at the center. The increase
in GDOP values from the center to the polygon boundaries is
slow. Outside this polygon, the GDOP values increase rather
rapidly.

In Figure 3 contours of six non-symmetrically positioned
radars are drawn. When the radars are not spread around the
target there is a degradation in areas with good measurement
accuracy. These examples show that a symmetrical deployment
of sensors around the target yield lower GDOP values. Plots
of GDOP provide a clear view of high accuracy areas for a
given set of radar locations. These plots could also serve as
a tool for choosing favorable radar locations to cover a given
target area.

VI. CONCLUSIONS

The MIMO radar architecture with coherent processing
exploits knowledge of the phase differences measured at the
receive antennas to produce a high accuracy target location
estimate. We showed that by exploiting the spatial dimension,
MIMO radar with widely separated antennas may overcome
bandwidth limitations and support high accuracy target lo-
calization. At the same time, this type of MIMO radar has
the challenge of time and/or phase synchronizing multisite
systems, and needs to deal with ambiguities stemming from
the large separation between sensors. GDOP contours, map-
ping the relative performance accuracy for a given layout of
radars over a given geographic area, where introduced. These
plots offer a clear understanding of the collaboration effect of
different sensor scheme on the resulting accuracy.
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