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This paper considers the application of eigenvector techniques to the solution of interfer-
ence lation probl The co! tional Mini Variance and Maximum Signal-to-
Noise Ratio criteria are extended to a case where the eigen-structure of the array correlation
matrix is used to cancel directional interference sources. It is shown that while the method
has good interference cancelation properties it results in higher pattern distortion relative
to conventional arrays.

Some of the more common criteria that have been put forth to determine the weighing
of the array sensors are the Minimum Noise Variance and the Maximum Signal to Noise
Ratio [1]. It has been shown that those technigues have the property that cancelation
of directional interferences is in direct proportion with the source strength relative to the
background noise {2]. In contrast, techniques based on separate modeling of the background
noise and directional sources, derived from the eigen-structure of the array correlation ma-
trix, have been shown to be asymptotically invariant to the background noise and have
been applied extensively to spectral estimation and direction finding probl [3,4,5.1n
interference cancelation applications it is necessary to separate between the desired signal
and the unwanted sources. Duvall (6] has used a prefiltered output of the array to obtain
the optimal signal to noise beamformer weights and then applied those weights directly at
the array outputs for interference cancelation. Eigenvector techniques can be used to solve
interference cancelation problems. Citron and Kailath |7] used the prefiltered of the array in
conjunction with an eigenvector method to synthesize the weights. In this paper we intend
to extend the conventional Minimum Variance and Maximum Signal to Noise Ratio criteria
and apply eigenvector methods to find optimal weights for each canceler.

Our model comprises of an N+1 element array with even spacings of % X and L in-
terference sources. Signals are assumed narrowband and are represented by their complex
envelopes. The background noise is d to be independent from sensor to sensor and
Gaussian with zero mean and o2 variance. Our approach for deriving the weight vector is
based on optimiging criteria similar to those in conventional arrays, but restricts the solu-
tion to the subspace orthogonal to the interference sources. To this end, first, the observed
data vector,z from an N + 1 element array is spatially filtered to remove the desired signal
(with assumed known direction of arrival), to preclude its cancelation with the interferences.
Refer to Fig.1 for a diagram of the system. Let the filter be represented by the matrix F,
with Fd,, = 0 where d,, is the direction vector of the desired signal. Then, the correlation
matrix B = E(229) is estimated from the transformed data = Fz. [F] has full rank,and
nullity equal to unity hence z is N-dimensional. The correlation matrix is given by

R=FDPD"F¥ + 42 )
where G = FFH | D is a matrix whose columns , di = \_/‘ﬁ(],_“,y'l",_,,,eiNvu]T are
the interference sources ( normalized ) position vectors, ¥ = wsinf, and P is the in-

terferences correlation matrix and with those assumed uncorrelated it is diagonal. We
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define the interference subspace as the span of the columns of D and the noise subspace
as the orthogonal complement. Without loss of generality the desired signal is assumed
at broadside and F is defined to subtract adjacent elements, then a vector orthogonal to
a filtered interference position vector Fd;, will be also orthogonal to the original posi-
tion vector d; = ‘N(l,...,c""',.H,c"m’”‘") defined in the N element array, because
Fd, = (1 — ¢/")d,. Since FDPD# F¥ has rank L and P is strictly positive definite
there are N — L eigenvectors of the pencil matrix |R;G) for which DH FHe; = 0 or
egivalentlyFd; L e’;i=1,...,Land =L+ 1,,...,N. Hence a weight vector w defined
in the noise subspace will completely null the interference sources given infinite observation
time. Also note for all ¢; in the noise subspace and all ¢; in the complementary subspace
ef Ge; = 0 (8], namely, the noise subspace is G-orthogonal to the L principal eigenvectors
of the pencil.

For the Minimum Noise Variance approach the problem is formulated as the minimization
of the array output noise power w” w subject to the mainbeam constraint whd, = 1and
the orthogonality constraints set w GE = 0, where d,, is the desired signal position vector
in the N element array and E is a matrix whose columns are the L principal eigenvectors
of the pencil |R; G]. It is possible to use Lagrange multipliers to obtain the solution but we
choose to apply the singular value decomposition.

wd(GE) = Q52" = [QuiQalIZ)ZH @)

where Q = [@,]Qz] is N = N unitary, Q; and Q7 have orthogonal L and (N — L) columns
respectively, Z is L + L unitary and § is diagonal of rank L 19].Define

L1

u:Q”w:["‘] (3)
Y2 Iin-ry
Then using (3) in (2) the orthogonality constraint
)
W GE = |u]ua]@uQl 12" =0 (4)

is equivalent to uf! § = 0 or u; = 0. Formulating now the optimization problem in terms of
the vector u with u; = 0 we have

lﬂn uf Q¥ QY up subject to uiQd, =1 (5)
The solution is
and the weight vector is
0 5d,
wee = 1@ulenl| ) | - i ©

namely a scaled projection of the desired signal vector onto the noise subspace. Application
of the Maximum Signal-to-Ratio criterion leads to the following optmization problem

Hd,dHw .
max wT—' 1 subject to w?GE=0 (7)
w o wHnanfw
where n is a combined vector of interferences and noise. However, the constraint implies
that the weight vector will be orthogonal to the interference sources hence, we can simplify
the formulation to include only background noise namely
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Hy gH
max %"‘I’—E subject to

w*GH =0 (®) -

Using again a technique based on the singular value decomposition of GE it can be shown
that the optimal weight vector is

wgs = Q2Qf d., (9)

Thus the weight vectors yielded by the two methods differ only by a constant factor. In

essence, the beamformer uses a number of degrees of freedom equal to the number of direc-

tional sources, to train nulls on those sources, while the ining deg of freedom are
employed to beamform in the direction of the desired signal and reduce the background noise.

The performance of the eigen-beamformer is illustrated in Fig.2 that shows the sensi-
tivity pattern of an array with N +1 = 11 el ts, in a simulated envi t of three
interference sources at 15, 18 and 25 degrees and of strength 30dB above the background
noise. The desired signal is 10dB above the noise level. The array correlation matrix was
estimated as the average of 30 sample correlations z) zf. For comparison the pattern of
a conventional Minimum Variance array is presented in the same figure. It is evident that
eigen-beamformer does a better job in canceling the interferences. ’

An analytical analysis of the performance of the proposed beamformer is further devel-
oped for the case of one interference. In this context,the beamformer interference cance-
lation capabilities and the effect of adaptation on the sidelobes level and their relation to
various array and cnvironment parameters are studied. A comparison with the conventional
Minimum Variance array reveais that the improved interference cancelation capabilities are
countered by higher sidelobes. Specifically, while the eigen-beamformer has theoretically,
sero response in the direction of an interference source, it can shown that the sensitivity for
the conventional array is finite and equal to g; = op(1 — 7) , where p is a scaling factor,
p = d¥ d;depends on the relative separation between the desired signal and the interference,
and v is a function of the interference to background noise ratio, v — 1 when that ratio
tends to infinity. The amount of distortion or change in sidelobes , may be indicated by
wH w, the normalised output noise power. For any beamformer in the abscence of interfer-
ence wHw = 1. The noise power for the array under consideration can be calculated using
(6)

1

e 10

ToFa. T (o

Using some of the quantities defined in (2) we show that wh, wpgy > 1 indeed 1 = did, =

dHQQHd, > d¥ Q@Y d, = ;,—lm ¥ a single interference is present it can be shown that
=V

(10) transforms into

H =
Wpy WEY =

2
-

= el (1

and that the minimum variance array yields

A2l = lel?)
-l (2)

Since 7 < 1, wi, wgy > wly wyy > 1 namely the presence of interference adaptation
causes an i in the backg d noise contribution that being larger for the eigenvector
array. Also notice that the noise power depends on the separation parameter p. Fig. 3 shows
the noise power as a function of the interference angle for an 11 element eigen-beamformer.
The bearing of the desired signal is assumed at broadside. As the interference source closes
on the desired signal, pattern distortions are accentuated, weights have to be set larger to
maintain signal level and more background noise is taken into the system.

wﬂkuv =1+
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