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BER Analysis of MPSK Space-Time Block Codes
With Differential Detection

Chunjun GagStudent Member, IEEEBNd Alexander M. HaimovighSenior Member, IEEE

Abstract—Closed-form expressions of the bit error rate (BER) whereh!?, hgq) are the path gains from transmit antenna 1 and
are derived for space-time block codes based on Alamouti’s scheme2 respectively to receive antenpaPath gains are modeled as
and utilizing M-ary phase shift keying modulation with nonco- - complex Gaussian random variables with zero-mean and vari-

herent differential encoding/decoding. The analysis is carried out : : : fadi
for the flat, block-fading Rayleigh channel, and the BER expres- 2C€ 1/2 per dimension. The channel is assumed block-fading,

sion is an approximation for high signal to noise ratio. Theoretical 1-€-, fixed over the duration ok blocks. Noise Samplesg(,ll)c'

results are validated by simulations for BPSK and QPSK modula- ngq])C are zero-mean complex Gaussian random variables with
tions. . . . i .
varianceN, /2 per dimension. The symbols‘;) are differen-

Index Terms—Bit error rate (BER), differential detection, ija)ly encoded, transmitted by antennias: 1, 2. Without loss
space-time block code (STBC). of generality, we assume that the symbols amplitude/ig2
(such that the signal to noise ratio per symbol /@ Ny). The
I. INTRODUCTION superscript#’ denotes complex conjugation.
. : . The differential STBC scheme analyzed in this letter is the
SHIEC!ZFS;SE (;?(s)tl\e/aacf-?' n??a/ ;?oecfggggsatg?gtg? g;;;zgne recently proposed by Tarokh and Jafarkhani [5] based on
P .,' pace-t . ( ) A9mouti’s transmit diversity scheme. The message matrix is
Alamouti's scheme [1], it is possible to obtain a closed-for presented by the unitaryx22 matrix
expression for the bit error rate (BER). A closed-form BE ) @)
expression would serve as an attractive alternative to previously S, = [ Sk Sk ] )
derived bounds for evaluating performance of STBC [2], —sl2r gl
[3]. It is widely understoo_d that Alamoutr’s scheme h_as {Vhere the symbols,(:’) belong to an MPSK constellation. The
Fggoégagﬁ A(;S(SMoég)di }’(\;'ltlgvrvesstﬂz?t:]%t\ggg;g?g\?amiﬂ{psmessage matri8, is differentially encoded by a procedure re-
scheme with coherent detection can be obtained directly froslﬁ)r::bltlﬁg frt::gr?:]zg:;nsgel(:];jasmaer(];r(;zg)zr?itKérTor:]n;?Isz?):rg)r(]_smIS-
the result on receive diversity [4]. Here, we are concerned wi f y ¥

the BER analysis for STBC with (noncoherent) dif‘ferentia"ilmloIe

detection. While the procedure for deriving the BER applies to 1 1

any M-ary phase shift keying (MPSK) signaling, binary PSK Cy = \/? ‘{51 . 3)
(BPSK) and quadrature PSK (QPSK) examples are worked out V2 V2

in detail.

The differentially encoded messa@g, at timek, & > 1, is
obtained by multiplying the codeword at tinke— 1, C;_1 by
Il. SysTEM MODEL the current messadg,, namelyC;, = S;C_1. Note that the
Assume a communication system with two transmit antenng@dewordCy, has the same unitary property as the message ma-
andQ receive antennas operating over a flat, Rayleigh channiéix Si. Inthe absence of noise, the messdgesan be decoded
The transmission scheme generates blocks of two symbffm C,.CL_, = S,Cx_1C}_, = S, where }" denotes the
transmitted by each of the two antennas. With each blodRermitian operation.

we associate a time indéx = 1,..., K. The received signal At the receiver, at the output of each antenna, we form the
at time indexk, time slots 1, 2 within the block, and receive”natricesRSf), 1<q¢<Q,
antennay, 1 < ¢ < Q, is given by Rz(f) — C,H® 4 N}(Cq) @)
o S N PR R ROV where
il BIDE (] o ) e[ B
C

(
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where Then g can be expressed as
R, = [RORY .. RO g = X& (X4 x{Pv{”). Consider
kR kol the properties of the random variables defined in (8). Under
N, = [N,(:) ngz) NIEQ)] 7 the assumptions delineated in the Section Il, all these

D, =C, ®1 random variables have zero-mean. Moreox)é},q), XZ(‘I) are
kmk e S independent and identically distributed (i.i.d.) complex-valued
H =diag [H(l) H? . H(Q)} Gaussian with unity variance. The variaf§”, Y* require
) a bit more careful consideration due to their dependence
the symbol® denotes the Kronecker product ahg is a vector on 9 and 9 respectively. It is not difficult to show
of ones of dimension indicated by the subscript. Stemming from ! 2 ' . .
- : that (7 are of the formu? = exp(—j2¢), where s is a
the unitary property o, the matriced;. have the property i i v distributed hl . thp 'Jt ' | 9 /9
DkDL = QIQ,WhereIdenotestheidentitymatrixofdimensionunl ormly distri ue. .p a_se n (q? interval—m/2,7/2).
indicated by the subscript. LikewisBl, = S;Dj_,. Finally, It_ fo_IIovv_s that multiplication _by v; _does_ not affv_ect the
the channel model incorporating @l transmitted blocks can distribution of comflex Gaussian variates in (8). It is easy to

2 2
be put in the following matrix form: see thatF “YI(Q) - E UYZ((’) = 1/2 + 2N,. The

R=DH+N ©)  pairs X,i(”,Yi(Q) i =1,2,¢g =1,...,Q, are correlated,
whereR = [R; Ry ... RK]T is a2K x 2Q matrix, the su- complex-valued, zero-mean Gaussian. Moreover, it can be
perscript denotes transposition, and bbBttandN are defined shown that® [Yl(q)YZ(Q)*} = 0, but details are omitted here
analogous td. due to space considerations. Based on these observations, the
signal model and (8), we conclude that the p{iﬁéi(q), VA

IIl. BER ANALYSIS are i.i.d. This conclusion facilitates the application of known

It is known that the optimal maximum likelihood (ML) re-results for the development of BER analysis.

ceiver with unknown channel state information is given by [6]: Sincesg) is an MPSK symbol, the phase gfcan serve as
7 = argmaxy tr {RTDgD}R , whereD, represents a spe-the decision variablé = tan~"(Im(g)/Re(g)). For BER anal-
cific sequence of transmitted messages. The optimal receiveY$s: itis necessary to evaluate the probability distribution of the
based on the entire received sequence (6) and since its c8gcision statistid. To proceed with the BER computation, and
plexity is exponential in the sequence lendfha simpler sub- Without loss of generality, assume symbgl has zero phase,
optimal receiver is suggested based on only the last two ie}.,sg) = 1/+/2. Our problem closely matches the one solved
ceived blocks. In this case, the quadratic detector reducesitof4, App. C], . The probability distribution of the random vari-
¢ = arg max, Re tr S(‘”RkRLl}, whereS() is a message abled is given by
maitrix. The suboptimal receiver can be interpreted as a demiBd(f: < 6 < 6)

ulator that generates the matrigeis = R R _, followed by (—1)2@-1 (1- u2)2Q 92Q-1
a decision mechanism. Consider now the properties of the de-—~—— — -—<"— 255 [f (b, a2) — f (b, c1)]l,—4
modulator outpuG .. Exploiting previous definitions, the (1, 1) ™ (2Q - 1!

element of this matrix can be expressed ©)
where the functiory (b, «) is defined as follows:

Q 2 2
1 1 * 2)* *
=3 (0 ) e - 25t B P A
q=1 -1
f(b ai) = cot™ " ay
1)x 2 * ’ ’ b— u? pl/2
Fef ) - ")) z
2 * 1)x% *
L G S
-1 Oéibl/g (10)
N . — cot
A e ) o e
N ”2_1 Oél
wherev(? = h{P*/n{? i = 1, 2, is a random variable and ;= LOSH’L'? i=1,2. (11)
second order noise terms were neglected. It follows that the Vb — p?cos?6;
complex scalap can serve as a decision statistic for the dete@he termy represents the normalized cross-correlation between
tion of the message symb@gl). In (7), let Xi((’) and Yi(Q) fori = 1, 2 andg = 1,2,...,Q. The nor-

malized cross-correlation is defined as= m.,/ /MMy,

X{q) :hg(l). Xéq) _ hSI)
' where from (8);m,., = E “Xi(”)

* (1 1 * 2)% *
ey

2
+ @0 _ (0, tion £ Uh,ﬁ”‘ ] = 1. Also, from (8),m,, = 1/2 + 2N. Fi-

* (1 2 * 1)* *
Yz(q) :hgn sé ) + cgc )ng(f,)cfl + cézlnéq,z nally, m,, = E [X,L.(q)Yi(Q)*} = \/m It follows that the nor-

+ cg@éq)nﬁqz + c,(cl)uéq)ngf,l_l. (8) malized cross-correlation is given by= +/p/ (p + 2), where

2
} = 1 since by assump-
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p = 1/2Ny is the signal-to-noise ratio (SNR) per symbol. Ex- "
pression (9) can be used to evaluate the BER for specific MPS  {
modulations.

For BPSK signals, the BER can be obtained by integratin 1
the density function of, p(#) over the range8.57 < § < &
and1.57 < 6 < 2x. Since from [4, p. 891], the densip(f) is
an even function of (for any MPSK constellation), it follows 1"
that the BER is given by

Bit Error Rate

Py =2Pr (g <h< 7r) . 12) B

Using (9) in (12) and after some algebraic manipulations, th
closed-form BER for the noncoherent Alamouti scheme witl |l ZiiR TeeoRvcol

; ; -2 2TIR THEORY-
BPSK is obtained. 2 SHRSMUDIFE

— - 2T2R THEORY-DIFF

1 2Q—1 1 q * 2T2R SIMU-DIFF
P== 11—, p Z <2q> < > . (13) el L=_{T2R THEORY COHMRQ)| ; i ;
2 Vop+2 =\ 2(p+2) o s © 14 m

For |§‘rge SNRp, it can be shown that this expression can bgg 1. comparison of analysis and simulation with coherent and differential
approximated as detection in BPSK case (1 bit/s/Hz).

P 2905 +2Q) <1>2Q
2T /AT (1+2Q) \p

where I' (-) is the Euler gamma function. This expressior
demonstrates the diversity gain 2. 10°

A Gray code is used to map pairs of bits onto QPSK symbol
For a transmitted symb@ﬁ), itis clear that a single bit error is
committed when the received phaséig4)r < 6 < (3/4)w, 107k
and a double bit error is committed when the received phase :
(3/4)r < 6 < . Thus, the BER is expressed as

(14) 10° -

Bit Error Rate

-
o
b

P4:Pr<£§9§%>+2Pr<%§0§r>. (15)

From (9) and (15), it can be shown that BER for STBC with 0" fr

- 2T1R THEORY-COI N
QPSK modulation and differential encoding and decoding 9 2T1R SIMU-COH(Namout) ...
given by A 2T1R SIMU-DIFF

MR |
2Q—1 q
1 1
Po=tho [y (M) (L
2 p+4 = q p+4

10
IV. NUMERICAL RESULTS

. 15 20
SNR(dB)

(16)

Fig. 2. Comparison of analysis and simulation with coherent and differential
detection in QPSK case (2 bits/s/Hz).

) ) outi’'s STBC. While the procedure outlined is applicable to any
Numerical results are provided to demonstrate the analygi®SK modulation, explicit BER expressions were obtained for

developed in this letter and to compare it with simulation respSK and QPSK. Comparison of analytical and simulation re-
sults. Flg 1 shows the BER versus the SNR for BPSK STB§J|tS validates the new expressions_

and Fig. 2 does the same for QPSK modulation. Curves for
Alamouti’ scheme with coherent detection are also shown for
reference. The designation “2T1R” refers to a system with two o Al e simol © dversi hrioue for wirel
transmit-one receive antennas. The slight bias at low SNR forldl mﬁ@g}%‘*ﬁ;,é;gfﬁ.estéf‘er:ft.’“A'tre;‘geéS(;%ri]e;m;fqlueel p%r_ "1""{591'3_515423”“
the differential case is attributed to the second order noise terms, ¢t 1998

which were neglected in the analysis. The figures confirm that[2] X. Li, T. Luo, G. Yue, and C. Yin, “A squaring method to simplify the
an approximately 3 dB performance gap exists between the co- def%ing of ?;tgggfgggsrgcte-ztg\ai block cod&SEE Trans. Commun.
h_erent a,nd dn‘ferenyal SChem_eS' NOte that our perfor_mancg fOES] 2/30 .Balyjfr?.and J. Hadengtier, “Analytical evaluation of space-time
differential STBC with QPSK is a little better than [5] since bits transmit diversity with FEC coding,” i6SLOBECOM '01 vol. 1, 2001,

are mapped to QPSK symbols using the Gray code. pp. 435-439.
[4] J. G. ProakisPigital Communications3rd ed: McGraw-Hill, 1998.
[5] V. Tarokh and H. Jafarkhani, “A differential detection scheme for
V. CONCLUSION transmit diversity,” IEEE J. Select. Areas Communvol. 18, pp.
. . 1169-1174, July 2000.
We derived closed-form expressions of the BER over slow, [g] g. Hughes, “Differential space-time modulatiod2EE Trans. Inform.

flat Rayleigh fading for differential schemes based on Alam-  Theory vol. 46, pp. 2567—2578, Nov. 2000.
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