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Abstract

This paper presents a comparative study of target localization techniques for multiple-input multiple-output

(MIMO) radar systems with widely spread elements with either non-coherent or coherent processing. The performance

of localization techniques utilizing both processing techniques is evaluated based on a closed-form solution developed

for the best linear unbiased estimator (BLUE). This estimator provides insight into the relation between the radar

locations, target location, and localization accuracy through the use of the geometric dilution of precision (GDOP)

metrics. The best achievable accuracy for the coherent case is obtained and a comparative study to the non-coherent

case is provided. MIMO radar systems with coherent processing are shown to benefit from a coherency gain, compared

with the case of non-coherent processing. This gain is proportional to the ratio of the signal carrier frequency to the

effective bandwidth (typically of the order of hundreds). The footprint of multiple sensors provides a MIMO gain

for both processing techniques. This MIMO gain is proportional to the product of the number of transmitting and

receiving sensors. Further analysis of the later gain is made possible by the use of the GDOP contour maps that offer

a clear understanding of the achievable accuracy at various target locations.

Index Terms

MIMO radar, spatial processing, adaptive array.

I. INTRODUCTION

MIMO radars are sensing systems that employ multiple transmit waveforms and have the ability to jointly process

signals received at multiple receive antennas. Research in MIMO radar is rapidly expanding [1]-[16]. Elements of

MIMO radar have the ability to transmit diverse waveforms ranging from independent to fully correlated [5]. MIMO

radar may be configured with its antennas colocated or widely distributed over an area. MIMO radar with colocated

antennas makes use of waveform diversity [4], while MIMO radar with distributed antenna takes advantage of the

spatial diversity supported by the system configuration [1]. As each configuration and model has its strengths and
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challenges, it is already apparent that each configuration has the potential to make important contributions to the

radar field. In [6] it is observed that MIMO radar has more degrees of freedom than systems with a single transmit

antenna. These additional degrees of freedom support flexible time-energy management modes [7], lead to improved

angular resolution [8],[9], and improve parameter identifiability [10]. With widely separated antennas, MIMO radar

has the ability to improve radar performance by exploiting radar cross section (RCS) diversity [11], handle slow

moving targets by exploiting Doppler estimates from multiple directions [12], and support high accuracy target

localization [14]-[16].

As the potential for localization performance enhancement is evident from the ambiguity function [14], the lower

bound on the attainable accuracy is set by developing the Cramer-Rao lower bound (CRLB) [17],[18]. The CRLB

for the MIMO radar case is derived in [16], yielding the best achievable accuracy with coherent processing. In [16],

it is shown that the CRLB reveals a coherency gain, proportional to the ratio between the signal carrier frequency

and the signal effective bandwidth. In this paper, we review methods for target localization estimation in MIMO

radar systems with coherent and non-coherent processing based on the best linear unbiased estimator (BLUE). The

closed form solution of this estimator affords insight into the relation between sensors locations, target location,

and localization accuracy. The BLUE mean squared error (MSE) is used to present a comparative view of the

coherent vs. non-coherent MIMO radar systems localization accuracy. For non-coherent processing, it is necessary

to synchronize the radars at baseband; for coherent processing, the radars need to be synchronized at RF. Note

that our coherent/non-coherent terminology is limited to the processing for localization. Thus, a transmitted signal

may have in-phase and quadrature components, yet the localization processing is non-coherent if it utilizes only

information in the signal envelope. To establish a more comprehensive expression of these relations, a metric widely

used in Global Positioning Systems (GPS) for mapping estimation precision and known as geometric dilution of

precision (GDOP) is applied.

The paper is organized as follows: the system signal model is introduced in Section II. In Section III the BLUE

target localization estimator is derived. The BLUE is developed for non-coherent processing in Section III-A and

coherent processing in Section III-B to support a comparative study presented by the GDOP metric in Section IV.

Finally, Section V concludes the paper.

II. SYSTEM MODEL

The MIMO radar scheme is based on a system with M transmitting radars and N receiving radars, widely

distributed over a given geographical area. The transmitting and receiving radars are located in a two dimensional

plane (x, y). The M transmitters are arbitrarily located at coordinates Tk = (xtk, ytk) , k = 1, . . . , M , and the N

receivers are similarly arbitrarily located at coordinates R� = (xr�, yr�) , 
 = 1, . . . , N . A set of orthogonal wave-

forms is transmitted, with the lowpass equivalent sk (t) , k = 1, . . . , M . The power of the transmitted waveforms

is normalized such that the aggregate power transmitted by the sensors is constant, irrespective of the number of

transmit sensors. To simplify the notation, the signal power term is embedded in the noise variance term such that

the signal-to-noise ratio (SNR) at the transmitter, denoted SNR t, and defined as the transmitted power by a sensor

September 22, 2008 DRAFT



3

divided by the noise power at a receiving sensor, is set at a desired level. Let all transmitted waveforms be narrowband

signals with individual effective bandwidth βk defined as β2k =
[(∫

Wk
f2 |Sk (f)|

2 df
)

/
(∫
Wk
|Sk (f)|

2 df
)]

,

where the integration is over the range of frequencies with non-zero signal content Wk [19]. We further define

the averaged effective bandwidth or rms bandwidth as β2 = 1

M

∑M
k=1 β2k and the normalized bandwidth terms as

βRk = βk/β. The signals are narrowband in the sense that for a carrier frequency of fc, the narrowband signal

assumption implies β2k/ f2c � 1 and β2/ f2c � 1. The target model follows the one developed in [16], generalizing

the complex target model in [19] to a near-field scenario and distributed sensors. In [16] it is shown that a complex

target located at X = (x, y) may be equivalently defined as a point scatterer with complex amplitude ζ and time

delays τ �k (X) . For simplicity, the following notation is used: τ �k = τ �k (X).

It follows that the received signal model is than defined by:

r� (t) =
M∑

k=1

ζ exp (−j2πfcτ�k) sk (t− τ �k) + w�(t). (1)

where w� (t) is a circularly symmetric, zero-mean, complex Gaussian noise, spatially and temporally white with

autocorrelation function σ2wδ (τ). We define the vector of received signals as r = [r1, r2, ..., rN ]
T

for later use.

Define the unknown target location X = (x, y) , unknown time delays delays τ�k, and unknown target complex

amplitude ζ = ζR + jζI , where the notation specifies the real and imaginary components of ζ.

The radar system’s goal is to estimate the target location X = (x, y) . The target location can be estimated

directly, for example by formulating the maximum likelihood estimate (MLE) associated with (1). Alternatively, an

indirect method is to estimate first the time delays τ�k. Subsequently, the target location can be computed from the

solution to a set of equations of the form:

τ �k =
1

c

[√
(xtk − x)2 + (ytk − y)2 +

√
(xr� − x)2 + (yr� − y)2

]
. (2)

We refer to the processing for estimating the target location as non-coherent or coherent. The received signal

introduced in (1) is adequate for the coherent case, where the transmitting and receiving radars are assumed to

be both time and phase synchronized. As such, the time delays information, τ �k, embedded in the phase terms

may be exploited in the estimation process by matching both amplitude and phase at the receiver end. In contrast,

non-coherent processing estimates the time delays τ �k from variations in the envelope of the transmitted signals

sk (t) . A common time reference is required for all the sensors in the system. In this case, the transmitting radars

are not phase synchronized and therefore the received signal model is of the form:

r� (t) =
M∑

k=1

α�ksk (t− τ�k) +w�(t), (3)

where the complex amplitude terms α�k integrate the effect of the phase offsets between the transmitting and

receiving sources and the target impact on the phase and amplitude of the transmitted signals. These elements

are treated as unknown complex amplitudes, where α�k = αR�k + jαI�k. We define the following vector notations

α = [α11, α12, ..., α�k, ..., αMN ]
T .
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III. METHODS FOR TARGET LOCALIZATION

The BLUE provides a closed form estimator and therefore enables the evaluation of the localization performance

of the MIMO radar scheme. To formulate the BLUE, it is necessary to have an observation model in which

observations change linearly with the target location coordinates. That is because it is inherent to the BLUE that the

estimate is linear. To this end, we formulate a model in which the time delays are “observable.” Let the observed

time delay associated with a transmitter-receiver pair be µ�k, then

µ�k = τ �k + ε�k, ∀k = 1, .., M, l = 1, .., N, (4)

where ε�k is the “observation noise.” In practice, the time delays are not directly observable. Rather, they are

estimated, for example by maximum likelihood, from the received signals. Then, the term ε�k is the time delay

estimation error. Our BLUE estimation problem of the target location should not be confused with the estimation

of the time delays. The estimation of the time delays is just a preparatory step in setting up the “observations” of

the BLUE model. Once, the observation model has been set up, it is necessary to ensure that the model between

the time delays and target location is linear. Setting the origin of the coordinate system at some nominal estimate

of the target location Xc = (xc, yc), and preserving only linear terms of the Taylor expansion of expressions such

as in (2), we can express the time delays as linear functions of x and y,

τ �k ≈ −
x

c
(cosφk + cosϕ�)−

y

c
(sinφk + sinϕ�) , (5)

where the angles φk and ϕ� are the bearings that the transmitting sensor k and receiving sensor 
, respectively,

subtend with the reference axis (with the origin at the nominal estimate of the target location). The vertex of the

angles is an arbitrary point in the neighborhood of the true target location.

Utilizing definitions:

atxk = cosφk; btxk = sinφk; k = 1, .., M,

arx� = cosϕ�; brx� = sinϕ�; 
 = 1, .., N,
(6)

φk = tan
−1
(
yc−ytk
xc−xtk

)
; ϕ� = tan

−1
(
yc−yr�
xc−xr�

)
,

we can express the linear model in the following simplified form:

τ�k = −
x

c
(atxk + arx�)−

y

c
(btxk + brx�) . (7)

We postulate the following linear model between the observable time delays µ = [µ11, µ12, ..., µNM ]
T

and the

vector of unknown parameters θ:

µ =Dθ + ε, (8)

September 22, 2008 DRAFT



5

where the matrix D defined the linear relation between τ and the vector of unknowns θ. The vector ε =

[ε11, ε12, ..., εNM ]
T

is the MN × 1 measurement noise vector. According to (8), the BLUE’s “observations” are in

the form of time delays. So an intermediate step of time delay estimation is implied.

For the linear and Gaussian model in (8), the BLUE is computed from the Gauss-Markov theorem [17] that

states the BLUE of the unknown vector θ is given by the expression:

θ̂
BLUE

=
(
D
T
C
−1
ε
D
)−1

D
T
C
−1
ε
µ. (9)

where Cε is the covariance matrix characterizing the “noise” terms ε�k.

The theorem also determines the error covariance matrix for the estimator θ̂
BLUE

to be

C
BLUE

=
(
D
T
C
−1
ε
D
)−1

. (10)

From this point onward, we develop the BLUE for the case of non-coherent and coherent processing, separately.

A. BLUE for Non-coherent Processing

We recall that in the section on the signal model, we defined the complex amplitude α�k associated with the

path transmitter k → target → receiver 
 in the received signal model given in (3). In the non-coherent case,

the complex amplitude is a nuisance parameter in estimating the target location x, y. There is no common phase

reference among the sensors and phase information is not exploited in the estimation process. Consequently, the

time observation, evaluated using non-coherent processing, are not affected by phase/time bias. In this case,

the vector of unknown parameters is defined as θnc = [x, y]T and the the time measurements are modeled as:

µnc�k ≈ −
1

c
[x (atxk + arx�) + y (btxk + brx�)] + εnclk . (11)

The relation in (11) can be written as:

µnc =Dncθnc + εnc, (12)

where the observable time delays µnc =
[
µnc11 , µnc12 , ..., µncNM

]T
are derived incoherently by the MLE as follows:

µnc�k = argmaxv

∣∣∣∣
∫

r� (t) s
∗
k (t− v) dt

∣∣∣∣ , (13)

where v is a dummy variable for the time delay. Matrix Dnc is defined as:

Dnc = −
1

c




atx1 + arx1 btx1 + brx1

... ...

atxM + arxN btxM + brxN



NM×2

. (14)
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It is shown in Appendix I that the maximum likelihood time delay estimates µnc�k are unbiased observations,

where the measurement errors εnc = [εnc11 , εnc12 , ..., εncNM
]T have Gaussian distribution with zero mean and an

error covariance matrix of the form

Cεnc =
1

8π2
diag

(
1

β21 SNR11
,

1

β21 SNR12
, ...,

1

β2M SNRMN

)

NM×NM

. (15)

with SNR�k =
|αlk|

2

σ2w
.

Using the time error covariance matrix Cεnc in (15) and the linear transformation matrix Dnc in (14) to compute

the BLUE, given by (9), the following estimate for the target localization with non-coherent processing is obtained:


 x̂

ŷ


 =

[
θ̂nc

]
= −

8π2β2

c
Unc




M∑
k=1

N∑
�=1

β2Rk SNRlk (atxk + arx�)µnc�k
M∑
k=1

N∑
�=1

β2Rk SNRlk (btxk + brx�)µnc�k


 , (16)

where µnc�k are the time observations, and the matrix Unc is of the form:

Unc =
(
D
T
ncC

−1
εnc
Dnc

)−1
(17)

=
ηnc(

g1ncg2nc − h2
nc

)


 g1nc hnc

hnc g2nc


 .

and

ηnc =
c2

8π2β2
,

g1nc =
M∑
k=1

N∑
�=1

SNR�k β2Rk (btxk + brx�)
2 ,

g2nc =
M∑
k=1

N∑
�=1

SNR�k β2Rk (atxk + arx�)
2 ,

hnc = −
M∑
k=1

N∑
�=1

SNR�k β2Rk (atxk + arx�) (btxk + brx�) .

(18)

Using these results in (10) provides the MSE for the BLUE as follows:

σ2x,nc = ηnc

(
g1nc

g1ncg2nc − h2
nc

)
, (19)

for the estimation of the x coordinate, and

σ2y,nc = ηnc

(
g2nc

g1ncg2nc − h2
nc

)
, (20)

for the estimation of the y coordinate.
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B. BLUE for Coherent Processing

In the coherent case, the transmitting and receiving radars are assumed to be both time and phase synchronized.

By eliminating the phase offsets, the signal model in (1) applies, and the nuisance parameter role is left to the

complex target amplitude ζ = ζR + jζI = r
ζ
exp

(
jφ

ζ

)
. The complex parameter ζ results in a common unknown

time delay nuisance parameter δ, modeled as

µc�k ≈ −
1

c
[x (atxk + arx�) + y (btxk + brx�) + δ] + εclk . (21)

In this case, the vectors of unknown parameters is defined as θc = [x, y, δ]T and the relation in (21) may be written

as:

µc=Dcθc+εc, (22)

where the observable time delays µc =
[
µc11 , µc12 , ..., µcNM

]T
are derived coherently by the MLE as follows:

µc�k = argmaxv

∣∣∣∣exp (j2πfcv)

∫
r� (t) s

∗
k (t− v) dt

∣∣∣∣ , (23)

where v is a dummy variable for the time delay. Matrix Dc is defined as:

Dc = −
1

c




atx1 + arx1 btx1 + brx1 1

... ... ...

atxM + arxN btxM + brxN 1



NM×3

. (24)

It is shown in Appendix II that the maximum likelihood time delay estimates µc�k are unbiased observations

where the measurement errors εc = [εc11 , εc12 , ..., εcNM ]
T

have Gaussian distribution with zero mean and an error

covariance matrix of the form

Cεc =
1

8π2f2c SNRζ
INM×NM . (25)

where SNRζ =
|ζ|2

σ2w
.

Using the time error covariance matrix Cεc in (25) and the linear transformation matrix Dc in (24) to compute

the BLUE, given in (9), the following estimate for the target localization is obtained with coherent processing:


 x̂

ŷ


 =

[
θ̂c

]
2x1

= −
8π2f2c SNRζ

c
Uc




M∑
k=1

N∑
�=1

(atxk + arx�)µc�k
M∑
k=1

N∑
�=1

(btxk + brx�)µc�k


 , (26)

where µc�k are the time observations, and the matrix Uc is of the form:

Uc =
ηc(

g1cg2c − h2
c

)


 g1c hc

hc g2c


 .

where:
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ηc =
c2

8π2f2c SNRζ
,

g1c =
M∑
k=1

N∑
�=1

(btxk + brx�)
2 − 1

MN

(
M∑
k=1

N∑
�=1

(btxk + brx�)

)2
,

g2c =
M∑
k=1

N∑
�=1

(atxk + arx�)
2 − 1

MN

(
M∑
k=1

N∑
�=1

(atxk + arx�)

)2
,

hc = −
M∑
k=1

N∑
�=1

(atxk + arx�) (btxk + brx�)

+ 1

MN

M∑
k=1

N∑
�=1

(atxk + arx�)
M∑
k=1

N∑
�=1

(btxk + brx�) ..

(27)

Using these results in (10) provides the MSE for the BLUE as follows:

σ2x,c = ηc

(
g1c

g1cg2c − h2
c

)
, (28)

for the estimation of the x coordinate, and

σ2y,c = ηc

(
g2c

g1cg2c − h2
c

)
, (29)

for the estimation of the y coordinate.

C. Discussion

The expressions for the BLUE MSEs for the target location estimates as given in (19), (20), (28) and (29) provide

insight into the performance of non-coherent vs. coherent MIMO radars, as follows:

• The BLUE MSEs ratios:

σ2x,nc
σ2x,c

=
f2c
β2

(
g1cg2c − h2

c

g1c

g1nc
g1ncg2nc − h2

nc

)
(30)

σ2y,nc
σ2y,c

=
f2c
β2

(
g1cg2c − h2

c

g2c

g2nc
g1ncg2nc − h2

nc

)
,

where we assume SNR�k = SNRζ = SNRo, β2Rk 	 1, demonstrates a coherency gain that offers an accuracy

advantage of the order fc/β. Designing the ratio fc/β to be in the range 100-1000, leads to dramatic gains.

Though, this performance gain comes with a price; coherent processing poses the challenge of dealing with

the ambiguities stemming from the large separation between sensors and the need for phase synchronization

[2].

• The MSEs terms are strongly reliant on the footprint of the radar system relative to the target location. This

relation is incorporated into the terms
g1nc/c

g1nc/cg2nc/c−h
2

nc/c

and
g2nc/c

g1nc/cg2nc/c−h
2

nc/c

. These terms incorporate gains

inherent in the footprint of the MIMO radar system, defined herein as MIMO gains. However, the relations

between the location dependent terms in (30) are not readily discerned, and further analysis is desirable.

• There is a performance trade-off between the MSE of the target location estimation computed for the x and

y axes. A set of sensor locations that minimizes the MSE on the x coordinate, σ2x, may result in a high MSE

on the y coordinate, σ2y. In order to truly determine the minimum achievable localization accuracy, the overall
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accuracy needs to be optimized, i.e., optimize the MSE of the x and y coordinates jointly by optimizing

σ2xy =
(
σ2x + σ2y

)
. In [16], it is shown, using the CRLB, that in the coherent case, the best overall accuracy is

obtained when the transmitting and receiving radars are placed with uniform angular spacings of 2π/M and

2π/N , respectively, around the target position, or any superposition of such sets. This applies to the BLUE

MSE, since it asymptotically achieves the CRLB [17] for the case of Gaussian data. Under these conditions,

the lowest overall BLUE MSE with coherent processing is given by
[
σ2xy,c

]
c_opt_set

= c2

8π2f2c SNRo
2

MN . In the

non-coherent case, it can be easily shown that such a constellation of sensors will produce
[
σ2xy,nc

]
c_opt_set

=

c2

8π2β2 SNRo
2

MN , although it is not necessarily the optimal value of σ2xy,nc.

Since the effect of the radars and the target positions on the obtainable accuracy cannot be intuitively identified

from the terms of (30), a more suitable method to express these relations is employed in the next section. These

evaluation tools incorporate the mapping of accuracy gain metric over a given geographical area, acting as a design

and decision making mechanism for MIMO radar systems.

IV. GDOP METRIC

The GDOP metric is commonly used in GPS for mapping the attainable localization precision for a given layout

of GPS satellites positions [21]- [23]. Here, we seek a metric that expresses the effect of the positions of the

transmitting and receiving elements of the MIMO radar on the relationship between the time delay estimation

errors and the localization errors. Plots of GDOP provide a clear view of high accuracy areas for a given set

of radar locations. In non-exclusive GPS applications the term GDOP is sometimes replaced by the term PDOP

(position dilution of precision) [24].

The GDOP metric is commonly defined as:

GDOP =
1

σR

tr (cov(X)) (31)

where σ2
R

is the range (delay) measurements error, defined by standard deviation of the time delays c2σ2ε . cov(X),

where cov(◦) stands for the covariance matrix. For the two dimensional case, where X = (x, y), it is:

GDOP =

√
σ2x + σ2y

c2σ2ε
, (32)

where σ2x and σ2y are the variances of localization on the x and y axis, respectively. We further define two one

dimensional metrics: the horizontal x-axis DOP (HxDOP) and horizontal y-axis DOP (HyDOP), as:

HxDOP =

√
σ2x

c2σ2ε
, (33)

HyDOP =

√
σ2y

c2σ2ε
. (34)
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We can use the BLUE MSEs given in (19), (20), (28) and (29), and the time delay variance in (15) and (25),

to evaluate the GDOP metric for MIMO radar systems with non-coherent and coherent processing. The following

GDOP expression is obtained for the non-coherent case:

GDOPB_nc =

√
g1nc + g2nc(

g1ncg2nc − h2
nc

) (35)

=

√
c2

8π2β2 SNRo
σ2xy,nc, (36)

where we assume SNR�k = SNRζ
= SNRo, β2Rk 	 1 and therefore, σ2εnc =

1

8π2β2 SNRo
= ηnc

c2 .

For coherent processing we have:

GDOPB_c =

√
g1c + g2c(

g1cg2c − h2
c

) (37)

=

√
c2

8π2f2c SNRo
σ2xy,c, (38)

where σ2εc =
1

8π2f2c SNRo
= ηc
c2 .

In the GDOP expressions in (35) and (37), the sensors’ locations are embedded in the terms atxk , arx� , btxk and

brx� as defined in (18) and (27). The GDOP reduces the combined effect of the locations to a single metric. In

this case, the metric is a representation of the MIMO gain. Once we get the values mapped, the actual localization

overall accuracy σ2xy is easily derived by multiplying the GDOP value by cσε, and for either the x or y coordinates

accuracy, by multiplying the HxDOP and HyDOP by cσε.

In Figures 1 and 2, contour plots of the GDOP values are presented for the case of non-coherent and coherent

processing, respectively, with M = N = 4 radars positioned symmetrically on the M +N vertices of a polygon

centered at the origin. The radars are all transmitting orthogonal signals and perform time delay estimations.

The GDOP value for a target located at the origin is the same in both plots. This value is consistent with the

results indicated in the previous section, i.e., the minimal achievable overall MSE is equal to
[
σ2xy,c

]
c_opt_set

=

c2

8π2f2c SNRo
2

MN = c2σ2ε GDOP
2
B_c_opt and, therefore, GDOPB_c_opt =

√
2

MN . In Figure 2, The GDOP value for

a target located at the origin follows the analytical result with GDOPB_c_opt =
√

2

16
= 0.35355. It is noticeable

that while this value is minimal for coherent processing, this is not the case for non-coherent processing, where

curves indicating GDOP values of 0.32 and 0.34 may be found in Figure 1. The distribution of the GDOP values

has different characteristics for each case. In the coherent case, targets located inside the virtual (N +M)-sided

polygon formed by the sensors locations demonstrate lower GDOP values than targets located outside the footprint

of the polygon. In particular, the best localization is obtained for a target at the center of the system. The increase

in GDOP values from the center to the polygon perimeter is slow. Outside the footprint, the GDOP values increase

rather rapidly (as manifested by the density of contours). In the non-coherent case, the lowest GDOP values are

obtained at the perimeter of the virtual (N +M)-sided polygon. The distribution of the GDOP value inside the
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virtual polygon footprint is almost uniform. Outside the system footprint, a slow increase in the GDOP values is

observed.

Contour maps of the HxDOP and HyDOP are presented in Figures 3 and 4, respectively. The radars are located

in a similar manner to the one given in Figures 1 and 2. The trade-off between the accuracy gains achievable in

either the x and y coordinates is demonstrated. In Figure 3, the curves with the lowest HxDOP values, ranging from

0.24− 0.25, are obtained in the upper and lower most part of the map. Similarly, in Figure 4, the lower HyDOP

curves, within the same range, are obtained in the right and left most part of the map. With both metrics, a target

located at the origin benefits from low HxDOP and HyDOP values (of the order 0.25). In the case when better

accuracy is required on a single coordinate, the HxDOP and HyDOP maps may serve in the decision making.

In Figures 5 and 6 contours of M = N = 4 of non-symmetrically positioned radars are drawn for non-coherent

and coherent processing. When the radars are not spread around the target there is a marked degradation in areas

with good measurement accuracy with coherent processing, as demonstrated in Figure 6. These examples show

that a symmetrical deployment of sensors around the target yields better GDOP values for coherent processing.

Non-coherent processing (Figure 5) does not show significant degradation with asymmetric placement, though the

distribution of lower GDOP curves is different compared with the one observed in Figure 1.

Plots of GDOP provide a clear view of high accuracy areas for a given set of radar locations. These plots could

also serve as a tool for choosing favorable radar locations to cover a given target area.

V. CONCLUSIONS

The MIMO radar architecture with coherent processing exploits knowledge of the phase differences measured

at the receive antennas to produce a high accuracy target location estimate. We showed that by exploiting the

spatial dimension, MIMO radar with widely separated antennas may overcome bandwidth limitations and support

high accuracy target localization. Coherent processing is shown to reduce the MSE values (standard deviation

of the estimates) by a factor of fc/β over the case when the observations are non-coherent. Nonetheless, both

processing methods benefit from a MIMO gain directly proportional to the product of the number of transmitting

and receiving radars. At the same time, this type of MIMO radar has the challenge of time and/or phase synchronizing

multisite systems, and needs to deal with ambiguities stemming from the large separation between sensors. GDOP

contours, mapping the relative performance accuracy for a given layout of radars over a given geographic area,

were introduced. These plots offer a clear understanding of the collaboration effect of different sensor schemes on

the resulting accuracy for both processing schemes.

APPENDIX I

DERIVATION OF (15)

For a set of received waveforms r� (t) , 1 ≤ 
 ≤ N, in (3), the time delay estimates µnc =
[
µnc11 , µnc12 , ..., µncMN

]T

are determined by maximizing the following statistic:
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µnc�k = argmaxv

∣∣∣∣
∫

T

r� (t) s
∗
k (t− v) dt

∣∣∣∣ . (39)

Equivalently, [∫

T

d

dv
[α�ksk (t− τ�k) +w�(t)] s

∗
k (t− v) dt

]

v=µnc�k

= 0. (40)

The time delay estimates are expressed in (4). The properties of the noise ε�k can be computed from (2), and (3).

It is not difficult to show that the following relation holds:

dgnc(v)

dv

∣∣∣∣
v=µnc�k

+ nnc�k = 0, (41)

where

gnc(v) = αlk

∫

T

sk (t− τ �k) s
∗
k (t− v) dt, (42)

and

nnc�k =

∫

T

d

dv
w�(t)s

∗
k (t− v) dt. (43)

We wish to write (51) in the form of (4). With a few algebraic manipulations, including expanding gnc(v) in a

Taylor series around τ �k, and neglecting terms o
[(

τ �k − µnc�k
)3]

, it can be shown that

τ̂ �k = τ �k +
nnc�kαlk

4π2β2k |αlk|
2
. (44)

Comparing this with (4), we have for the error term

εnc�k 	
nnc�kαlk

4π2β2k |αlk|
2
. (45)

To find the first and second order statistics of εnc�k , we need the statistical characterization of n�k. As previously

stated, we assume the receiver noise w�(t) is a Gaussian random process with zero mean and autocorrelation function

σ2wδ(τ). Since n�k is a linear transformation of the process w�(t), since the mean w�(t) is zero, E [n�k] = 0.

Similarly, it can be shown that

E [nnc�knncnm ] =




0 ∀
k �= nm

2π2σ2wβ2k ∀
k = nm
. (46)

Using these results, we finally get

E [εnc�kεncnm ] =
E [nnc�knncnm ]

16π4β4k |αlk|
2

(47)

=




0 ∀
k �= nm

1

8π2β2k(|αlk|
2/σ2w)

∀
k = nm
,

concluding that the covariance matrix of the terms εnc�k is given by:

Cεnc =
1

8π2
diag

(
1

β21 SNR11
,

1

β21 SNR12
, ...,

1

β2M SNRMN

)

MN×MN

. (48)

where SNR�k =
|αlk|

2

σ2w
.
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APPENDIX II

DERIVATION OF (25)

For a set of received waveforms r� (t) , 1 ≤ 
 ≤ N, in (1), the time delay estimates µc =
[
µc11 , µc12 , ..., µcMN

]T

are determined by maximizing the following statistic:

µc�k = argmaxv

∣∣∣∣exp (j2πfcv)

∫

T

r� (t) s
∗
k (t− v) dt

∣∣∣∣ . (49)

Equivalently,
[∫

T

d

dv
ζ exp (j2πfcv) [exp (−j2πfcτ�k) sk (t− τ�k) +w�(t)] s

∗
k (t− v) dt

]

v=µc�k

= 0. (50)

The time delay estimates are expressed in (4). The properties of the noise εc�k can be computed from (2), and (1).

It is not difficult to show that the following relation holds:

dgc(v)

dv

∣∣∣∣
v=µc�k

+ nc�k = 0, (51)

where

gc(v) = ζ

∫

T

exp [j2πfc (v − τ �k)] sk (t− τ �k) s
∗
k (t− v) dt, (52)

and

nc�k =

∫

T

d

dv
w�(t)s

∗
k (t− v) exp (j2πfcv) dt. (53)

We wish to write (51) in the form of (4). With a few algebraic manipulations, including expanding gc(v) in a Taylor

series around τ�k, and neglecting terms o
[(

τ�k − µc�k
)3]

, it can be shown that

µc�k = τ �k +
nc�kζ

4π2f2c

(
1 +

β2k
f2c

)
|ζ|2

. (54)

Comparing this with (4), and invoking the narrowband assumption β2k/f2c � 1, we have for the error term

εc�k 	
nc�kζ

4π2ζf2c |ζ|
2
. (55)

To find the first and second order statistics of εc�k , we need the statistical characterization of n�k. As previously

stated, we assume the receiver noise w�(t) is a Gaussian random process with zero mean and autocorrelation function

σ2wδ(τ). Since n�k is a linear transformation of the process w�(t), since the mean w�(t) is zero, E [nc�k ] = 0.

Similarly, it can be shown that

E [nc�kncnm ] =




0 ∀
k �= nm

2π2σ2wf2c ∀
k = nm
. (56)

Using these results, we finally get

E [εc�kεcnm ] =
E [nc�kncnm ]

16π4 |ζ|2 f4c
(57)

=




0 ∀
k �= nm

1

8π2f2c (|ζ|2/σ2w)
∀
k = nm

,
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concluding that the covariance matrix of the terms εc�k is given by:

Cεc =
1

8π2f2c SNRζ
IMN×MN . (58)

where SNRζ =
|ζ|2

σ2w
.
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Figure 1: Non-coherent GDOP contours with M=N=4.
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Figure 2: Coherent GDOP contours with M=N=4.
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Figure 3: Coherent HxDOP contours with M=N=4.
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Figure 4: Coherent HyDOP contours with M=N=4.
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Figure 5: Non-coherent GDOP contours with M=N=4 - asymmetrical placement of radars.
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Figure 6: Coherent GDOP contours with M=N=4 - asymmetrical placement of radars.
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