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Abstract— This paper undertakes the study of localization
performance of multiple targets in coherent MIMO radar systems
with widely spread elements. MIMO radar systems with coherent
processing and a single target were shown to benefit from a
coherency and spatial advantages. The first is proportional to the
ratio of the signal carrier frequency to the effective bandwidth,
while the latter provides a gain proportional to the product
of the number of transmitting and receiving sensors. In the
current study, the model in extended to the estimation accuracy
of multiple targets. The Cramer-Rao lower bound (CRLB) for the
multiple targets localization problem is derived and analyzed. The
localization is shown to benefit from coherency advantage. The
tradeoff between target localization accuracy and the number
of targets that can be localized is shown to be incorporated
in the spatial advantage term. An increase in the number of
targets to be localized exposes the system to increased mutual
interferences. This tradeoff depends on the geometric footprint
of both the sensors and the targets, and the relative positions
of the two. Numerical analysis of some special cases offers an
insight to the mutual relation between a given deployment of
radars and targets and the spatial advantage it presents.

Index Terms— MIMO radars, CRLB, target localization.

I. INTRODUCTION

MIMO radar is a rapidly expanding research field [1]-
[13]. These systems have the ability to transmit diverse
waveforms ranging from independent to fully correlated [7].
MIMO radar architectures may be generally classified into
colocated antenna schemes or widely distributed over a given
area. For colocated antennas, waveform diversity [4] is being
exploited, while distributed antenna takes advantage of the
spatial diversity supported by the system configuration [1]. As
each configuration and model has its strengths and challenges,
it is already apparent that they have the potential to make
important contributions to the radar field.

Enhanced target parameter estimation capabilities is one
of MIMO radar systems attributes. Specifically, its ability
to separate multiple targets [9], [10], and estimate targets’
parameters such as direction-of-arrival (DOA) [4], [5], and
range [11]-[13].

MIMO radar system with colocated antenna perform DOA
estimation of targets in the far-field. In this class of systems,
extensive research [7], [8], [10] has focused on waveform de-
sign and optimization targeted at reducing the cross-correlation
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of the signals reflected from various targets to improve bearing
separation in multiple targets scenarios. Some of the waveform
optimization techniques suggested in [6] are based on the
Cramer-Rao lower bound (CRLB) matrix [15].

Evaluation of single target localization accuracy perfor-
mance for coherent MIMO radar systems with widely dis-
tributed antenna is provided in [13]. It is shown, utilizing the
CRLB, that a coherency advantage, proportional to the ratio
between the signal carrier frequency and the signal effective
bandwidth, is achieved. In addition, a spatial advantage of the
order of the product of the number of transmit and receive
radars is generated. In this paper, the study is extended to the
case of multiple targets, dealing with the possible tradeoffs that
the increased number of targets imposes on the localization
accuracy performances. The CRLB is derived and evaluated
for this case. Coherency and spatial advantages are identified
and analyzed. As the spatial advantage is strongly reliant on
the geographical setting of the radars with respect to the targets
and on the geometric distribution of targets, an insight into the
system inherent tradeoffs is provided using numerical analysis.

The paper is organized as follows: the system signal model
is introduced in Section II. In Section III the CRLB on
the targets localization estimation errors is derived. Tradeoffs
between performance and the number of targets is presented by
numerical analysis in Section I'V. Finally, Section V concludes
the paper.

II. SYSTEM MODEL

Assume M transmitting radars and N receiving radars,
widely distributed and time and phase synchronized. The
receiving radars could be colocated with the transmitting ones
or widely separated. The transmitting and receiving radars
are located in a two dimensional plane (z,y). Consider Q
point targets located at coordinates X, = (z4,vq), ¢ =
1,...,Q. A set of orthogonal waveforms is transmitted, with
the lowpass equivalent sy, (t) , k = 1,..., M. The power of the
transmitted waveforms is normalized such that the aggregate
power transmitted by the sensors is constant, irrespective of
the number of transmit sensors. Let all transmitted waveforms
be narrowband signals with individual effective bandwidth S
defined as 87 = [y, f2|Sk ()*df/ [y, |k ()] df, where
the integration is over the range of frequencies with non-zero
signal content W}, [16]. The signals are narrowband in the
sense that for a carrier frequency of f., the narrowband signal
assumption implies 87/ f2 < 1. Assume the @ targets are



located within a search cell of ¢/3, where 8 = max {f}.
The targets are modeled as point scatterers with complex
amplitude ¢ = (2, + j¢!, . To simplify the notation, the
signal power term is embedded in the noise variance term such
that the signal-to-noise ratio (SNR) at the transmitter, denoted
SNR, and is defined as the transmitted power by a sensor
divided by the noise power at a receiving sensor. The following
notations are introduced for later use: 7/, = o1, (Xg), 79 =
[7{117 o TI({/[N] and Cq [Cre’ zm]

In the model developed below, path loss effects are ne-
glected, i.e., the model accounts for the effect of the sen-
sors/targets locations only through time delays (or phase shifts)
of the signals. For convenience, we define a 4¢) dimensioned
vector # of the unknown parameters:

def

= 2090, ¢ty (9] )

The propagation time estimate of a signal transmitted by
the k-th transmitting radar located at coordinates T}, =
(xtk, Y ) reflected by a target located at X,, and received
by a sensor located at Ry = (¢, Yre), can be expressed as:

[$172/17 ey
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where k = 1,.,M, ¢ = 1,..,N, ¢ = 1,..,Q and 7/, the
propagation time, is the sum of the time delays from radar k
to target ¢ and from the target to radar ¢:

1
T = - <\/(9Etk —29)” + (yo — y7)° 3

+\/(93re —29)* + (e — yq)z) ,

and €}, is the estimation error. The speed of light is denoted
by c.

Consider the case of a baseband representation of the signal
observed at sensor £ due to a transmission from sensor k£ and
reflection from @ scatterers, given by:

Q M
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where pf, = exp (—j2mf.7}.) accounts for the phase shift
due to the propagation delay. Others terms are the car-
rier frequency f., circularly symmetric, zero-mean, complex
Gaussian noise wy (t) , which is spatially and temporally white
with autocorrelation function o2, (7). We define the vectors
r=1[ri(¢),...,rn (t)]T and ¢ = [r1, 79 ..,CQ]T for
later use. The received signal at each sensor is a mixture of
the transmitted signals reflected by the targets. The mixture
of signals is separated at the receiver end by exploiting the
orthogonality between the transmitted waveforms.

III. THE CRLB ON TARGETS LOCATION ESTIMATION

The CRLB provides a lower bound for the mean square
error (MSE) of any unbiased estimator for an unknown pa-
rameter(s). Given a vector parameter ¢, and the conditional
joint probability density function (pdf) of r given 0, p (r[0),
the unbiased estimate 6 satisfies the following inequality [15]:

Ey {(5 - 0:) (0 - @»)T} >3O0, O

where J () is the Fisher Information matrix (FIM) given by:

def 0 0 "
30 E, {89 logp (x/0) ( 2 1ogp<r|9>> } ©
Let the CRLB matrix be defined as:

Corr =13 0)]7". (7

Since the received signal in (4) is defined as a function of
the time of arrival, Tfk, and the reflectivity value (9, with the
use of the chain rule, J(0) could be decomposed into the

alternative form [15]:
T
J(@){ }JW){D 0 } ®)

0 Ixgx20
where 1 was defined earlier, and J () is the FIM for the
unknown vector . In order to derive the FIM given in (8),
the joint pdf p (r|t)) is required. Given the signal model (4)
and the set of known waveforms sy, (¢ — 7/, ) parameterized by
the unknown time delays 7/ , the joint pdf of the observations
parameterized by the unknown parameters vector v, is:

D 0
0 Ixgx20

p(r|yh) o exp ©)
Q M 2
= Z/ re(t) — szsk (t— 1) p| dt
w =1 q=1k=1

The matrix D is of the form:

) D! O2x MmN
D=—- . .. : ) (10)
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where submatrix DY is derived as:
q __ zq q
D= oty d"'z%u\r (1n
oya oy 2x M N
Using (3) in (11), matrix DY is calculated as:
q cos ¢ + cos @] cos ¢}, + cos o
DY = e Ty g A B 1)
sin ¢ + sin ¢] sin ¢y, + sin g}y

where the phase ¢} = tan—! %) is the bearing angle of

the transmitting sensor k to target ¢ measured with respect to
the x axis; the phase ¢} = tan~! i’:—jﬁ) is the bearing
angle of the receiving radar ¢ to target ¢ measured with
respect to the x axis. Thus, matrix D includes the geometric
information of the radars’ location configuration relative to the
position of the ¢'" target.

An expression for the FIM J (v), is derived in Appendix
I, yielding:



T
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with 7, = 872 SNR f?2 and the block matrices I', X, and V
are defined in Appendix I in (23), (26), and (29), respectively.

In order to determine the value of J (), we use (13) and
(10) in (8), to obtain the following FIM matrix:

} ) (13)
(2+MN)Qx(2+MN)Q

_ 8m2SNR f? [ DrD” DVT

J©) c2 vDT =

(14)
4Qx4Q

While the CRLB expresses the lower bound on the variance
of the estimate of 6 = [z1,y1,..., 2, yg, (', ...,QQ]T, we are
really interested in the estimation of only the targets locations
(x1,%1,...,2Q, Yg). For the variances of the estimates of z,
and y,, it is sufficient to derive the 2Q) x 2@ upper left
submatrix [CcrrBlagyag = [J (9)]2_65><2Q , which can be
expressed [12]:

-1
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(15)

where 7 (f.) = W. The diagonal elements of the

submatrix [CCRLB]zszQ ‘provide the lower bound on the

localization mean squared error (MSE), 03 > 0¢p, =

2 2 —
[CCRLB]qul,qul and Uyq > GC’qu = [CCRLB]quzq, where
these terms may be defined as:

0&re, =1 (fe) - Nspt (24) (16)
&Ry, =1 (fe)  Nspt (Ug) (17)
and
_ ™ 1
Nspt (T4) = {(DI‘XDT - VD'E;'DV ) }
2q—1,2¢g—1
(18)
_ 7\ 1
Nspt (Yg) = {(DI‘XDT—VDTEchV ) } . (19)
2q,2q

The CRLB matrix is related to the sensors and targets
locations through matrices D, I'y and V, while the latter
two are also functions of the received waveforms correlation
functions and its derivatives. This dependency is captured in
the terms 7sy; (z4) and ngp (y4), where further analysis is
required.

A. Discussion

The expression for the CRLB as given in (15), provides
insight into the performance of multiple targets localization
accuracy performance of MIMO radars systems with coherent
processing.

1) Coherency advantage: As in the single target case, the
lower bound on the targets localization errors is inversely
proportional to the carrier frequency f. and independent of
the signal individual effective bandwidth, due to the use of
the phase information across the different paths. It is apparent
that coherent processing offers a target localization precision
gain of the order of f./{, referred to as coherency advantage.

The improvement in localization accuracy needs to be
moderated with the observation that the CRLB is a bound
of small errors. As such, it ignores effects that could lead
to large errors. For example, MIMO radar with distributed
sensors and coherent observations is subject to high sidelobes
[2], [14]. Additionally, a phase coherent system is sensitive to
phase errors. These topics are outside the scope of this paper,
but they should be kept in perspective.

2) Spatial advantage: The CRLB submatrix terms are
strongly reliant on the relative geographical spread of the
radar sensors versus the targets locations. In MIMO radar,
the targets play a similar role to the transmission channel
in MIMO communication. As such, the elements in the
CRLB, I‘;z(q’ and V' ¢ # q/ may be viewed as overlapping
multipath arrivals for a given ¢k propagation path. The trace
of the CRLB provides an averaged spatial term 7ns,; =

Q
% Zl (Mspt (xq) + Nspt (Yq)), and may be written as:
q:

Q T T T -t
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(20)
where W99 = Egl. The first two terms in (20) are the
auto-correlation terms, while the third term represents the
cross-correlation between targets and therefore, serves as
mutual interference. The elements of these cross-correlation
matrices are products of the phase and amplitude elements,

exp (—27rfCATg,f/> and [ sy (t - AT;,;Z/) sy (t)dt, where

AT%/ = 7} — 7/, and its derivatives (see (23) and (29) in
the appendix). As the distanc/e between the targets impacts the
time delay differences, A7}, the following might be gleaned
by inspection of (20):

o Targets separated by distances larger than a ¢/8 reso-
lution cell are resolvable with negligible loss in perfor-
mance relative to the single target case. This results from
the decorrelation achieved by this scenario, where the
third term in (20) approaches zero. On the other end,
distances smaller than the carrier wavelength A are non-
resolvable.

o The interference on paths ¢k for target ¢ add in-

’
cATLY .
u, v = 0,1,2,..., ie.

phase with —H- =
cos (727r fCATZg,> ~ 1. They add out-of-phase with

%\Zlfq— ~ou, u = 1,2,.., ie. cos QQWfCATZg, <
1. It is evident that the number of resolvable paths
varies with the position of the radars with respect to
the targets and the targets layout, where some may be
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Fig. 1. System layout for cases 1 to 4.

more favorable than others. The number of resolvable
propagation paths per target ¢ and the geometric merit
of these paths (integrated in matrix D?) determines the
ability to localize target ¢ and the localization accuracy
quality. A minimum of 3 resolvable paths is required for
the localization of a single target.

o Transmit and receive radar pairs, ¢k, with large aperture
with respect to the targets layout are preferable due to
the larger time delay differences they offer.

« Sensors placement needs to take into account the vertical
and horizontal plane sensitivity needed for a given targets
layout. For example, a horizontal targets layout requires
better horizontal separation, achieved by broadside hori-
zontal radar geometry.

To get a more intuitive understanding of the reliance of the
spatial advantage on the geographical spread of the radars and
targets, numerical analysis is employed in the next section for
some special cases.

IV. NUMERICAL ANALYSIS

As mentioned previously, we show in [13] that the spatial
advantage for the case of a single target is M N/2 under
optimal conditions, i.e. when the target is located at the center
of a virtual circle created by uniformly spaced sensors. In
the case of multiple targets, the spatial advantage relies on
the number of targets and their layout relative to the sensors
locations. To identify favorable radars locations with respect to
the targets layout, four special cases, demonstrated in Figure
1, are analyzed.

System parameters are set as follows: g, = 200 kHz, Vk,
fe = 2 GHz (wavelength A = 1.5 meter), SNR = 25 dB,
and all reflectivity index values are assumed equal |(?] = 1,
Vq. Targets are placed in a horizontal shaped structure, with
the first target located at (0,0) and the others located at
(g = xg—1 +10,y, = 0).

The averaged value of 7g,; versus the number of targets
is drawn in Fig. 2. Following the discussion in previous
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Fig. 2. Spatial advantage values for cases 1 to 4.

section, we want to avoid AT%/ ~ 0 and keep ATZ?/ as large
as possible. It is observed in the figure that a symmetrical
placement, as shown in Case 1, is not an optimal one.
Rearranging the radars, in the more favorable setting (as in
Case 4) demonstrates a performance gain, in terms of the
number of targets and the spatial advantage, achieved without
any change in the number of antennas. This is a result of
the larger transmit/receive aperture sets contributing to larger
delays.

Placing the radars in a broadside horizontal spread (as
in Case 3) provides better spatial advantage and moderate
performance loss rate when compared with Case 2, where a
vertical radar setting is used. This is a combined effect of the
larger time delays and the impact of matrix D, which provide
better horizontal separation in Case 3 [17].

Increasing the number of radars, as can be noticed from
comparing cases 3 and 4, allows for localization of more tar-
gets with higher spatial advantage and restrained performance
loss rate.

V. CONCLUSIONS

The analytical expression for the CRLB for the case of
multiple targets localization in coherent MIMO radar systems
with widely distributed antenna is derived, demonstrating both
coherency advantage and spatial advantage. Nonetheless, there
is a tradeoff between the ability to localize multiple targets
and the accuracy with which it can be done, introduced by the
mutual interference between the targets’ reflected paths. These
cross-correlation terms may be controlled by choosing propi-
tious radars locations. The relation between different sensor
schemes and targets layouts on the performance was examined
using numerical analysis. It demonstrates the tradeoff between
spatial advantage and the number of targets. It is shown
that performance loss may be compensated by increasing the
number of transmit and/or receive radars or by rearranging
the sensors locations. As the CRLB provides a good bound at
high SNR, a more rigid bound needs to be found for the low
SNR case, where the ambiguities predominate the estimation
capabilities.



APPENDIX I
DERIVATION OF THE FIM IN (22)

In this appendix, we develop the FIM for the un-
known parameter vector 1), based on the conditional
pdf in (9). The block matrices that define 2J (w) =
E{Vylogp(xl) (Vylogp (xfy)"} = —B [£lspi]
are derived hereafter.

The submatrix I'y, ¥, and V have each the following
general form:

All AlQ

A= : : (21)
AQ1L AQQR
The following indexing notations are used throughout: j =
(=)« M+k; § = [ -D)«M+K]; kK =
1,..,M; 6,0 =1,.,N;¢,¢ =1,.,Q.

Matrix I'?? elements are derived as follows:

L3 @) = _niE (0% 108 (vf) 0rg,0rs ]

Ul

’ (22)

where 7, = 872 SNR f2 and logp(r|¢) is given in (9). In
matrix form,

[T 550 =

1C9)? frodarnx v q=4q

qu/ — e Cq/ 5 ’ AN H ,
re{ g [amer (a0) "]} a2y

(23)

where we define A? = diag(e?). The notation

diag(-) is a diagonal matrix, e? is defined as e? =
T
[exp (727{_.]“07—{11) , €XP (727{_.]“07_{12) y ey €XP (QchTqITN)] >

. 2
and we abuse the notation and let aajA =
Jg’
S — [ A]jj,.
DTZkBTZ, o

The frequency ratio fr, is defined as fr, = (21 + B2/ f2).
When we invoke the narrowband assumption 37/f? < 1 it
follows that fr, ~ 1. The elements of matrix R are defined
as:

[qu/} » J st —75,) sk (t —Th ) dt e=k=k
i (AU KAK
.24

Matrix ¥ in (13) is defined by a set of matrices 3299 with
the following elements:

’ ’ 1 ’
(S 10 = (87 o = B [0 logp (r|u) /0CLACE, |

’ ’ 1 ’
(S 1o = (99 o, =~ [0%hogp (<le) /0K, OCE].
(25)
In matrix form,
) = MNIzyo q=q
¥ = 1 Re[d] —Im[¥] ;s (26)
E{—Im[ﬂ] Re[s] | 97 ¢

’ T\ ¥
where we use the notation ¢ = (e?)” R4 <eq > .

Matrix V in (13) is defined by set of matrices qu, with
the following elements:

Vil = = [P logp o) jorf 0L | @)
Vg = = 0P ogp (ul) /0 OCE, ] 28)
In matrix form,
El [ ~Cim ] _
: |Gl e
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