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Abstract|A channel coding scheme is analyzed that fea-
tures parallel concatenated systematic space-time codes
with multilevel modulation and multiple transmit/receive
antennas. The proposed scheme is referred to as turbo space-
time coded modulation (turbo-STCM). It combines the advan-
tages of powerful turbo codes with the diversity of space-
time coded modulation. The scheme utilizes recursive and
systematic constituent space-time codes and features full
diversity and full rate. Simulation results are provided for
8-PSK schemes over the block-fading channel. It is shown
that this turbo scheme provides an advantage of 1.1 dB over
conventional space-time codes of similar decoding complex-
ity. The analytical union bound of the bit error probability
is derived for turbo-STCM over the Rayleigh block-fading
channel. The bound makes it possible to express the perfor-
mance analysis of turbo-STCM in terms of the properties
of the constituent space-time codes. The union bound is
demonstrated for 8-PSK turbo-STCM with two transmit
antennas and one/two receive antennas.

I. Introduction

Turbo-code [1] when combined with iterative decoding
have been shown to provide excellent coding gains. Like
turbo code, space-time code (STC) is a newly invented
family of codes. Diversity advantage of space-time pro-
cessing is combined with the bandwidth eÆciency and er-
ror correction coding of trellis coded modulation [2]. It is
natural to expect that merging turbo-coding and space-
time code could lead to the design of better codes for
the fading channel. Recently, several schemes that com-
bine turbo and space-time codes were proposed. Serially
concatenated space-time codes and turbo-codes were pro-
posed in [3]. A serial concatenation of space-time codes
and recursive convolutional codes was presented in [4]. A
di�erent serial concatenation as well as a parallel concate-
nation scheme were shown in [5]. In [6], the outputs of
binary turbo-codes were mapped to QPSK symbols and
transmitted through multiple antennas. A scheme that
maps the outputs of recursive convolutional encoders to
di�erent antennas was proposed in [7]. Another paral-
lel concatenation with the outputs of recursive encoders
mapped to di�erent antennas was presented in [8]. Some
of these schemes provide full space diversity and full cod-
ing rate.
A di�erent approach is obtained by evolving from turbo-

codes to trellis coded modulated turbo-codes [9]. Extend-
ing this idea, we proposed a scheme that parallel con-
catenate of two systematic space-time code modules [10],
[11], [12]. We referred to this scheme as turbo space-time
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coded modulation (turbo-STCM). It utilizes the princi-
ple of iterative processing directly to the STC modules.
The output signals are punctured resulting in a full rate
code. This scheme can be viewed as a true extension of
the original turbo scheme [1] from the bit to the symbol
level. An iterative symbol-by-symbol maximum a poste-

riori algorithm operating in the log domain is developed
for decoding turbo-STCM [10]. In [11], we developed the
upper bound for turbo-STCM with two transmit antenna
over the additive white Gaussian noise (AWGN) channel.
In this paper, we extend it to the block-fading channel.

The paper is organized as follows. In the section II, we
brie
y present the system model and iterative decoding
algorithm. Section III shows numerical simulations and
comparisons with other methods for 3 bits/s/Hz turbo-
STCM codes utilizing 8-PSK modulation. Section IV con-
tains the theoretical performance analysis of turbo STCM.
Numerical examples including simulations are found in
section V. Finally, conclusion are presented in section
VI.

II. System Model

The goal of turbo-STCM is to apply the turbo structure
to space-time code. The turbo-STCM encoder consists of
two systematic STC modules operating in a parallel con-
catenation structure. The systematic recursive 16 state
8-PSK STC is shown in Fig. 1. Systematic component
codes are often encountered in turbo-codes applications
due to their good performance at low signal-to-noise ra-
tios. The systematic structure is further motivated by the
need to puncture the parity data of the turbo code such
the data rate of the overall code is the same as that of the
constituent codes. A block diagram of the turbo-STCM
encoder with two transmit antennas is shown in Fig. 2.
Details of turbo-STCM encoding operation can be found
in [10], [11].

A schematic diagram of the transmission system is
shown in Fig. 3. The architecture of a turbo-STCM en-
coder with N = 2 transmit antennas is shown in Fig. 2.
Let a source generate an information bit sequence u. Us-
ing k to denote the time index, turbo-STCM encodes the
information bits uk to N symbols represented by the bi-

nary column vectors c
(n)
k , n = 1; : : : ; N . Those are fed

into a memoryless mapper � (�) that emits the symbols

s
(n)
k = �

�
c
(n)
k

�
: In this paper, s

(n)
k are 8-PSK symbols.

De�ne the symbol vector sk 2 CN , sk =
h
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k
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where the superscript denotes transposition. For a turbo-
STCM receiver utilizing an array ofM antennas, the chan-
nel output symbols are represented byM�1 vectors yk 2
CM are

yk =
p
EsHsk + zk; (1)

where Es is the energy per symbol, related to the energy
per bit by Es = mEb (m = 3 in this paper). The M �N
matrixH consists of the channel coeÆcients. The channel
is assumed 
at, Rayleigh and block-fading. Additive white
Gaussian noise is modeled by the vector zk: The noise is
assumed complex-valued, Gaussian distributed with zero-
mean and variance N0=2 for each dimension.
As in [10], [11], [13], turbo-STCM decoder is an itera-

tive processing structure as shown in Fig. 4. The decoder
employs two a posteriori probability (APP) computing
modules concatenated in parallel; one module for each
constituent code. These decoders are denoted in Fig. 4,
APP1 and APP2, respectively. The generic APP algo-
rithm for nonbinary trellis and multiple-input-multiple-
output channel is based on the BCJR algorithm [14] and
on [9]. The multiplicative form of the APP algorithm can
be converted into an additive form by converting to the log
domain. For an hypothesis information symbol uk = u(i)

and given the sequence of observations Y, the soft output
of the log-APP at time k is:

M(uk = u(i)jY) = 	(ykju
(i)) + L(uk = u(i)); (2)

where M(uk = u(i)jY) = logP (uk = u(i)jY) is the log-
APP, 	(ykju

(i)) incorporates the systematic and extrinsic
information, and L(uk = u(i)) = logP (uk = u(i)) is the
a priori information. The a priori input to each APP de-
coder can be derived from the output of the other decoder.
Data is shared between the two decoders, and an iterative
process is applied to re�ne the soft decisions.

III. Numerical Results

We present simulation results on the performance of our
turbo-STCM scheme for 3 bits/s/Hz 8-PSK. The channel
model was Rayleigh block-fading, meaning that the chan-
nel was assumed constant during a frame of F = 130
symbols, but independent frame-to-frame. Two types of
interleavers were used in the simulations. With the �rst
type, each sequence of size K symbols was run with a
di�erent random interleaver chosen from a uniform dis-
tribution. Performance shown for random interleavers is
the average over all interleavers. In the �gures, curves
representing performance averaged over uniform random
interleavers are labeled `UIL'. The second type of inter-
leaver used in the simulations was an `S-random' inter-
leaver, as suggested in [15]. Following guidelines in the ref-
erence and choosing S = 25; an interleaver was obtained
by generating random permutations (interleaves) without
replacement, subject to the restriction that adjacent sym-
bols are not interleaved within a distance of S symbols of
each other. This interleaver was used in all simulations
with �xed interleaver and the curves were labeled `FIL'.
For brevity of notation and for easier correlation with the

�gures, we use the `UIL' and `FIL' designations in the de-
scription below. Figure captions specify the number of
transmit-receive antenna, e.g., 2T1R = two transmit-one
receive antenna. Individual codes are labeled according to
the modulation and number of states (\8p16s" refers to
8-PSK modulation, 16 state code).

Fig. 5 shows the frame error rate (FER) for two
transmit-one receive antenna 2 bits/s/Hz turbo-STCM,
K = 1300 symbols interleaver and with recursive system-
atic terminated constituent codes. As we know, although
it is possible to terminate the trellis of either constituent
encoder with the tail bits, the simultaneous termination
of both trellises is almost impossible due to the interleaver
and the recursive structure which makes it much diÆcult
to compute the tail bits [16, Page. 38]. In Fig. 5, we
solve the problem by terminating one of recursive system-
atic upper code and leaving another one \open". The only
modi�cation of the MAP decoding algorithm is that the
backward recursion computation needs to be initialized as
that either state can be the end of trellis [16, Page. 65].
Performance is shown for �xed interleaver `FIL' after 1,
4, and 8 iterations. Curves are also provided for 64 state
4-PSK Tarokh et al. codes [2]. It is observed that after 4
iterations at FER=10�2, turbo-STCM has an advantage
of 3.7 dB over Tarokh's 64 state code. This advantage
becomes 4.5 dB after 8 iterations.

Fig. 6 shows the frame error rate (FER) for two
transmit-one receive antenna turbo-STCM, K = 1300
symbols interleaver and with recursive systematic 16 state
8-PSK constituent codes as shown in Fig. 1. Performance
is shown for the �xed interleaver (FIL) after 8 iterations
after 3, and 8 iterations. Curves are also provided for two
transmit-one receive antenna 8-PSK 16 state and 64 state
Tarokh et al. codes [2]. Finally, the performance of our
designed recursive and systematic space-time constituent
code is also shown. It is observed that at high Eb=N0; all
codes provide full diversity as demonstrated by the paral-
lel asymptotic slopes. In particular, our systematic recur-
sive code has the same diversity as Tarokh's code (same
slope) but lower coding gain (approximately 1.5 dB at
FER = 10�1 compared to Tarokh's 16 state code). How-
ever, after 3 iterations, turbo-STCM with �xed interleaver
has an advantage of 2 dB over Tarokh's 16 state code at
FER = 10�1. This advantage becomes 3.4 dB after 8 it-
erations. The 64 state Tarokh code is shown since it has
roughly the same decoding complexity as turbo-STCM
with 16 state constituent codes, 3 iterations and two APP
decoders per iteration. At FER = 10�1, turbo-STCM
with �xed interleaver (FIL) has about 1.1 dB advantage
after 3 iterations over a stand-alone space-time code of
comparable complexity. This advantage becomes 2.3 dB
after 8 iterations.

Fig. 7 is similar to Fig. 6, except that two antennas are
used at the receiver. The approximately parallel slopes
of all curves indicate that all methods shown provide full
diversity. In this case, the advantage of turbo-STCM with
�xed interleaver after 8 iterations over Tarokh code with
64 states is only about 1 dB (at FER = 10�2).



Fig. 8 shows the FER comparison of turbo-STCM with
recursive and non-recursive STC, �xed interleaver (FIL)
and averaged over interleavers (UIL). The non-recursive
STC is described detail in [17]. In 2T1R case, approx-
imately 1 dB advantage of the �xed interleaver (FIL) is
over the averaged random interleaver (UIL) after 8 itera-
tions at FER=10�2 while 1.3 dB advantage of recursive
component STC is over non-recursive component STC.
2T2R is similar to 2T1R, except that the advantage of
turbo-STCM with `FIL' over `UIL' is 0.5 dB.

IV. Turbo-STCM Performance Analysis

In this section, the interleaver is assumed random with
uniform distribution (UIL). Then the performance bound
analysis is carried out by averaging over the interleavers.
we revisit de�nitions and notations used for the union
bound for the AWGN channel and introduced in [11], [13].
Subsequently, we proceed to develop the union bound for
the fading channel. The speci�c STC example is consid-
ered for 8-PSK, 16-state. To derive the bound, we �rst
classify the error sequences into di�erent types from the
point of view of error event probability. That takes into
account all possible transmitted and received codewords in
computing the union bound. Due to the uniform random
interleaver, all the error sequences of the same error type
have the same occurrence probability, while di�erent error
types have di�erent occurrence probability. The compu-
tation of the union bound proceeds by �nding the average
number of error sequences in each type together with their
probability. Finally, we compute the union bound by av-
eraging all squared Euclidean distances of each error type
and averaging over the fading channel realizations.
The output of the turbo-STCM code consists of the sum

of the systematic part and punctured parity part. Given
a systematic block code c of length K symbols, the set of
transmitted codewords and received codewords, the func-
tion a (6K;w; z) denotes the number of error sequences of
length 6K bits that have Hamming weight w for the in-
formation bits and z for the parity bits. We refer to such
error sequences as (w; z) sequences. The overall Ham-
ming weight of these sequences is w + z: A method for
computing the input-output weight enumerator (IOWE)
coeÆcients a (6K;w; z) for punctured STC is given in [11].
Here we assume that these coeÆcients are available. It is
also shown that given the coeÆcients of the constituent
STC codes, say a1(6K;w; z1) and a2(6K;w; z2); the turbo-
STCM coeÆcients can be found from

ea(6K;w; z) = X
z1+z2=z

a1(6K;w; z1)a2(6K;w; z2)�
3K
w

� ; (3)

where 0 � w � 3K and 0 � z � 3K: This expression
is used to evaluate the IOWE's of turbo-STCM given the
IOWE's of the constituent codes.
2m-PSK turbo-STCM accepts m (m=3 here) binary

symbols at a time and transforms them into N (number of
transmit antenna) blocks of binary symbols that are fed

into a memoryless mapper � (�) : The noiseless received
symbol is,

f(ck) = h1s
1
k + h2s

2
k = hT � (ck) (4)

where hT = [h1h2] is substituted for H in signal model
(1). Let cK = (c1; : : : ; cK) be a sequence of K binary
codewords associated with the K transmitted symbols.
An error event occurs when the demodulation chooses
transmitted symbols corresponding to cK � eK and eK
is a non-zero sequence of binary error vectors.
The pairwise error probability of choosing cK � eK

instead of cK is denoted P (cK ! cK � eK) and is given
by

P (cK ! cK � eK) = Q

0@srcEbd2 (cK ; eK)

2N0

1A
�

1

2
Zd2(cK ;eK); (5)

where Z = e�rcEb=4N0 , rc = m=Nm is the turbo-STCM

code rate and d2 (cK ; eK) = kf (cK)� f (cK � eK)k
2
is

the cumulative squared Euclidean distance (SED) associ-
ated with cK and eK :
The type of an error sequence is de�ned as the

vector n with elements nij denoting the number of
symbols in the error sequence that have i system-
atic bit errors and j parity bit errors. For the 3
bits/s/Hz, 8-PSK 2 transmit antennas we have (i; j) 2
(0,1),(0,2),(0,3),(1,0),(1,1),(1,2),(1,3),(2,0),(2,1),(2,2),(2,3),
(3,0),(3,1),(3,2),(3,3). The following relations can be
found

w = n10 + n11 + n12 + n13 + 2n20 + 2n21 + 2n22

+2n23 + 3n30 + 3n31 + 3n32 + 3n33

z = n01 + 2n02 + 3n03 + n11 + 2n12 + 3n13 + n21

+2n22 + 3n23 + n31 + 2n32 + 3n33: (6)

The mapping n! (w; z) is many-to-one. Let �(w; z;n)
denote the probability that (w; z) error sequence is also
of type n: � is indexed with all types of error sequences
(w; z) ; i.e.,

S
� n� (w; z) is the set of (w; z) error se-

quences. Following [11], the conditional upper bound on
the bit error probability is given by

P (ejh) � B (ejh) ;

=

3KX
w=1

3KX
z=0

X
n�(w;z)

w

6K
ea(6K;w; z)� (w; z;n�)E

h
Z
D2

n�

i
;(7)

where the term E
h
Z
D2

n�

i
is the expectation over SED's

associated with error sequences of type n� (w; z) and the
notation B (ejh) denotes the bound. It follows that the
average upper bound to the bit error probability is given
by

B (e) = Eh [B (ejh)] (8)

=
3KX
w=1

3KX
z=0

X
n�(w;z)

w

6K
ea(6K;w; z)� (w; z;n�)ED

n
Eh[Z

D2

n� ]
o



where we switched the order of the expectation operations
with respect to D and h: We now focus on evaluating the

term Eh

h
Z
D2

n�

i
: The SED for a single epoch of an error

path can be expressed

d2 (ck; ek) =







2X

n=1

hn(�(cn;k)� �(cn;k � en;k))







2

(9)

Subsequently, the cumulative SED associated with an er-
ror sequence can be expressed in terms of the channel:

d2 (cK ; eK) =

KX
k=1







2X

n=1

hn(�(cn;k)� �(cn;k � en;k))







2

= xHx (10)

where the superscript H denotes complex and transposed.
x is K � 1 vector and has complex-valued Gaussian mul-
tivariate with zero mean and covariance matrix Mx =
cov(x) = (mij) :

(mij) =

�
i = j

P2
n=1 d

2 (cn;i; en;i)
i 6= j 0

; 1 � i; j � K

(11)
From (5), (10) and the de�nition of Z; evaluation of

Eh

h
Z
D2

n� jD2
n�

= d2 (cK ; eK)
i
= Eh

h
e�
x

H
x

i
; (12)

where 
 = rcEb=4N0. Using [18], we compute the Laplace
transform with respect to the quadratic form of a complex
Gaussian random variable.

Eh

h
e�
x

H
x

i
= det (IK + 
Mx)

�1
=

KY
k=1

�
1 + 
d2k

�
�1

(13)
where IK is the K �K identity matrix. The equivalent
SED averaged over fading is

KY
k=1

�
1 + 
d2k

�
�1

= exp

 
�

KX
k=1

�2
k

!
(14)

where �2
k = log

�
1 + 
d2k

�
: The computation of the bound

can now proceed as in the AWGN case, with the cumu-
lative SED for a type n� (w; z) error sequence being rep-

resented by the random variable eD2
n�
; where eD2

n�
has al-

ready been averaged over the fading channel. Thus the
�nal expression for the bit error bound is given by

Pe �
3KX
w=1

3KX
z=0

X
n�(w;z)

w

6K
ea(6K;w; z)� (w; z;n�)E

�
e
eD2

n�

�
(15)

Extension to Multiple Receive Antennas

We now extend the union bound to the case of multiple
receive antennas M .

With the channel matrix H in the signal model of (1)
consisting of elements hm;n; the SED in (9) can be rewrit-
ten

Æ2 (ck; ek) =
MX
m=1







NX
n=1

hm;n

�
�
�
c
(n)
k

�
� �

�
c
(n)
k � e

(n)
k

��





2

=

MX
m=1







NX
n=1

hm;nd (cn;k; en;k)







2

(16)

It follows that the cumulative SED can be expressed

Æ2(cK ; eK) =
KX
k=1

Æ2 (ck ; ek) = xHx (17)

The MK� 1 vector x is a complex Gaussian multivariate
with zero mean and covariance matrix Mx = IM 
Mx

whereMx was de�ned in (11), 
 is the Kronecker product
and IM is the M �M identity unity matrix. It follows
that similar to (13), we get

Eh

h
e�
x

H
x

i
= det (IMK + 
Mx)

�1
=

KY
k=1

�
1 + 
 e�2

k

�
�M

;

(18)

resulting in a set of equivalent distances e�2
k =

M log
�
1 + 
Æ2k

�
: Finally a bound similar to (15) is ob-

tained, except that the SED averaged over fading eD2
n�
;

incorporates the e�ect of M receive antennas.

V. Union Bound Examples

This part contains numerical examples that demon-
strate the union bound derived in section IV. For compar-
ison, simulation results are also provided. The simulation
is based on Monte Carlo runs with 10,000 channel real-
izations for each Eb=N0. As in the numerical examples of
Section III, the channel model was Rayleigh block-fading,
meaning that the channel was assumed constant during
a frame of F = 130 symbols, but independent frame-to-
frame. Simulation results shown are averaged over random
interleavers of size as speci�ed in the �gures. The union
bound is found for 16 state 8-PSK turbo-STCM with con-
stituent codes shown in Fig. 1.
Fig. 9 and 10 respectively, provide the performance

analysis for single and two receive antennas. Simulations
results are shown after eight iterations of the turbo de-
coder. Each �gure is divided in two parts correspond-
ing to interleaver sizes K =1300 and 5200 symbols, re-
spectively. The expression speci�es a bound obtained by
summing over all error sequences with systematic weights
1 � w � 3K, and parity weights 0 � z � 3K. Compu-
tation of the full bound is prohibitive in its complexity
and it is also unnecessary. One of the analysis goals is to
investigate how many terms are required to obtain a good
approximation of the union bound. Each curve in each �g-
ure is labeled with the weights w of the error sequences.
In all cases, the parity terms included in the bound were



0 � z � 15: The justi�cation of using a small subset of er-
ror sequences is that the small weights result in sequences
with small SED's, which in turn, contribute the dominant
terms to the union bound. From the �gures it can be ob-
served that error sequences corresponding to w = 2 are
suÆcient to provide a good approximation to the error
bound. For example, it can be observed from Fig. 9 (b)
that the curves for w � 2 coalesce for Eb=N0 � 20 dB.
Similarly, for the two receive antenna case, in Fig. 10 (b)
the curves coalesce for Eb=N0 � 14 dB. These results jus-
tify simplifying the bound evaluation by neglecting terms
with large weights.

VI. Conclusion

In this paper we analyzed a turbo coding scheme, re-
ferred to as turbo-STCM, featuring space-time constituent
codes. The scheme provides full diversity and full rate.
Performance over a 
at block-fading Rayleigh channel is
demonstrated by simulations for 3 bits/s/Hz 16 state 8-
PSK turbo-STCM codes. Turbo-STCM with a �xed in-
terleaver has an performance improvement over 64 state
Tarokh code of 2.3 dB after 8 iterations for the two
transmit-one receive antenna con�guration at FER =
10�1.
The analytical union bound is derived for 3 bits/s/Hz,

8-PSK turbo-STCM with two transmit-one/two receive
antennas over the block-fading Rayleigh channel. The
union bound is expressed in terms of the input output
weight enumerators of the constituent codes, the inter-
leaver size, and the spectrum of the squared Euclidean
distance spectrum. It is shown that a small number of
terms with low systematic bit weights is suÆcient to yield
an accurate upper bound on the bit error. In conclusion
to the work presented in this paper, turbo-STCM codes
have the potential to facilitate high-rate data transmis-
sion over fading channels in future wireless networks. The
analysis developed in the paper provides a practical tool
to analyze the performance of these turbo codes.
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Fig. 1. Recursive systematic space-time encoder for 16-state 8-PSK,
2 transmit antennas, 3 bits/s/Hz. (a) code implementation, (b)
code trellis
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Fig. 2. Turbo-STCM encoder, 2 transmit antennas, 3 bits/s/Hz.
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Fig. 3. Schematic diagram of transmission system.
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Fig. 4. Turbo-STCM decoder, the interleavers/deinterleavers are
not shown.
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Fig. 5. FER of turbo-STCM 8 state 4-PSK over fading channel,
with recursive terminated space-time component code and �xed
interleaver (FIL) of size K = 1300 symbols.
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Fig. 6. FER of turbo-STCM (2T1R) 16 state 8-PSK over fading
channel, with �xed interleaver (FIL) of size K = 1300 symbols.
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Fig. 7. FER of turbo-STCM (2T2R) 16 state 8-PSK over fading
channel, with �xed interleaver (FIL) of size K = 1300 symbols.



4 6 8 10 12 14 16 18 20
10

−3

10
−2

10
−1

10
0

E
b
/N

0
 (dB)

F
E

R

2T1R non−rec UIL
2T1R rec UIL    
2T1R rec FIL    
2T2R non−rec UIL
2T2R rec UIL    
2T2R rec FIL    

Fig. 8. FER comparison of turbo-STCM 16 state 8-PSK over fading
channel, with recursive and non-recursive STC, �xed interleaver
(FIL) and averaged over interleavers (UIL).
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Fig. 9. Union bound for turbo-STCM (2T1R) over block-fading
channel with block length (symbols): (a) K = 1300, (b) K =
5200.
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Fig. 10. Union bound for turbo-STCM (2T2R) over block-fading
channel with block length (symbols): (a) K = 1300, (b) K =
5200.


