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Abstract— We present a new channel coding scheme that
utilizes concatenated space-time codes with multilevel mod-
ulation and multiple transmit/receive antennas. The pro-
posed scheme is analogous to binary and to trellis coded
modulation turbo codes and is referred to as turbo space-
time coded modulation (turbo-STCM). Turbo-STCM is a new
bandwidth efficient coded modulation designed to operate
over fading channels. It combines the advantages of pow-
erful turbo codes with the transmit/receive diversity of
space-time coded modulation. At the receiver, a symbol-by-
symbol mazimum a posteriori decoding algorithm is presented.
Simulation results are provided for 4-PSK signal sets with
date rate of 2/b/s/Hz, achieving significant coding gain and
the diversity advantage.

I. INTRODUCTION

In future wireless communications systems, high data
rates will be expected to be reliably transmitted over mul-
tipath fading channels. The wireless channel is subject to
various impairments such as time-varying multipath fad-
ing and interference. Wireless modems that use temporal
signal processing alone are limited in their capability to ad-
dress the problem of multipath fading. In addition to tem-
poral diversity, spatial diversity is an effective mechanism
for mitigating fading effects. Receive diversity has been
known and investigated for some time, but recently trans-
mit diversity was recognized as alternative and complemen-
tary to receive diversity. Recent results show the advan-
tages of joint channel coding and multiple transmit/receive
antennas [1].

We present a new class of codes that extends the con-
cept of turbo coding to include space-time encoders as con-
stituent building blocks of turbo codes. The codes are
referred to as turbo space-time coded modulation (turbo-
STCM). The motivation behind the turbo-STCM concept
is to combine the important properties of turbo coding and
space-time coded modulation (STCM) into a unified de-
sign framework. Turbo coding consists of a concatenation
of simple codes yielding a single powerful code [2]. Turbo
codes allow efficient decoding algorithms and have been
shown to operate close to the Shannon limit when mod-
erate to low bit error rates (as low as 107°) are required.
Like turbo codes in the temporal domain, STCM is a newly
invented family of codes [3], [4]. It combines the diversity
advantage of space-time processing with the bandwidth ef-
ficiency and error correction coding of trellis coded modu-
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lation (TCM) [5].

Turbo codes were originally proposed for binary modu-
lation. Due to their remarkable performance, turbo codes
become an important subject of intensive current research.
The link between turbo coding and STCM is very interest-
ing but not obvious. Recently, researchers have taken some
steps in that direction. First, schemes were suggested that
extend turbo coding to higher order modulations [6]. A se-
ries combination between turbo coding and STCM was sug-
gested in [7] with the turbo code serving as an outer code,
and STCM serving as the inner code. Alternatively, in
[8], turbo coding is concatenated with spatial diversity. In
contrast, we take a different approach, where turbo codes
and STCM are not concatenated but rather merged, with
STCM serving as constituent codes.

The paper is organized as follows. In the section II, we
introduce a turbo-STCM encoder based on a parallel archi-
tecture. In Section III we present an iterative mazimum a
posteriori (MAP) soft-decoder, and section IV contains an
example of a 2 b/s/Hz code. Numerical results include a
comparison with other 2 b/s/Hz codes such as STCM and
turbo-TCM. Finally, section V provides the conclusions.

II. TurBO-STCM ENCODER

The goal of turbo-STCM is to apply the basic structure
of turbo codes to space-time coded modulation (STCM).
The turbo-STCM encoder consists of two STCM modules
in systematic form operating in a parallel concatenation
structure. The integration of STCM modules in turbo-
STCM is similar to the integration of TCM in the turbo-
TCM structure of [6]. In particular, there are some impor-
tant differences between the binary turbo codes in [2] and
turbo-STCM: (1) the constituent STCM codes need to be
systematic at the symbol level rather than the bit level, (2)
the interleaver operates on symbols, (3) the turbo-STCM
output consists of multiple streams of symbols that are
being transmitted through multiple transmit antennas re-
spectively.

Consider a wireless data system that employs turbo-
STCM to transmit data sequences of length L symbols,
through N transmit antennas. A schematic of a constituent
STCM encoder is shown in Fig. 1. In the specific encoder
considered, the input to the encoder consists of pairs of bits
and the output is formed by N = 2 streams of 4-PSK sym-
bols. Referring to the figure 1, the two labels associated
with each trellis branch represent the phases of the 4-PSK
signals transmitted by each antenna. The signal mapping
is also shown in Fig. 1, which represents a recursive sys-
tematic code in the sense that the symbol transmitted by



the first antenna corresponds to the two input bits, while
the other antenna transmits the two parity bits.

The architecture of a turbo-STCM encoder with N =
2 transmit antennas is shown in Fig. 2, where the set-
partitioning is given in Fig. 1. The operation of the turbo-
STCM encoder is best illustrated by an example. For clar-
ity of presentation, we assume a short sequence of six pairs
of bits. In practice, sequences will be much longer such that
the output of the interleaver is pseudo-random with respect
to its input symbol sequences. Assume that the data block
to be transmitted consists of the following pairs of bits:
(00,01,11,10,00,11). For brevity of notation, we use the
mapping in Fig. 1 to list the input sequence in terms of four
level symbols (0, 1,3, 2,0, 3). Following the trellis transmis-
sion in Fig. 1, the output of encoder STCM1 consists of the
sequence of pairs of 4-PSK symbols (00, 10,31, 23,01, 32).
Prior to being fed to STCM2, the input sequence is inter-
leaved by a bits pairwise interleaver. Let the interleaver
output be (3,3,0,1,0,2). When this sequence is fed to en-
coder STCM2, the output is given by (30, 33,02, 13, 00, 22).
The output of STCM2 is then de-interleaved (IL™!) to en-
sure matching of the systematic parts of the output of each
STCM encoder (i.e., the first systematic term of each pair
of symbols). With that in mind, transmission of the sys-
tematic components can be accomplished by STCM1, and
STCM2 supplies only the parity symbol. Thus, IL™! can
be applied only to the parity symbol at STCM2’s output.
Following the de-interleaver, the parity symbol sequence
becomes: (0,3,0,2,2,3). Subsequently, antenna 1, which
transmits the systematic parts of the codeword, is con-
nected only to STCM1. A selector alternatively selects the
output of encoder STCM1 or the de-interleaved output of
encoder STCM2. Thus, the symbol sequences transmitted
by the two antennas are (0,1,3,2,0,3) and (0,3,1,2,1,3),
respectively. This arrangement ensures that the 4-PSK
symbols are transmitted systematically and that the parity
symbols are alternately chosen from STCM1 and STCM2.
This ensures that each information pair bits decide the 4-
PSK symbol vector exactly once and systematically.

Let consider the turbo-STCM receiver utilize M receive
antennas. The signals received at the different antennas are
assumed to undergo independent, flat Rayleigh fading. Let
the signals at the turbo-STCM decoder input be organized
in a sequence of M x 1 vectors, y = (y1,...,yr), where each
component of yj represents the signal received at time £,
at one of the M receive antennas. Then the received signal
at the receiver array at time k is given by

e = Huy, + 2y, (1)

where H is the M x N matrix of channel coeffi-
cients assumed fixed during a time interval refered to a
frame(quasistatic flat fading), the elements of channel ma-
trix H;; is the channel path gain from transmit antenna j
to receive antenna 4, uy is the NV x 1 vector of transmit-
ted symbol streams, and zj, is the M x 1 noise vector with
independent components. The noise is assumed complex-
valued, Gaussian distributed with zero-mean and variance
No/2 for each real and imaginary components.

III. Tue MAP DECODER

Decoding of turbo-STCM is based on the mazimum o
posteriori (MAP) criterion. The MAP optimal solution
for the transmitted signals, N x 1 symbols (one symbol for
each transmit antenna) at time k is given by

Uy, = argmax P(up =1 |y), k=1,2,...L, (2)
where i € {1,...,m"} denotes the symbol vector index
and m is the number of symbols in the transmitter output
alphabet, as shown in Fig. 1. The optimal MAP decoder
is very complex, but a major advantage of turbo codes is
the availability of relatively simple sub-optimal algorithms
based on decoders associated with the constituent codes.
Each STCM APP decoder estimates their own a posteri-
ori probability (APP). Data is shared between STCM APP
decoders and an iterative process is applied to refine the
results.

Similar to the initial Bahl’s algorithm for decoding con-
volutional codes [9], and given received signals, it is possi-
ble to obtain the APP for each possible symbol vector uy
at each STCM APP decoder. The turbo-STCM decoder
is shown schematically in Fig. 3. It features an exten-
sion of the decoder for turbo-TCM suggested in [6]. Un-
like classical binary turbo codes, turbo-STCM transmits
the systematic and parity symbols through different trans-
mit antennas. The systematic and parity components can
not be separated as they combine at the receiver antenna.
That complicates the design of the turbo-STCM. The de-
coder features two parallel MAP decoders denotes APP1
and APP2 in Fig. 3. The output of each APP decoder
is split into two components: (1) a-priori and (2) system-
atic and extrinsic. Each APP decoder will pass only the
systematic and extrinsic component to the other APP de-
coder. That ensures that the systematic information is not
be used more than once in each corresponding STCM APP
decoder.

Let the symbol i € {1,---,m™} be the input associated
with the trellis branch transition from time k& — 1 to time
k. In the following derivation, the trellis state at k — 1 is
indexed by s',the trellis state at k by s and the trellis state
at k + 1 by s”. The received signal consists of a sequence
of M x 1 symbol vectors y = y1,y2,---,yr- The MAP
decoding algorithm computes and maximizes the APP at
time k:

mza,xP(uk =ily) = m?XZZP(Uk =i,8',s/y) (3)

where P(uy = i/y) is the a posteriori probability of the
signal uy. The sums are taken over all trellis branch tran-
sitions from state s’ to state s when u;, = ¢.

Bayes rule can be applied to obtain

, P(u, =1,5,s,y)
P, =4,5',s/y) = T 4
( / ) Zizszs’P(ukzzaslasay) ( )
Note that P(y) =3, >, >, P(uy =1,s',s,y). Next, we
concentrate on computing P(uy = 4,s',s,y). Utilizing a




procedure similar to Bahl’s algorithm for decoding convo-
lutional codes [9],

()

where the recursive expression for the forward probability
from state s’ to state s is

P(uk = 7:7813 Say) = ak—l(sl)ryi(slaSaYk)/Bk(S)a

P(SJ Yi<k, yk)
S i ()55, 38)

ag(s)

(6)

The backward probability Bi(s) in recursive form in
terms of the reverse transitions from state s at time k + 1
to state s at time k is:

B (s) P(yt>k/s)
D B (8)(s, 8" yr41)

(7)

The branch probability v(s', s,yy) is given by

P(SJYk/SI)
ZP(yk/uk = i,S’SI)P(llk = i/s,Sl)P(S/SI)

i
Z'Yi(SI,S,Yk),
i

’Y(SIJ S, yk)

(8)

By combining (6),(7) and (8), the APP can be expressed

Zzp(uk :7’.78178/}’)

Do g ok 1(8)vi(s, 8, y1) Bk (s)
25 s 2 ak—1(8")75(8", 8, ¥k) Br ()
D g k- 1(8)7i(5', 5, ¥k) Bi (5) ©

P(y) ’

where the above equation comprises a-priori, systematic
and extrinsic recursive terms. The probability P(y) is not
necessary to compute since at each iteration calculation of
the APP(9) will be normalized by all 3.

P(uy, =ify)

Il

Sub-optimal MAP algorithm

Expression (9) provides the APP for each of the possible
transmitted symbol vectors. As a fact, there are two practi-
cal problems that affect this computation: (1) it is compu-
tationally intensive requiring a large number of multiplica-
tions per symbol, (2) it is sensitive to numerical round-off
errors. To overcome these problems, a sub-optimal loga-
rithmic form of the algorithm is adopted.

Let the STCM APP1 output at time k be

M (ug) = log P(uy, =i | yM), (10)

where y(1) is the input received data to APP1. Ideally, y(*)
would consists of the noisy and faded signal transmitted by
STCM1. However, due to the Turbo-encoder architecture
in Fig. 2, the input to STCM APP1 decoder consists of: (1)

correct systematic data, (2) parity data that is alternately
provided by STCM1 or STCM2. Thus, the input to APP1
consists of a sequence that contains correct STCM1 sym-
bols punctured by STCM2 parity symbols. Subsequently,
APP1 is computed from that metric value and the a pri-
ori information. A distinguishing feature of turbo-STCM
iterative decoding is that the a priori input to APP1 is
provided by the output of APP2. There is a caveat, how-
ever. Only new information generated by APP2 can be fed
to APP1. The APP2 output M> (uk) can be written

My (ue) = U2 (v [we) + Lo (i), (1)

where U, (y,(f) | uk) is the extrinsic information derived

by APP2 at the current stage of decoding which will be
used as the a-priori information of the APP1 decoder in
the next iteration, and Lo (ux) = log P (uy = 14) is the a-
priori information into APP2. To preclude multiple uses of
the same information, only ¥s (y,(cz) | uk) is fed to APP1

as a priori information. Similarly, the APP1 output is
separated into extrinsic and a priori parts:

T, (y;” | uk) = M (wp) — L1 (up). (12)

Then ¥, (y,(cl) | uk) is fed to APP2 as a priori informa-
tion.

IV. SIMULATIONS

A numerical simulation was performed for frames of 1024
information bits and 4-PSK eight-state modulation trans-
mitted over a quasi-static, flat Rayleigh fading channel. For
illustration purposes, performance is also provided for a 4-
PSK, eight-state STCM scheme with N = 2 transmit and
M = 2 two receive antennas as in [5], and for a 8-PSK,
eight-state turbo-TCM scheme [6]. The interleaver/de-
interleaver are chosen to be pseudo-random. Note that
all schemes correspond to a throughput of 2 b/s/Hz per
transmit antenna.

Fig. 4 shows the frame error rate (FER) performance
with two transmit and two receive antennas for various
number of iterations. FER are plotted versus the ratio
Ey /Ny dB per receive antenna. At FER = 1072, the gain
achieved by additional iterations is respectively, 2.8 dB,
1.5 dB and 0.5 dB. Thus, little is gained by performing
more than eight iterations. Fig. 5 provides a compari-
son of several schemes: (1) turbo-STCM 4PSK, 8-state,
2 transmit antennas and 2 receive antennas(2T2R), (2)
turbo-STCM with 2 transmit antennas and a single receive
antenna (2T1R), (3) turbo-TCM (1T1R), and (4) conven-
tional STCM (2T2R). In this comparison, all iterative de-
coding algorithms (turbo-STCM and turbo-TCM) perform
eight iterations. It can be observed from the figure, that
at FER = 1072, 2T2R turbo-STCM provides a 3.3 dB ad-
vantage over conventional 2T2R STCM, 9.5 dB over 2T1R
turbo-STCM, and 20 dB over single antenna turbo-TCM.



V. CONCLUSIONS

In this paper we introduced a new class of turbo-codes
with space-time codes as the constituent codes. The new
turbo-STCM codes combine the high performance of turbo-
coding with the diversity advantage of space-time process-
ing and the bandwidth efficiency of coded modulation un-
der a single framework. We describe a parallel turbo-
STCM encoder scheme with two constituent systematic
space-time codes. A MAP iterative decoder is also pre-
sented. Performance is studied for a 4-PSK eight-state
turbo-code with 2 transmitter antennas and 2 receiver an-
tennas. It is shown that in operation over a fading channel,
a significant performance gain is obtained over conventional
STCM (about 4 dB). Turbo-STCM codes offer a new way
to transmit high-rate data over fading channels in future
wireless networks.
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