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Abstruct-Under stndg is a method devised to reduce sidelobes of 
thinned random antenna arrays over specified angular sectors. The thined 
array is assnmed random in the sense that the nominal location of the 
elements is known, but their actual position may  vary randomly. It is 
shown that by imposing adequately dense pattern nnlls, it is possible to 
rednce the sidelobes effeetively in the region of the nulls. The problem is 
formulated as a set of points in the radiation pattern, which  are constrained 
to specified values. The unknowns are the excitations, or weights, applied 
to the array elements. In the  general case, the linear system of equations is 
consistent and bas an infinite nnmber of solations. The solution selected 
optimizes the pattern  in a minimum variance sense. Qnantitative relations 
are  derived for the pattern change and the gain cost associated with the 
imposed pattern nulls. Several examples are included to illustrate the 
results. 

T 
1. INTRODUCTION 

HE RELATIONSHIP  of  directive gain to  sidelobe level is an 
important measure in  considerations  related to the  radiation 

pattern of  an antenna, Regarding the  output of the  antenna as 
an image  of  several illuminated  objects,  the  relation  between 
main  beam  intensity and  the average sidelobe  intensity  deter- 
mines  the  contrast when the image is  scanned.  The  peak  sidelobe 
sets  a limit to  the dynamic range of  the  system. Because of  the 
importance of  these  parameters,  the  synthesis  of  phased  array 
patterns receives much  attention.  Control  of  the  radiation  pattern 
may be attained  either  by  excitation or element  spacing.  Dolph 
[l] considered the required  excitations at isotropic  uniformly 
spaced  elements to  obtain a  minimum  main  beamwidth  for  a 
specified  sidelobe level. The result is known as  a  Dolph-Chebyshev 
array. This work was later  extended  by Baklanov [2] to  the 
case  of nonuniformly  spaced  elements  with  equal  excitations. 
The  performance of a  linear  phased  thinned  array  when the 
spacing  between  adjacent  elements is increased  linearly  or  ex- 
ponentially was studied by Hicks and Pate1 [ 3 ] .  However,  practi- 
cal  considerations  limit  the  applicability of such  systems to cases 
where  accurate  deployment of elements  is  possible. A long non- 
rigid array is an example  where  these methods  are  not very 
useful. 

Large  thinned  arrays  are of much  interest  for  high  resolution 
applications. A thinned  array  for  which  the  element  locations  are 
chosen  randomly  and  independently is called  a random array. 
These  arrays  were  first  studied by Lo [4].  It turns out that  the 
probability  distribution  function of the  element  location de- 
termines  the  shape of  radiation  pattern  only  in  the  neighborhood 
of the main  beam.  The pattern  distant  from  the  main  lobe  has a 
random  nature  that gives rise to high  peak  sidelobes. 

Thinned  periodic  arrays  were  shown to offer very low side- 
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lobes but have the ambiguity  problem  represented  by  grating 
lobes [5]. For  random  arrays diversity methods were  examined. 
Independent  patterns  are  created  by  means of  position  or wave- 
length  diversity, and  then averaged [SI. The  method  has  the 
shortcoming of practical  difficulty  in  creating  the  independent 
patterns.  The  present  work  attempts to reduce  sidelobes  of  a 
thinned  random  array in certain  directions by imposing  nulls 
in the  radiation  pattern. A similar method was considered  re- 
cently by Steyskal [6] for  the  periodic  nonrandom array. A set 
of  nominal  element  locations is  assumed  known.  The  nonrigidity 
of  the  array begets random  differences  between  the  actual  and 
nominal  positions. It is  in  this sense that  the- array is assumed 
random.  The  statistics  of  the  array  pattern  contain  information 
about  the sidelobe  characteristics. The  method described in  the 
following  sections  alters the  statistics of the  random  array in a 
way that is shown to improve  sidelobe  characteristics. 

11. FORMULATION OF THE PROBLEM 
Consider  a  linear  array with N isotropic  antennas  distributed 

over  an aperture  of  length L .  Let xl, x*, --, xN be the  locations 
of  the  array  elements  with  respect t o  an origin arbitrarily  picked 
at  the midpoint  of  the  aperture. A complex weight  or excitation 
w, is  associated with  each  element x,. The angle 0 is  measured 
with  respect to  the  normal  to  the array  and u = sin 8. The  first 
case to be considered  is the far-field pattern.  The  array  factor is 

N 
f ( u >  = 2 wzejkxnu (1) 

where the asterisk denotes  the  complex  conjugate, k = 2n/X 
is the  wavenumber,  and X is the wavelength. In a random  array, 
the  element  positions are  chosen  from a  set  of  independent 
random variables with given probability  distribution  function. 
Since the  locations x, are  random  numbers, f ( u )  is  a random 
process. The  expectation of f(u) is the average array  factor  and 
can be matched. to any  desired pattern  by selecting an  appropriate 
probability  distribution  function (pdf) of  the  element  locations 
[7] . The  expectation of If(u) I 2  is the power pattern.  The 
variance of f ( u )  is  a  measure  of the spread  of the  pattern  around 
a  prescribed average. We list  the following  objectives. 

n = l  

1) Determine  the  complex weights to be applied to  the array 
elements  such  that in prescribed  directions the average 
array  factor is  nulled,  and  the variance of  array  factor is 
minimized. The main  beam is  to  be preserved in the de- 
sired direction. 

2) Determine  the  relation  between  the  statistics  of  the  element 
locations  and  the  variance  of  the  array  factor. 

3) Determine  the  directions  of  the  forced nulls so as to syn- 
thesize  a pattern  that  contains a  reduced  sidelobe  in  a 
prescribed wide-angle sector. 

0018-926X/84/1200-1298$01.00 0 1984 IEEE 
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HI. METHOD OF SOLUTION 
Pursuing the  above objectives, we consider  weight  vector 

WT = ( w l ,  --, wN)  solutions to  the following  set  of  equations: 

E { w ; e i k x l U o  + ... + e i k x N u 0 )  = 
N 

E { W ; E i k x l U M  + ... + W * e i k * ~ " l ~ }  = 0 
N 

where the  expectation is  taken  with  respect to  the pdf of the 
element  locations.  The fust  equation in the system  represents 
the  main beam with direction uo = sin B o .  In a  nonconstrained 
random  array, w,* are chosen  as  conjugates  of eikXnuO and 
yield f ( u o )  = N .  In the  constrained  array (2) ,  LY < 1 represents 
a  main lobe  degradation  that is allowed  by the design. I t  arises 
from  the assignment of M degrees of  freedom to nulling. The 
remaining M equations in (2) state  that w, are to be chosen 
so as to  equate  the average array  factor E{f(u)} to zero  in  the 
specified  directions u l ,  u 2 ,  .-e, u y .  Observe that  any  solution 
of (2) will null the average array  factor in these  directions as 
required  by  objective 1). 

For A4 + 1 < N ,  (2) is  a  consistent  linear  system  of  equations 
and  has  an  infinite  number of solutions.  .From all possible  solu- 
tions, the  one  that yields the minimum variance of  the  array 
factor is selected as follows. To each  element in the  array, (2) 
associates an expression E { w z e i k x n U ]  = w F { e j k x , u ) .  Letting 
the nominal  location of the  nth element be a,; the  pdf of the 
actual  location x, isp(x, -a,). Then 

ca 

ECe i * x + )  =I p(x,  - an)e dx,. 
i k x , u  

(3) 
--m 

Changing variables, y, =x, - a,, we have 

m 

E { e i k x , u }  = e ikanu  I_, p ( y n ) e j k y n u  dYn 
(4) 

- - q(u)e i*anu  

where q(u) is the inverse Fourier  transform  of p ( y , )  and is a 
function of the angle  variable u. Defining the  array  matrix R ,  
where (R),Tn e E { e i k x , u m }  = q ( u m ) e i k Q n u , ,  and  the  con- 
straint  vector 

cT A (ahr, 0,  e - ,  0), 

then  system (2) becomes 

R'W = c 

where  the  prime  denotes  complex conjugate and transpose. 
Next we compute  the average power  pattern: 

and 

=I 

Because xi and x j  are  independent  random variables for all 
i # j ,  using (4) yields 

E { e i k ( X i - X f ) U }  = E{e ikXIW}E{e - jkX'U ' 1  
= 772(u)e ik (Qi -a i )u .  (8) 

Using this result, we have for  the average power 

E{lf(u) 1 2 }  = (1 - q2(u))W'W + $(u) I W'A(u) l 2  (9 )  

The variance of the  array  factor normalized to  the main  beam 
power (q2 is 

- q2(u)l W'A(u) 1 2 ]  

Equation (1 1) holds  for  any  direction u.  
The  solution  of (2) that minimizes (11) is the weight  vector 

W that  has  minimum n o m  11 W 11'. Since  a  consistent  linear 
system has a  unique  solution  with  minimum  norm [SI , we have 

W = R'c (1 2) 
where R+ is the generalized inverse ofR, defined  as R+ =R(R'R)-l. 
In the  Appendix we evaluate the  relationship  between  the  weight 
vector with  minimum  norm  and  the main lobe  degradation 
factor a; viz, 

where uo is the  direction of the  main  lobe. 
Notice  that  for  the  nonconstrained  random  array, 1 1  W 1 I 2  = h7. 

To be able to  compare  the  two arrays we use for  the  constraint 
array 11 W 11' = N ,  which  can be obtained  by  adjusting  the  weight 
gain.  With this  the  degradation  factor  of  the  main  lobe  due to  the 
constraints  becomes 

Using (13) in (1 1) the variance of the array  factor becomes 
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Fig. 1. Variance of array  factor. 

Fig. 1 depicts 02(u) for a case where M = (1/4)N and  the 
pdf of element  locations  is  uniform, i.e.; 

P ( X ,  - a,) = I:? -6 <x,, - a,l < 6 

otherwise. (16) 

Hence, $'(u) = (sin k 6 u / k 6 ~ ) ~ .  The  main lobe is steered to 
broadside so that uo = 0 and q2(uo) = 1.  Recalling that  the vari- 
ance  of  a  N-element  nonconstrained array factor is l/N 171, 
we observe that  the  N-element  constrained  array  features a 
variance  comparable  with  a 7ZV-element nonconstrained  array, 
when 6 = 0.2 A. That is  with  the  method  proposed  there is a 
possible savings of half the  number of elements while main- 
t a i n i n g  the same variance,  and thus  the  same sidelobes. Obviously 
when  there  is no uncertainty in element  locations (6 = 0) the 
pattern is  a  deterministic  function  and u2 = 0. While the reduc- 
tion in the variance occurs at  all angles it is only at urn,  rn = I ,  
--, 121, where,  as  indicated  by (2), the average array factor 
E{f(u,)} = 0. From  comparing (9) and (1 1) we notice  that in 
these  directions,  the  normalized  power  pattern l/(c~N)~E{Iflu) 1 2 }  
coincides with  the variance of the  array  factor c?(u). That is 

Having considered  objectives (1) and (2) we next  turn to  the 
question  of  how  the  radiation  pattern  is  interpolated  at  points 
between  the  forced nulls  and  where the nulls  should be placed 
in order t o  synthesize  a pattern  with  reduced sidelobes in a 
prescribed  sector. 

IV. SIDELOBE  REDUCTION OVER SECTORS 

The objective  is to control  the  array  pattern over an angular 
sector  rather  than in prescribed  directions.  Intuitively it is per- 
ceived that if the nulls are placed  densely  enough,  sidelobes 
in the nulls'  vicinity will be  reduced.  One  possible  approach is 
to make use of the sampling  theorem.  Following the  argument 
in [ 9 ]  for an array  aperture  of L ,  ( 1 )  is the  Fourier series  re- 
presentation  of f ( ~ )  and  the  numbers x, may  be  considered the 
frequency  components  off(u). Since all ]x, I < L/Z,fTu) is band- 
limited to Ix I < L/2 .  According to the sampling theorem f(u) 
is  completely  specified  by  its values 1/L apart,  and  the  power 
patter I f lu) 1' by values 1/2L apart.  Letflu) 2 l / ( ~ V ) ~ E { l f l u )  12} ,  
then, 

It is observed that P(u) is mostly  affected  by values P(j/2L) 
at j/2L close to u.  As u - j / 2L  increases so diminishes the  con- 
tribution  of  the respective P(j/2L) to P(u). To  further  elaborate 
on  the point we write  the following,  which is equivalent t o  (18) 
and  which  employs differences  of the sampled values [ 101 . 

P f r n  + 5;) 

+ P (., - -31 + .*- 

where I .$ I < 1. 
An estimate of the error  when using n terms  is  found  in [ 111 . 

where n,($) is a  polynomial in 5 of degree n + 1 and A"" 
is the n + l t h  order  difference  of P(urn). The values ofP(u,) = 
1 / ( f l 2 E {  If(u,) 1'1 = u2(urn) are  determined  by (15). u(um) 
being  a smooth  function, as shown in Fig. 1, P(U,,~ + 5(1/2L) 
will  be determined by a  few  difference terms  around urn. Re- 
ducing 02(u)  at u = u, will reduce P(u, + $(1/2L)). Now  con- 
sider the  sector interval  limited by nulls at  u1 and urn,  with the 
other nulls  being  prescribed a t  urn = u1 + (m - 1)/2L. It  is 
expected to obtain an array pattern  with  lower sidelobes over 
the entire  interval,  except  the sector margins. Examples  of  Sec- 
tion VU1 supports this assertion. A case with  nulls  more sparsely 
spaced (1/L instead of 1/2L in Fig. 1 1 )  is also examined,  indicat- 
ing  higher sidelobes but still  showing  overall reduction  compared 
with a  nonconstrained  array. 

V. EFFECT OF CONSTRAINED NULLS ON THE  PATTERN 

Forcing the  pattern to have nulls in certain  directions  is ex- 
pected to  affect  the  pattern over the entjre angular  sector. The 
unconstrained  complex  pattern, in which  the weight  vector is 
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taken  to steer  the  main beam at uo = 0, isE{P(u)) = lTA(u) 
where l T  = (1, . - a ,  1) is an  N-dimension  weight vector,  and 
A(u) is  defined in (10). The  constrained  complex  pattern is 
E{f(u)} = W'A(u). The  difference  between  the  two  patterns is 

D(u) = (lT - WT)A(u). 

An overall  measure  of the  difference  between  the  two  patterns 
is  defined as 

It is possible to  find  an  upper  bound  on F 

But 

1 IT - W 1  1' = I1 111' -t 11 W1I2 - 2 Re {lTW} (23)  

where 11 1 ]I2 = AT, 11 W 11' = N and l T W  = odv (first  equation  in 
system (2)  with uo = 0) (23) becomes 

Il ' -WW'l~=2N(1-a) .  

Also 

N 

Substituting (24),  (25) in (22)  

F <  4(1 - CY). (26) 

The  last  result  indicates  that  the  change  in  the  radiation  pattern 
caused by imposing nulls depends on CY, a factor which  relates 
the  number of constraints to  the number  of  elements in the 
array. For a given number of  elements,  changes  in  pattern grow 
in signifkance  with  the  number  of  constraints. 

VI. NEAR FIELD 

Following  the  method of  solution  for  the  far field we rewrite 
system (2)  for  the near-field  case. 

E(W'x(u,, p)}  = OlfV 

EIW'x(u,, P I 1  = 0 

where p is the  focal distance  and x is defined by 

For all possible  solutions  of (27) we  again choose  the  one which 
yields an array  factor  with  minimum variance. For this case: 

Changing variables, y, = x, - a,, the right  side of this equation 
becomes 

To  further develop the  last expression we use the far-field  condi- 
tion, viz, 

1 2  
L -e1 
XP 

where L is the  array  aperture. With y,, the  uncertainty  in  the 
location of the nth element, of the  order of X ,  and L many  times 

(24) greater  than A, it  is clear that 

k ~ i  2~ Y n  Y n  L L' 

2P 2 X P  P X P  
- -<-<- Q 1 .  

(25)  Therefore  exp [-jk(yi/2p.)] 2 1 and (28) becomes 

x T (u, p )  = [ exp [ j k (x lu  - $1 ) e - ,  

- exp [ jk (xNu - $)I} . 

where 

Since a,/p < 1 then  for pdf's that are of interest, e.g., uniform, 
Gaussian, and u small enough, q(u - n,/p) 1 $u) (see example 
in Fig. 2). Hence except  for  the  quadrature phase term,  the analysis 
done  for  the far  field  is in effect  for  the near-field case. In partic- 
ular, in order to minimize the variance of the array factor  in  the 
near  field we must  find  the  minimum norm vector W, 

W = Q'c 

where Q' = Q(Q'Q)-', c is the  constraint vector  defined by ( 5 )  
and 

( ~ 1 , ~  = dum 1 ~ X P  [jk(a,u, - Q ~ / P ) I .  
VII. BANDWIDTH CONSIDERATIONS 

As long as the received  signal is  narrowband it can be ade- 
quately  characterized  by a single frequency wc. The  relation  be- 
tween  radiation  pattern  and wavelength is emphasized  when 
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(1) is  rewritten  as 

where c is the speed  of  light.  The  array  vector that  includes 
dependence on frequency  is 

The  array  factor will be 

f ( u )  = W' S(ol - wo)x(u, ol) dml J 
where S(w) i s  the base-band  equivalent  of signal spectrum  and 
wo is the  middle  frequency. 

The problem  can  therefore  be  formulated in terms of the 
expectation of  the  array  factor  with respect to  the pdf  of the 
element  locations, viz, 

E { f ( u ) }  = E  W' S(wl - wo>X(u, w1) dm1 ' (I 1 
For each  component of x(u, wl) 

Changing  variables y, = x, - a,, w = w1 - wo and  noting that 
all elements have the same pdf p(y,) = p b ) .  

For small signal bandwidth  the  argument of Q changes  only 
slightly so that  the right  side of (34) can  be  approximated  by 

= e j (wo /c )Qnu  77 (T - ) / S ( o ) e ~ ( m Q f l u / c )  dw 

where s ( t )  is the inverse Fourier  transform  of S(o). In order 
to be able to use the  method of  Section III for  the  nonzero 
bandwidth case, s(u,&) needs to be  almost  constant over a, 
within  the  array  aperture, i.e., la, I < L .  Since c/u,u > c/L 
for any u and a,, therefore this condition is  equivalent to re- 
quire  that  the signal bandwidth be  of the  order of c/L. As an 
example,  for 1000 h array  aperture  and h = 3 cm,  the  frequency 
content of the signal needs to  be  of the  order of c/L = 10 MHz. 
Thus  the  proposed  method  can  be  applied  only  to  narrow-band 
signals. This result is hardly  surprising  since the nulls are  created 
by  coherent  contributions  calculated at  a given frequency. A 
change in  frequency  brings  about changes in phase and  loss  of 
coherence. 

VIII. EXXIWLES 
In the following  examples the  array  length is 100 X. The 

nominal  element  locations were chosen  independently  from a 
set  of  uniformly  distributed  random  numbers  between -50 and 
50. The  actual  locations  were  displaced  within  a given tolerance. 
For example,  for a  tolerance 6 = 0.2 X, a pattern is  realized  by 
adding to each  location a  displacement  chosen  from a  uniform dis- 
tribution  between -0.1 h and 0.1 h. Thisrealizationis called  a sam- 
ple pattern. When radiation  patterns  of several samples  are  averaged, 
the result is called an average pattern. In the following  examples 
average patterns were  created out of ten samples. Patterns were 
created  by  interpolating  values  calculated at  points k/2L apart. 
The number of imposed nulls in a pattern  wasM=  6.The  ordinate 
scale is in dB and  the abscissa is linear in  the angular  variable u = 
sin 0 .  Values are  normalized to.N2, which is the  power of the 
main  beam of a  N-element  nonconstrained  random  array. 

The  first  group of patterns deals  with  a  20-element  array. 
Fig. 3 shows the  pattern of the  unconstrained array. The weight 
vector is set to steer the main beam to  broadside (uo = 0). 
The  pattern is  symmetrical,  and it exhibits  random  character- 
istics  except in the  immediate vicinity of the main  beam. High 
peak  sidelobes  of up  to -6 dB below the main  beam  are visible. 
The  constrained  pattern is  created  by  letting  the angle  variable 
u, = 0.36 + 0.005(m - l), m = 1, .-, 5, where 0.005 = 1/2L = 
lj200.  Then  to find  the weight  vector W system (2) is solved by 
(12). The levels obtained at these  null  locations  are  limited  by 
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Fig. 3. Radiation  pattern,  nonconstrained. 
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Fig. 4. Radiation  pattern,  constrained, 6 = 0. 

the  plot  at -29 dB. Fig.  4  shows the  constrained array pattern 
with 6 = 0.' The five nulls  appear as anticipated at  the prescribed 
locations. Moreover these  nulls  pull down  the sidelobes in their 
vicinity.  The nulls were purposely  imposed at locations  where  a -6 

high peak  sidelobe in the  nonconstrained  array  of Fig. 3 occurs. -9 

A sidelobe  appears in Fig. 4, slightly  translated  by  the  nulls, ~2 

from  the  position of the sidelobe in the  nonconstrained  array. ; 
The  main  beam is reduced  by  -1.2 dB  as anticipated by (14); !$ -I5 

Fig. 6.  Radiation  pattern,  average, 6 = 0.4. 
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The noted  symmetry of the  unconstrained  pattern disappears -30 

in this  constrained  array  pattern which looks  quite  different 
from  the  unconstrained  pattern.  The  last  point will  be further 
elaborated on later in this section. 
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Fig. 7. Radiation  pattern,  average. 6 = X. 

Figs. 5 ,  6 ,  and 7  represent average patterns  made of ten 
independent samples  with  tolerances on element  locations of 
6 = 0.2 X, 0.4 X, and 1 .O X, respectively.  The  randomization  of 
the  element  locations  introduces values different  from  zero at  
the prescribed  points.  Nevertheless,  comparing Fig. 3, which  is 
a  particular  realization of a  nonconstrained  array,  with Figs. 5, 

'6 = 0, means that  the  constrained  array element  locations (Fig. 4) are  the 
same as those locations  chosen for the  unconstrained  random  array of  Fig. 3. 
Notice that these latter  locations  were  chosen  randomly  in  the interval ( -  L / 2 ,  
L / 2 ) .  

6: and 7 we observe that  the sidelobes  are  reduced in the region 
where  the  nulls were imposed. It is expected  that  the sidelobes 
will  be lower  when  the  tolerance -in element  location  is 
lower. Using Fig. 1 with u = 0.38 (mid-point  of  the nulls) the 
sidelobes for S = 0.2 X are  expected to be  lower by about 5.5 
dB  (.075/.25) than  for 6 = 0.4 X, and by about 10 dB (.075/ 
.90) than  for 6 = 1.0 X. By comparing Figs. 5 and 6 we observe 
a 4 dB  difference in the sidelobes at u = 0.38. Figs. 5 and 7 
reveal a 9 dB difference. An interesting  observation  of  a  different 



1304 IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. AP-32, NO. 12, DECEMBER 1984 

O r  I I I I I I I I 

-3 - N=lDO  ELEMENTS - 

-6 - - 

-27 t 
I 0 1 I 

-30 I I I I I 1 I i ,A I I 
05 0 05 I 45 20 25 30 -35  .40  .45 

ANGLE U 

Fig. 8. Radiation  pattern,  nonconstrajned, 100 elements. 

nature  can  be  obtained  by  comparing Figs. 5 and 7. The  pattern 
of  Fig. 7 tends  to be  “smoother” than that in Fig. 5. This is 
because, with tolerance  being 6 = 0.2 X, the  patterns are  summed 
almost  coherently, while  if 6 = 1 .Oh, the  patterns  are  independent, 
and  therefore  summed less coherently,  resembling  an  integration 
or  smoothing process. 

We have shown  by several examples that simulated  patterns 
follow closely the  predictions of the  theory of  Section HI. 
Imposing  nulls in the  statistical sense of (2) actually  reduces the 
side  lobes  for  tolerances 6 < X. When the  tolerance is  higher than 
X and  the  actual  and  nominal  element  position  can differ by  one 
wavelength or more,  the design and  the  acrual  pattern  are  un- 
correlated,  and  the  coherence  needed to  control  the nulls  effi- 
ciently  is  lost. 

An unconstrained  array with N = I00 elements,  but with the 
same  length L = 100 X as in the previous  example, is  illustrated 
in Fig. 8. As in the case of the  nonconstrained  array with 20 
elements  (Fig. 3), the.  pattern  takes on random  characteristics 
beyond  approximately  the  third  lobe.  However, in the vicinity 
of the main lobe, a (sin x)/x type  pattern is much  more  evident 
than in the case of 20 elements.  Lower average sidelobes and  peak 
sidelobes, as predicted by random  array  theory, are  noticeable. 
Placing the five nulls in  the region  of  relatively  high  sidelobes, 
at u = 0.1 and taking the  tolerance to be S = 0, the  resultant 
array  pattern is  depicted  in Fig.  9. No  reduction in the main 
lobe is  observed  as a* = -0.2 dB is less than  the  resolution of 
the  plot.  Thus, in general terms this example  follows  the  previous 
ones. 

Next, we examine  more closely the  interpolated values be- 
tween  the  prescribed nulls. This subject  was  referred to in Section 
IV. To this end, Fig. 10 magn2Ges the region of the  constrained 
nulls of Fig. 4. Points  between  the  imposed nulls  are  forced 
below -60 dB  to -70 dB  (Fig. 4 shows only -29 dB). These 
observations  confKm the results  of  Section IV, which  assert that 
if the nulls  are  sufficiently  dense  (at  Nyquist  interval 1/2L), 
a  sectoral  sidelobe  reduction will result. Furthermore, a  Nyquist 
interval  distance  between the nulls  is  a  sufficient but not necessary 
condition. Fig. 11  illustrates  an  array with 20 elements  when the 
nulls are placed at intervals 1/L (rather  than  1/2L).  The sidelobes 
are  still reduced;  however,  the  reduction is not substantial  but is 
in trade-off  with a sector twice as large. 

The  effects of null constraints on the  radiation  pattern were 
. studied in Section V. To examine  a  concrete  example  Fig. 12 

represents  the  ratio  pattern (difference in dB) of the  uncon- 

- 3 1  -6  n NULLS AT 5.7 M 6  (u’O.0 
ELEMENT LOCATIONS Fi=O 
N = I 0 0  ELEMENTS 

-1s 

p -48 

-24 

- 2 4  

- 27 

-30 I I I I I I 
.05 0 .05 .I .15 2 0  2 5  .30 .35 .40 .45 

ANGLE u 
Fig. 9. Radiation  pattern,  constrained, 100 elements. 

-3 c NULLS AT P DEG (U’0.39) 
ELEMENT LOCATIONS 8 = 0  

Fig. 10. Wide sector sidelobe  reduction. 
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Fig. 11.  Radiation  pattern,  distance between nulls 1/L 6 = 0. 
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Fig. 12. Ratio of nonconstrained and constrained array patkrns, 20 elements. 

strained  array of  Fig. 3 and  the  constrained  array  with 6 = 0 
of Fig. 4. Notice  the  large  differece  at u = 0.36 associated with 
the  constrained  nulls.  The  fluctuation  in  the  ratio  pattern  indi- 
cates a significant  change in the  pattern. 

Section V relates  the  change  in  the  pattern to  the  factor 01 

(26). Thus, for  the  same  number  of  constraints  and  a  larger 
number  of  elements a2(=1 - M/Aq (1 1) is increased  and  changes 
in the  pattern  should be less  noticeable. This is  illustrated in 
Fig. 1 3   w h c h  displays the  ratio  pattern  (difference  in dB) for 
the case  of N = 100. Except  for  the  large  difference  at  the 
sector  created  by  the  forced  nulls,  the  pattern  is  scarcely  af- 
fected  by  the  forced  nulls. 

IX. CONCLUSION 

A  method  for  synthesizing  random  antenna  array  patterns 
with  prescribed  nulls  and  with  patterns  being  controlled  by  the 
array  weights  is  proposed  in  this  paper.  The  following  conclusions 
were  reached. 

1) It is  possible to  have  good  control  over  prescribed  nulls 
in  the  radiation  pattern  when  the  element  locations  are  known 
with  a  tolerance of about  one  wavelength  or  better.  The  smaller 
the  tolerance,  the  smaller  the  variance of the  array  pattern in 
the  directions  where  nulls  are  imposed. 

2) Setting  the  null  constrainmt  intervals  determined  by  the 
sampling  theorem is sufficient f& significant  sidelobe  reduction 
over  wide  sectors. 

3) Diverting part  of  the degrees  of  fre2dom  from  beam  coher- 
ing to  nulling  results  in  reduction of the  main  beam  level.  This 
main  beam  loss is proportional  to  the  number of  degrees  of 
freedom  used  for nuhng?  relative to  the  total  number  of  array 
elements. 

4) The  aforementioned  conclusions  can  be  extended  to  near- 
field  radiation  patterns. 

APPENDIX 

DERIVATION OF (1 3) 

The  objective of this  Appendix is to  evaluate  the  norm of the 
weight  vector I I  W 1 1 2 .  Using (12) and  the  deffition  of  a general- 
ized  inverse  yields 

-30 I I I I I I I I I I 1 
.05 0 .05 .f -35 -20 .25 . 3 0  .35 .40 - 4 5  

ANGLE U 

Fig. 13. Ratio of nonconstrained and constrained array patterns, 100 
elements. 

R‘R is  symmetric  and  therefore 

1 1  w 1 1 ~  = &(R‘R)- C. 

Now, cT = (dT, 0, . - - ,O) ,  hence 

B2 1 

(3 8) 
B2 2 

Using the  partition  technique [ 13 1 to  express [R’R] ;: we  have 

(R’R);; = [- 

where 

l =  r’(uo)r(uo) - Bl 2B;i B2 1 .  

Substituting  for Bl and B2 from  (38)  yields 

The  first  term in (39)  is  easily  evaluated 

r‘(uo>r(uo) = a2(uo)nr. 

(39) 

1 1  W 11’ = W‘W = c‘[(R’R)-’]‘(R’R)(R’R)-’c 



1306 IEEE TRANSACTIONS ON ANTENNAS  AND PROPAGATION, VOL. AP-32,  NO. 12, DECEMBER 1984 

First  notice  that 
p 2 2  ’ b21M 1 

where bt, = &,,/det ( B Z 2 )  and Os,, is the  cofactor  of  the st ele- 
ment in B 2 2 .  In  (39)  expressions  of  the  form r’(uo)r(ut)&rr’(u,). 
r(uo) are to  be  evaluated.  For  shorthand  notation  let rr r(ut). 
fist is  a  minor of det (B22)  and,  by  definition,  is  the  sum  of all 
different  signed  products  of  the  form rirj i ,  e-, rMriy excluding 
expression of the form Y[,ri and rirt but  including rirs and riri. 
The  sequence jl, j 2 ,  . - e ,  jM of  second  subscripts, is any  one  of 
the M !  permutations  of  the  integers 1 , 2 ,  M. 

, I  

For  example,  the  expression  for M = 3 ; s = 1, t = 2 is 

4 = rhr2rkrlr5r3rlro I f  

and the explicit  expression  of 4 is 

- 1  ... 
1 

1 - 
Observe  that  the  exponent is  composed  of  a  term  which  re- 

sults  from  the  elements of the diagonal  adding  up  in  phase  and 
of a  second  term  resulting  from  the  summation of the  randomly 
phased  phasors.  If  the  first  term  is  assumed  dominant,  then 4 
may  be  approximated  by 

A  similar  result  is  obtained  if v2(uo)r; r2 r;rl r i  r 3 ,  w h c h  cor- 
responds  to v2(u2)r\ r2P12, is calculated.  In  the  same  fashion 
it can  be  shown  that,  in  the  general  case,  the  following  approxi- 
mation  holds 

Using (40)  and  (42)  together with the  fact  that  the  determinant 
of a  matrix is the  sum of products  obtained  by  multiplying  each 
element  of  a  row  by  its  cofactor (i.e., det (B22) = r’(um)r(ul)Pm + 

-k r’(um)r(uM)Pmlv), we  conclude  that 

Therefore,  substituting  in (39) we  get 

and 

Finally  (13)  is  obtained  substituting (44) in  (37) 

The  expression  in  (46)  for I] W 1 1 2  is  an  approximation  based 
on  (40) and (42). I t  is  possible to  verify  (46)  by  examples.  The 
factor (Y resulting  from  the  approximation is  a constituent  of 
vector c. Using a ,  the  linear  system  of  equations  (2)  is  solved 
to  obtain W with  minimum  norm  (12).  Ideally IlW ] I 2  = N ,  
but  due  to  the  approximations 11 W ] I 2  and N wlll  be  somewhat 
different.  This  difference  measures  the  accuracy  of  (46). Let 
the  error  be  defmed  as 

error = I N -  I I  w III~/N. (47) 

EXAMPLES 

A. Array 20 Elements 

Nulls  were  imposed  in  the  pattern of the  array  represented 
by  Fig. 3 at u = 0.4.  The  sidelobe  level  is  about  -12  dB.  The 
error is 0.8 percent.  If  the  nulls  are  forced  on  the  peak  sidelobe 
at  u = 0.36,  the  error  jumps  to  25  percent, since sums of  phasors 

cant (as  revealed  by  the  existence  of  the  peak  sidelobe).  The 
hlgher the  sidelobe,  the  larger  the  error in (47). 

ejkau considered  nondominant  and neglected  in  (42)  are  signifi- 

B. Array IO0 Elements 
The  array is represented  by  Fig. 9. Nulls  were  forced in a 

region of relatively hgh sidelobes, u = 0.1 (looking for the 
worst case). The  error is  0.9  percent. No higher  errors  are  ex- 
pected. 

I t  can  be  concluded  in this Appendix  that  (46)  describes 
W ]I2 with  an  error  that  is  neghgible  for  most of practical 

cases ( N >  100). 
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