Reduced-Rank STAP for High
PRF Radar

T. F. AYOUB

A. M. HAIMOVICH, Senjor Member, IEEE
New Jersey Institute of Technology

M. L. PUGH
USAF Rome Laboratory

Due to the range ambiguity of high pulse-repetition frequency
(HPRF) radars, echoes from far-range fold over near-range ’
returns. This effect may cause low Doppler targets to compéte
with near-range strong clutter. Another consequence of the
range ambiguity is that the sample support for estimating
the array covariance matrix is reduced, leading to degraded
performance. It is shown that space-time adaptive processing
(STAP) techniques are reguir_ed to reject the clutter in HPRF
radar. Four STAP methods are studied in the context of the
HPRF radar problem: low rank approximation sample matrix
inversion (SMI), diagonally loaded SMI, eigencanceler, and
element-space post-Doppler. These three methods are evaluated in
typical HPRF radar scenarios and for various training conditions,
including when the target is present in the training data.
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I.  INTRODUCTION

Radar returns often contain interference echoes
from unwanted objects that can obscure echoes from
targets of interest. In airborne radar, ground clutter
returns from all ranges and all angles appear to be
moving relative to the platform. These mainlobe
and sidelobe clutter returns are spread over a region
in Doppler given by £2V f./c Hz, where V is the
platform velocity, f, is the carrier frequency of the
radar, and c is the speed of light. The geometry of a
typical airborne radar scenario is shown in Fig. 1. The
Doppler frequency associated with each clutter patch
seen by the radar is given by f; = (2V/\)sin¢cosé,
where ) is the wavelength corresponding to the
transmitted carrier frequency, ¢ is the azimuth angle,
and 6 is the depression angle. A target of interest may
be masked by mainlobe clutter that originates at the
same angle as the target or by sidelobe clutter that
originates from different angles, but has the same
Doppler frequency as the target. Effective suppression
of these clutter returns, which extend in both angle
and Doppler, requires spatial and temporal degrees of
freedom. ‘-

For missions such as airborne early warning,
radar systems may employ high pulse-repetition
frequency (HPRF) waveforms to enhance long-range
detection of high closing-rate targets that appear in
the clutter-free region of the Doppler spectrum of
the radar system. However, a basic limitation .of the
HPRF waveform is that due to range ambiguities,
strong, near-range clutter returns received in the -
antenna sidelobes cannot be simply gated out and
are, therefore, folded in with signal returns that fall
within the Doppler bandwidth of the clutter. This
can result in the masking of targets of interest at
lower Doppler frequencies. Mitigation of these clutter
returns using techniques such as space-time adaptive
processing (STAP) would enhance the ability of HPRF
radars to detect lower Doppler targets in clutter. In
recent years, STAP has been studied and applied
mainly to low pulse-repetition frequency (LPRF) '
radar problems [1-5]. The application of STAP to
the HPRF radar problem presents a unique set of
challenges different from traditional LPRF radar
applications. '

In this work, the issue of range-ambiguous sample
support is addressed and several STAP methods is
investigated for the HPRF radar. With traditional
sample matrix inversion (SMI), the adaptive weight
vector is computed from the inverse of the sample
covariance matrix. In HPRF radar, the covariance
matrix is likely to be singular as a result of reduced
sample support. The performance is investigated
using the pseudoinverse in lieu of the inverse
covariance matrix. This method is referred to as
pseudoinverse sample matrix inversion (P-SMI).

The second method investigated is the diagonally
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loaded SMI (L-SMI) [6, 7]. This method is traced
back to the early 1980s with publications translated.
from Russian [8, 9]. With L-SMI the singularity of
the sample covariance matrix is overcome by diagonal
loading. The last STAP technique investigated in this,
paper is the eigencanceler [10]. - ‘

In general, the covariance matrix estimate
used by the various STAP methods is obtained -
using target-free data. The presence of the target
in the training data has two adverse effects: 1) it
causes target cancellation in case of calibration
errors [10], and 2) it causes further performance
degradation due to covariance matrix estimation -
errors. The latter effect vanishes asymptotically
as the number of samples increases. In HPRF
radar, the sample support is limited and-the target
presence in the training data has-a nonnegligible
impact. L-SMI and-the eigencanceler are members
of the class of reduced-rank techniques. Such
methods [10-12] have been shown to dutperform
full-rank methods such as SMI for lumted sample
support.

In this paper, the application of STAP to HPRF is
evaluated through a number of performance measures,
such as output signal-to-clutter and noise ratio and
probability of detection. Also investigated is the
performance of an element space post- Doppler
processor where. Doppler filtering is applied prior
_ to adaptive spatial processing to reduce the data

dimensionality..

The organization of the paper is as follows.

Section II presents the signal model, the problem
associated with HPRF airborne radars and the
suggested processing strategy; Section III discusses
the STAP techniques and element-space post-Doppler -
and the performance measures. used to compare them;
numerical analysis is presented in Section IV and the -
conclusions in Section V. .
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Fig. 2. - STAP for HPRF radar.”

Il. PROBLEM FORMULATION

Clutter seen by an airborne radar extends in
both space and time domains. To reject this clutter,
temporal and spatial degrees of freedom are needed.
Elevation angle is a spatial variable of interest in the
processing of HPRF radar returns because a target
and clutter overlapping due to range ambiguity are
not necessarily separated in azimuth angle, but can
be usually discriminated in elevation angle. This
observation is particularly true for mainlobe clutter.
Clutter returns form a “ridge” in the Doppler-elevation
(v — ) plane. The ridge locus is given by v = kcos#,
where k = (2V /))sing. If only temporal (Doppler)
processing is used, and the Doppler “mainbeam”
points at frequency v;, then the clutter at elevation
angle 6, = cos™!(v, /k), will compete with the target
(see Fig. 2). Conversely, if orily élevation processing
is employed, and the mainbeam points to elevation
angle 0,, then the clutter at Doppler frequency v, = .
kcos8, will compete with the target. The clutter ridge
associated with the azimuth mainlobe can therefore be
eliminated only by STAP. : ’
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Fig. 3. Iso-Doppler, Iso-range ring map for LPRF radar.

Fig. 4.

Iso-Doppler, Iso-range ring map for HPRF radar.

As a result of the airborne radar platform’s motion,
regions of ground clutter may end up competing
with targets of interest in both range and Doppler.
Differences in the regions of competing clutter
for LPRF and HPRF radar casés are illustrated in
Figs. 3 and 4, respectively. As shown in Fig. 3,
regions of competing clutter for LPRF airborne -
radars are located at the same range as the target on
iso-Doppler contours, which are ambiguous with
the target Doppler frequency. As shown in Fig. 4,
regions of competing clutter for HPRF airborne
radars are located at the same Doppler frequency as
the target on iso-range rings, which are ambiguous
with the target range. Due to range ambiguities,

* “these regions of sidelobe clutter are folded in with
- mainbeam target returns and can be a significant

source of interference, especially when they are
located at relatively short ranges and steep grazing
angles as illustrated in Fig. 5. Hence STAP techniques
need to be implemented which allow cancellation of
the near-range sidelobe clutter while protecting the
target in the mainbeam. Mainbeam clutter will have a
different Doppler frequency than a movmg target and
therefore can be rejected.

Consider a linear space-time array with N, equally
spaced antennas and a coherent pulse interval (CPI)
consisting of N, pulses. After carrier demodulation,
matched filtering:-and sampling, the data received at -
the array is organized into the (N = N,N,)-dimensional

- vector X,, where the index represents an ambiguous

range cell. The vector x, contains samples of the
complex envelope of a bandpass-signal and hence it
is complex-valued. Under hypothesis Hy, no signal

is present and x, is the sum of clutter ¢, and additive .
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Fig. 5. - Surveillance geometry.

white Gaussian noise contributions ny:
@

The clutter and noise are assumed to be independent.
The signal model under H, is given by :

H,

H,:x,=¢, +n,.

X =as+ ¢+ )
where a is a zero-mean, complex Gaussian random
variable with variance o? and s represents the
space-time (S-T) steering vector defined as an |

(N = N,N,)-dimensional vector and is given by the .
Kronecker product of the spatial and temporal vectors

3

$=5,8S,

J27r(N: l)u;]T is the

where s, -(1/\/—) (1,..
normalized spatial steermg vector, s, = (1/1/N)
[1,...,e2"®=D%]T 5 the normalized temporal

steering vector, the symbol ® denotes the Kronecker
product, u, and v, are respectively the spatial and
Doppler frequencies of the presumed target, u, =
d/Xsin¢,cosf, and v, = 2V,/\PRF, d is the spacing
between the antenna elements, ¢, is the azimuth angle
of the target, 0, is the elevation angle of the target, and
V, is the velocity of the target relative to the platform.
The unambiguous range of the radar is related to the
pulse-repetition frequency (PRF) by R, = ¢/(2PRF).
If the range of the target extends beyond R, the -
target return is folded over near-range clutter echoes.
Radar echoes will have an apparent range R,,,, and a
true range R, which are related by

RaPP = Rtrue Run [Rtrue/ Run] (4)

where the brackets denote integer part. Hence, the data
vector X, consists of the sum of contributions of all
the range cells folded onto the cell corresponding

to index k. The number of data samples equals the
number of range cells in the unambiguous range
interval. Strictly speaking, range data samples will
not be identically distributed since the radar cross
section is a function of range as well as elevation
angle. However, the clutter returns that dominate the
covariance matrix are from near-range, close to Nadir.
In this work, it is assumed that the range interval
associated with the dominant clutter contributions

is small and that the K data vectors representing

the unambiguous range closest to the radar are
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independently drawn from the same distribution. The
maximum likelihood estimate of the covariance matnx
is given by

R= Zxkxk ®

Clearly, if K <N, the matrix is singular: The
‘sample support size K is controlled by the radar’s
unambiguous range and range resolution. For low
rank interference, the true covariance matrix R, can
be decomposed into interference and white noise
contributions. Its spectral decomposxtlon can be
written as

.R.= QA QF +_a30vQS'.- (©6)

where the diagonal of the r x r matrix A, consists
of the r principal elgenvalues of R, the columns

of Q, are the corresponding eigenvectors, o2 is the
variance of the white noise, and the columns of Q,
are the remaining eigenvectors-of R. In practice, the
noise-free covariance matrix will have all non-zero
eigenvalues. However, for any system, the space-time
array included, the rank of R can be approximated -
by the Landau-Pollak relation [13] r ¥ 2BT + 1,
where B is the clutter bandwidth and T is the time

a received signal dwells across the filter structure.,
The application of the Landau-Pollak relation to the
space-time array is discussed in [4, 10]. The number
of prmc1pal elgenvalues in a calibrated space-time -
array is. upper bounded by

r<N+2(N~1) )

where v,,,, = 2V/(APRF) is thc-‘hlghest normalized
Doppler component of the clutter returns. In the
HPREF radar case, v,,, < T since the clutter occupies
only a.fraction of the Doppler-spectrum. Thus, the -
HPRF problem is of lower rank than an-equivalent
LPRF problem. Effects of underestimating or
overestimating the rank r were studled prev1ous1y (see
[14]) and are not consxdered ‘here.

A. J-Hook Clutter

In an airborne HPRF application, clutter enters the
receiver primarily through the mainbeam and principal
elevation sidelobés. This is illustrated in the clutfer '
intensity plot, shown in Fig. 6. The mainbeam of
the radar is shown in the: figure. It can be observed -
that at far-range, clutter returns are approximately

parallel to the iso-Doppler contours. This implies little

variation in the Doppler frequency.-As it approaches
Nadir, the Clutter ridge traverses an increasing’
number of iso-Doppler contours. This results in the -
characteristic J-hook curvature 'of the clutter ridge in
the range- -Doppler domain shown in Fig. 7. As this
plot illustrates, for the HPRF waveform, most of the

Doppler band is clutter frée. The range ambiguity is -
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Fig. 7. Clutter map for HPRF radar.

demonstrated by clutter at different Dopplers having
the same range. Far-range clutter has little Doppler -
variation and is shown as a vertical line. Near-range
clutter crosses many iso- -Dopplers and is. shown as
a J-shaped curve. Detection of fast-moving targets
is accomphshed in the clutter-free Doppler region.
The problem is detection of a slow-moving target
embedded in the J-hook clutter.

The formation of the J- hook characteristic can be

‘shown also mathematically by analyzing the elevation

angle-Doppler frequency relation. The Doppler:
frequency of the clutter is given by -
fi=@V/Nsingeosd. T (®)
The elevatlon angle # can be. expressed in terms of the
Doppler frequency as . '

o
9= 1 d
 O=cos (2Vsm¢

where k1‘ is 4 constant. To relate range and Doppler
frequency, note that R, = H/tan, where H is

): cos™'(k; AN
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altitude. It follows that

H

Rewe = Ganteos T 7). (10)

This expression plotted as a function of f; results in
the J-shédped curve.

. STAP FOR'HPRF RADAR

Several STAP methods are compared by the
-conditioned signal-to-noise ratio (CSNR) and the
probability of detection. The CSNR is defined as .
the ratio of the effective signal-to-noise ratio (SNR)
obtained using the weight vector derived from the
estimated .covariance matrix using the respective STAP
‘method, to.the optimal SNR when the covariance
matrix is known,

SNR ¢
SNR,

opt

CSNR=p= (11

where given the STAP weight vector w, SNReff is
given by

|wHs|?
SNRy = e (12)
and the optimal SNR, SNR,,, is
SNR_ =s"R"!s. (13)

opt =

The CSNR is a random variable bounded by 0 <
p < 1. Probability density functions for SMI, L-SMI,
and eigencanceler, have been obtained, respectively, in
[9, 10, 15].

The four methods evaluated for HPRF are
P-SMI, L-SMI, eigencanceler, and element-space
post-Doppler. These methods are bneﬂy reviewed
below.

The P-SMI method is defined when the estimated
covariance matrix R is singular, and its inverse is
replaced by the pseudoinverse. The pseudoinverse is
given by .
= (RER,)"'RY (14)
where R,, is the low-rank approximation to R. The
matrix ﬁM is constructed from the singular value

UIEM. 1
0 2

(15)

A X
Ry =[U; Uz][ (;”

where X, is the M x M diagonal matrix of the

M principal singular values of R. The two unitary
matrices U, and V| are the left singular vectors and
right singular vectors of R;,, respectively. The P-SMI
weight vector is then given by

w=Ris. (16)
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The diagonally loaded SMI (L-SMI) is a
modification of the traditional SMI method in which
a constant is added to the diagonal of the estimated
covariance matrix R in order to improve numerical
conditioning. This constant is referred to as the
loading factor. In [9] it is suggested that when the
sample support K < N, the loading factor a should be
selected such that 02 < a < A,;,, where A_;, denotes
the smallest interference eigenvalue. The L-SMI
weight vector is then given by

w=R+aD s (17)

The loading of the covariance matrix decreases the
fluctuations of the small eigenvalues, which are
predominantly noise eigenvalues, and as a result
decreases fluctuations in w.

For a loading factor o within the allowable range,
the distribution of the CSNR for L-SMI is given by

(9]

K—r 1—
r+ 1,r)p (

P! (18)

foy=5 ( -
where B(-) is the beta function, K is the sample
support, and r is the rank of the interference subspace.
The weight vector of the eigencanceler is given in
[10] by
w=(I- QQ”)S—QQH

where Q and’ Q are approximations of Q, and

Q,, respectively, in (6), and I is the identity matrix.
The asymptotic distribution of the CSNR for the
eigéncanceler was derived in [17]. It is shown that the
CSNR p can be expressed as

1

19

p= (20)

'1‘+—1—C

where ¢ =3 _i_, v;, and v; are independent and
identically distributed random variables with
exponential distribution and hence, ¢ is a Gamma
random variable with r degrees of freedom and
parameter 1. This characterization results in the

density
(1)
— NP/

f@)=KpY Zexp| —£ @D
' i=1 ! !

where 7; _]_[J sV 7,/(T; = 7).
In [17], an approximation can be found tothe pdf

for large interference-to-noise ratio. This is given by

r

r'(r)

here I'(-) is the standard gamma function.

The element-space post-Doppler processor
(terminology borrowed from [4]) performs Doppler
processing on the data from each array element

—Kppr—l.

f(p) =
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Fig. 8. Clutter region for HPREF radar.

prior to the adaptlve array. Hence, the space- t1me
data snapshot is transformed into a snapshot ¢ of the
elements of the array at each Doppler bin. Thus,

a djfferent adaptive problem is solved in each
Doppler bin. After Doppler filtering is applied to
the space-time data, SMI can be used to calculate the
adaptive weight vector as

w= kR S (22)
where R is the spatlal covariance in-the chosen
Doppler b1n, s, is the spatial steering vector, and k

is a complex constant..The advantages-of such an
algorithm are summarized in the following.

1) Reduced data dimension provides improved
conditioning of the covariance matrix.

2) There is a faster conversmn rate (w1th respect
to the number of samples reqmred to estimate the
covariance matrix), since the size of the matrix to be
inverted is smaller. o

3) This algorithm is suitable to apply to HPRF
radar where the Doppler shifts of the clutter do not
extend over the bandwidth of the entire radar. Hence,
processing and detection needs to be applied only in
a fraction of the total number of Doppler bins. This is
illustrated in Fig. 8. ‘

B. Robustness Analysis

In Section II it was noted that HPRF radars
employing adaptive arrays are typically faced with
reduced sample support for training. The covariance
matrix estimate given in (5) assumes target-free
samples of the interference and noise. If the target
is present in the training data, then performance
might be adversely affected due to two main
reasons: 1) mlsmatches between the target vector (as
incorporated in R) and the steering vector will result
in signal cancellation, and 2) the presence of the target
amplifies the-effect of errors in the estimation of the
covariance matrix. Mismatches between the actual
target vector and the steering vector are.the result
of calibration errors. The steering vector is obtained

958

during the calibration phase of the system. Ina
perfectly calibrated system (target vector colinear with
the steering vector), the presence o_f the target in the
training data does not affect the system performance
[18]. Calibration errors, however, translate into a
target vector that is not colinear with the steering
vector. In this case, we may regard the target vector
to be the resultant of two vectors: one colinear with
the steering vector and the other orthogonal to it.
The orthogonal component is seen by the canceler as
an interference. Subsequently, the system will act to
reject it, resulting in some -target cancellation. Target
cancellation due to calibration errors is analyzed in
more detail in [14]. .
In addition to the calibration errors, performance is
affected by errors in the estimation of the covariance -
matrix. Due to the reduced sample support, range cells
containing the target form a nonnegligible-share of .
the overall number of snapshots available for training.

; The covariance matrix estimate in the presence of the

target is

=R+
k=1

M-

st @23)

where R was defined in (5), L is the number of range
cells containing the target, and |a,|? is the target .
power in a range cell. From (23) and (5), it can be
seen that if K > L, Rt ~ R: The CSNR in the presence
of the target can be written

WS 7
= 24

Pr wiRw,sHR-1s . @9
where W, is the weight vector obtained using R rather
than R. It is shown in [19] that the following relation
exists between p and p,:

p . e g ‘e
PESNR T

Since 0 < p < 1, it is obvious that the CSNR with the
target present is lower than when the training does not
include the target, p, < p. Equality holds only when

p=1, i.e., the true covariance matrix is available. A
closed-form expression can be obtained for E[p,] for
L-SMI. It is not too difficult to show that

1
E[P;] = /0 ptf(pt)dpt

1+K—r .
(s
- ><2F1[1 +K;2+K-r2+K; SNRopt]

K>r—2 (26)

where ,F] is a hypergeometﬁc_functidn [20]. The
mean CSNR, E[p,], is a function of the desired signal
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power. The meaﬁ CSNR is inverse proportional to the
target signal power. For a finite K and SNR,; — 00,
Elp,) —0.

v

IV. NUMERICAL RESULTS

The performance of the HPRF radar with STAP
was investigated by simulations. The simulation
model assumed a linear uniform antenna array with
N, = 8 elements spaced at half wavelength. Each
array channel consisted of a N, = 64 tap finite impulse
response (FIR) filter. The system under consideration
was assumed located on an airborne platform at an
altitude of 30,000.ft, and moving with a constant
velocity of 250 m/s. The clutter was assumed to come
from all elevation angles and was modeled to have
a complex-valued Gaussian distribution, with zero
mean, and variance equal to a prescribed value of
60 dB clutter-to-noise ratio (CNR). It was further
assumed that the clutter returns are uncorrelated
with each other and also uncorrelated between
snapshots. Attenuation due to free-space propagation
was assumed proportional to R;>., where R, is the
true range of the cell under'test. The radar PRF was
chosen to be 25 KHz. The transmitted frequency
of the radar was 3.3 GHz. The target was placed
at a range of 90 km and a Doppler frequency of

- 0.05 x PRF. The unambiguous range was calculated
to be 6 km. _

The sample covariance matrix was estimated from
K =112 range cells. Equations (16), (17), (19), and
(22) were used, respectively, to calculate the STAP
weight vectors for P-SMI, L-SMI, eigencanceler,
and element-space post-Doppler methods. After
analyzing the data, the eigencanceler weight vector
was computed based on an interference rank of r =
21. Densities of the CSNR for each of the methods
were computed from 10,000 Monte-Carlo runs and

AYOUB ET AL.: REDUCED-RANK STAP FOR HIGH PRF RADAR
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are shown in Fig. 9. The figure demonstrates that
L-SMI and the eigencanceler produce high values
of the CSNR. Detection probability curves are
shown in Fig. 10 for a constant false-alarm rate of
1073, The performance of the radar as a function
of sample support is investigated in Fig. 11. The
detection probability is plotted as a function of the
sample support X, for a fixed SNR = 22 dB. It can
be observed that performance improves as a function
of sample support up to K = 75 = 4r; it remains
stable thereafter. The performance of L-SMI and
eigencanceler are similar.

The range-ambiguous clutter map is shown
in Fig. 7. The clutter has Doppler returns in
approximately 12 out of the 64 Doppler bins used.
The J-hook shape of the clutter ridge is apparent

.in the figure. The post-processing clutter maps for

L-SMI and the eigencanceler are provided in Figs. 12
and 13, respectively. The two figures show that the
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Fig. 12. Post-processing clutter using L-SML

near-range clutter masking the target has been rejected
and the target is now evident.

Finally, the effect of the target presénce in the
training data is investigated for the L-SMI and the
eigencanceler. A target with SNR = 10 dB was
included in the training set used. to obtain the sample
covariance matrix as in (23). The probability density
functions of the CSNR for both methods were
obtained by averaging 10,000 Monte-Carlo runs.
The simulated CSNR distribution curves with and
without the target included are given in Fig. 14.

The theoretical CSNR distributions are provided

for comparison reasons in Fig. 15. The simulation
and theoretical results of the CSNR distributions are
shown to be in good agreement. - ° )

0 10 20 50 60 70

30 40
. Doppler filter

Fig. 13. Post-processing clutter using eigencanceler.
V. CONCLUSIONS - . .

This paper discusses the application of STAP
techniques to suppress the interference effects of
ground clutter in HPRF radars. If is shown that
adaptive processing for HPRF radars is characterized
by reduced sample support. Reduced-rank methods
are necessary to overcome this problem. Four STAP-
methods are compared in this work: P-SMI, L-SMI,
eigencanceler, and elemént-space post-Doppler.

The four techniques are compared through' the
performance - measures of CSNR and probability

of detection. It-is shown that the eigencanceler and
L-SMI perform similarly. P-SMI does not perform- -
satisfactorily. The performance of the element-space -

¢
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Fig. 15. Theoretical PDF of CSNR with and without desired signal present.

post-Doppler method shows that only spatial degrees
of freedom are not sufficient to cancel the clutter in
this case. Although the size of the secondary data used
to estimate the sample covariance matrix exceeds the
dimensionality of the system in this case, the output
CSNR was mediocre.
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