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Abstract—The performance of code-division multiple-access
(CDMA) systems is affected by multiple factors such as large-scale
fading, small-scale fading, and cochannel interference (CCI).
Most of the published research on the performance analysis of
CDMA systems usually accounts for subsets of these factors. In
this work, it is attempted to provide a comprehensive analysis
which joins several of the most important factors affecting the
performance of CDMA systems. In particular, new analytical
expressions are developed for the outage and bit-error probability
of CDMA systems. These expressions account for adverse effects
such as path loss, large-scale fading (shadowing), small-scale
fading (Rayleigh fading), and CCI, as well as for correcting
mechanisms such as power control (compensates for path loss and
shadowing), spatial diversity (mitigates against Rayleigh fading),
and voice activity gating (reduces CCI). The new expressions may
be used as convenient analysis tools that complement computer
simulations. Of particular interest are tradeoffs revealed among
system parameters, such as maximum allowed power control
error versus the number of antennas used for spatial diversity.

Index Terms—Antenna arrays, cellular CDMA, fading power
control.

I. INTRODUCTION

SYSTEMS utilizing code-division multiple access (CDMA)
are currently being deployed around the country and around

the world in response to the ever increasing demand for cel-
lular/personal communications services. Extensive research has
been published on the performance analysis of CDMA systems.
Fading is among the major factors affecting the performance
of such systems. Fading is generally characterized according to
its effect over a geographical area. Large-scale fading consists
of path loss and shadowing, the latter term referring to fluctu-
ations in the received signal mean power. Large-scale fading is
affected by prominent terrain contours between the transmitter
and receiver. Small-scale fading is the common reference to the
rapid changes in signal amplitude and phase over a small spa-
tial separation. In this work, the combined effect of large- and
small-scale fading are considered. The small-scale fading is as-
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sumed to be governed by the Rayleigh distribution (Rayleigh
fading).

Besides fading, CDMA systems are susceptible to the
near–farproblem. It is well known that owing to the near–far
problem, power control is an important system requirement in
current design CDMA. The CDMA system capacity (defined
as the number of users that can access the system simultane-
ously) is maximized if each mobile transmitter power level is
controlled so that its signal arrives at the base station with the
minimum required signal-to-interference ratio (SIR) [1]. Power
control loops are designed to compensate for large-scale fading
effects, but amplitude variations due to small-scale fading are
too rapid to be tracked. Power control circuits, however, have
finite accuracy, which implies that CDMA systems are still
faced with residual shadowing effects. The signal received at
the base station from a power-controlled user can be modeled as
governed by the log-normal distribution [2], [3]. The standard
deviation of the received signal power is defined as thepower
control error (PCE) and is typically of the order of 1.5–2.5 dB.
The same fading that affects the desired user’s signal also
affects signals from other users which serve as cochannel
interference (CCI) to the desired user. Thus, the resultant CCI
power can be modeled as the power sum of multiple log-normal
contributions. This observation serves as the starting point for
the performance analysis of CDMA systems in fading channels.
The computation of the distribution of a sum of log-normal
variates has been examined in several publications [4]–[6].
A closed-form solution for the distribution is not known; the
common method used in these publications is to approximate
the sum of log-normal variates as another log-normal variate.
This approach is justified by a theorem proved by Marlow
that states that under very general conditions, the power sum
of independent variates is asymptotically normally distributed
[7]. When the number of variates is finite, the power sum of
these variates does not strictly follow normal distribution. But
the approximation to normal is often used, and its validity
was evaluated in [4] and [6]. Schwartz and Yeh developed
a technique for the evaluation of the mean and variance of
power sums of independent log-normal components [4]. In
[5], Schwartz and Yeh’s approach was extended to the case
of correlated log-normal variates. In Wilkinson’s approach,
introduced in [4], the power sum of log-normal variates is
taken to be normal with a distribution determined by the first
and second moments of the sum. Several approaches that can
be used to compute the distribution of a sum of log-normal
variates were compared in [6]. Therein, it is shown that among

0090–6778/00$10.00 © 2000 IEEE



1152 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 48, NO. 7, JULY 2000

the methods considered, Wilkinson’s approach provides the
most accurate results.

While large-scale fading effects are compensated by power
control, small-scale fading can be mitigated by space–time di-
versity provided by an adaptive antenna array along with a Rake
receiver. In addition to fading, CDMA systems are adversely af-
fected by CCI. The effect of CCI needs to be taken into account
in any performance analysis of CDMA systems. On two-way
telephone connections, measurements have established that a
typical voice signal is active less than 50% of the time. Interfer-
ence in CDMA systems is reduced by providing voice activity
gating. This technique involves the monitoring of voice activity
such that each transmitter is switched off during periods of no
voice activity, thus reducing CCI. A performance analysis needs
to take voice gating into account.

Due to thecomplexityof themobilecommunicationsscenario,
most published results account for only some of the adverse ef-
fects that were mentioned above. For example, the performance
analysis related to the log-normal interference can be found
in [6] and [8]–[12], however, the cited work does not consider
small-scale fading effects. The performance analysis with both
fadingandshadowing isconsidered inseveral recentpublications
[13]–[18]. However, results are published either as simulations
or as approximations, which generally lack accuracy at low PCE.
For accurate predictions of CDMA systems performance, it is
of great interest to be able to develop closed-form expressions
that simultaneously incorporate the effects of shadowing, PCE,
Rayleigh fading, voice activity and space–time processing.
This work attempts to provide more complete answers to the
reverse-link performance of wireless CDMA, and to develop
expressions for the outage probability and probability of bit
error, while taking into account multiple effects. The present
work also extends [19] in several ways: it analyzes the outage
based on theaverageSIR; it considers approximations for the
bit-error rate; it considers various extensions such as correlations
among users; time diversity; and pilot-aided coherent detection.

The paper is organized as follows. The system model is given
in Section II. Section III contains the main theoretical results in-
cluding outage probability, probability of bit error, and some ex-
tensions for more general cases. Numerical results are presented
in Section IV, and our conclusions are given in Section V.

II. SYSTEM MODEL

The system model represents the reverse link of a single-cell
CDMA system which serves users, and has a base station
with an -element antenna array. The received signals are as-
sumed to undergo independent, flat Rayleigh fading. It is fur-
ther assumed that the fading is slowly varying, such that the
low-pass equivalent channel seen by each antenna can be char-
acterized by a complex-valued scalar. The system is assumed
interference-limited with negligible thermal noise. The CDMA
reverse-link receiver model is shown in Fig. 1. The complex en-
velope of the signal received at the base station is then expressed
by the -dimensional vector

(1)

Fig. 1. CDMA reverse-link receiver.

where the first and second terms, respectively, represent the de-
sired signal and the CCI, , , are the powers
of the received signals, are normalized complex Gaussian
channel vectors with , is the identity
matrix, the superscript denotes transpose and complex conju-
gate, are nonreturn to zero waveforms of the users’ data,

are the spreading sequences,are binary random vari-
ables indicating the users’ voice activity, are the users’ de-
lays. Let , where is the basic
pulse shape, is the symbol interval, is the symbol interval
index, and are the users’ binary data. It is as-
sumed that and , where

for and otherwise. The signature wave-
forms are normalized to unit energy over the symbol interval.
For convenience, . In a system that provides a single ser-
vice (such as voice) with the same bit-error rate and with per-
fect power control, all ’s are equal. The received powers,

, are the result of path loss, shadowing, and im-
perfect power control, and are modeled as independent, identi-
cally distributed (i.i.d.) random variables with log-normal dis-
tribution. If has a log-normal distribution, then the received
power expressed in decibels, , has a normal
distribution with mean and variance . The standard devi-
ation of is the PCE measured in decibels. Since
with probability , is the median value of . The
voice activity is modeled as a Bernoulli random variable
with , where is thevoice activity factor.

Following spread spectrum demodulation and sampling at the
symbol interval, the received signal can be written

(2)

where

are the correlations between user signatures. It is assumed that
the correlations above are independent of the symbol interval
index . If the CCI is spatially white, the optimum output SIR is
provided by maximal-ratio combining (MRC). The array weight
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vector acts then as a channel matched filter, . The
array output is expressed

(3)

where

(4)

and

(5)

are the desired signal and CCI, respectively, at the array output.
Over the duration of a bit, it is assumed that the interference can
be approximated by an equivalent source using the following
expression:

(6)

where combines the total interference bit effects during the
bit duration and is a gain factor incorporating the effect of
cross correlation with the desired user’s signal. This model is
a worst case of sorts, in which interference sources are not in-
dependent, however, it has the advantage of being analytically
tractable (see also [20]). The instantaneous output SIR is then
written

(7)

III. A NALYSIS OF PCEAND FADING EFFECTS

In this section, relations are established for performance mea-
sures such as outage and bit-error rate, as a function of PCE,
Rayleigh fading, and voice activity.

A. Computation of Outage Probability

The outage probability provides an indicator of how often
the communication link’s quality is under a specified accept-
able level. The system capacity is generally computed for a pre-
scribed outage level. The outage with respect to theinstanta-
neousSIR was studied in [19]. In some cases (for example, when
the mobiles transmit voice rather than data), it is more suitable
to consider the outage based on theaverageSIR (the averaging
is over the Rayleigh fading).

Let the outage be defined as the probability that the average
output SIR, , falls below a prescribed threshold ,

, where theaverageSIR is given by

(8)

For maximal-ratio combining, the average output SIR

(9)

where is the single-element input SIR. In our system model,
the input SIR is assumed to be equal at all elements, ,
then , where is defined by

(10)

It is noted that theaverageSIR is conditioned on the realiza-
tion of . For full characterization of , it is necessary to de-
termine the density of . Since , is the sum of
log-normal random variables. The number of elements in the
sum is . Following Wilkinson’s method [4], [6], is
approximated by a log-normal random variable; it is then pro-
ceeded to match and with the corresponding cu-
mulants of the log-normal distribution. In [19], expressions are
found for the mean and variance of the normal variate

. It follows that the outage probability can be written:

(11)

Since is normally distributed, (11) can be expressed

(12)

where

is the Gaussian tail function.
Relation (12) provides the closed-form computation of the

averageSIR outage probability as a function of Rayleigh fading,
PCE, and voice activity. When the communication link’s quality
is sensitive to theinstantaneousSIR, the result in [19] should be
used to evaluate the outage probability.

B. Computation of the Probability of Bit Error

Computation of the bit error requires knowledge of the dis-
tribution of the interference at the array output. Due to dis-
similar shadowing and fading affecting the various users, inter-
ferers are not identically distributed, hence, the central limit the-
orem cannot be strictly invoked to claim the Gaussian property.
Nevertheless, the Gaussian property is often assumed in such
analyses [13], [16], [21], [22]. In this paper, the Gaussian as-
sumption is validated by a chi-square test presented in the next
section.

For binary phase-shift keying (BPSK) and Gaussian interfer-
ence, the conditional bit-error probability (BEP) is given by

(13)

where is theinstantaneousSIR and is given by

(14)

The variate is a function of Rayleigh fading, shadowing
(PCE), and voice activity. The distribution of is required to
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determine the average probability of bit error. The conditional
density of was found in [23], [20]

(15)

where was defined in (10). The BEP is a function of the
instantaneous SIR, hence a random variable. The density of
can be found from [24, p. 125]

(16)

where is the inverse function of . After a few manipula-
tions, it can be shown that

(17)

Substituting (17) into (16), one has the conditional density of

(18)

The function can be evaluated by numerical integration.
The unconditional density of can be obtained by averaging
over the distribution of

(19)

Replacing by , one gets

(20)

where and .
Since has a log-normal distribution, is normally
distributed. An exact closed-form result for the integral in (20) is
not available, however, an approximation exists for
when has a normal distribution. The approximation is valid
for an arbitrary probability function and is expressed in
terms of the mean and the standard deviation [25]

(21)

The computation of the mean and variance of, , and ,
respectively, is discussed in [19], thus, the previous relation ex-
presses in terms of known quantities. To reiterate,
accounts for the effects of Rayleigh fading, shadowing (PCE),
and voice activity. The BEP density function in (21) is a more
complete characterization of system performance than the more
common average BEP. The latter can be obtained by using the
density of , or from the following argument. The conditional
BEP can be expressed as

(22)

Following [26], (22) can be expressed utilizing hypergeometric
functions

(23)

where is the standard generalized hypergeometric func-
tion [27]. Expression (23) can be evaluated numerically by using
software packages such as Maple, Mathematica, etc. Alterna-
tively, (22) can be evaluated numerically. The unconditional
BEP is found by averaging over the distribution of

(24)

In terms of the normal random variable, , one gets

(25)

Finally, using the same approach as in (21), one can obtain the
average probability of bit error

(26)

where we introduced as a notational conve-
nience.

C. Extensions of Previous Results

Some of the results obtained previously can be extended to
more general cases. These include: other cell interference, cor-
relation of shadowing among users, channel with time disper-
sion, pilot tone effect, and performance analysis in terms of Er-
lang capacity. These effects are discussed below.

1) Other Cell Interference:CCI is caused by intercell inter-
ference as well as intracell interference. This is particularly true
for CDMA, for which the reuse factor is one. The other cell in-
terference was studied in [28] and [3]. If the same traffic load
is assumed in all cells, the effect of CCI introduced by users of
all other cells is equivalent to the effect of CCI from users
of the home cell, where is a factor that is determined empir-
ically. With , all the results developed so far
apply with replaced by .

2) Correlation of Shadowing Among Users:The analysis of
the outage probability assumed independent shadowing among
users. In practice, when signals received from different users are
shadowed by the same obstacles in the vicinity of the base sta-
tion, the shadowing affecting the users may be correlated. This
requires some modifications in the computation of the quanti-
ties and used in determining the outage probability .
In [19], it is shown that the normal variate(ln of the input
SIR at each antenna element), is expressed in terms of the first
and second moments of the interference power, , and

, respectively. The computation of , as shown in
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[19], is not affected by the correlation assumption. However,
in the presence of correlation, the computation of is dif-
ferent than it is presented in [19]. We proceed now with this
computation. By assumption, the power of theth user , has
a log-normal distribution, hence has a normal dis-
tribution with some mean and some variance . The shad-
owing correlation coefficient is defined as

(27)

where and are assumed identically distributed. For sim-
plicity, we assume for and , . We
have

(28)

where is the voice activity factor defined earlier. Using termi-
nology from [19], the interference mean is expressed

. Letting , and since is log-normal (hence is
normal), we also have

(29)

(30)

Solving for and , we obtain

(31)

(32)

Now, from (10) and the log-normality of and , it follows
that is also log-normal. We have

(33)

The density function of is determined from the mean and vari-
ance of , which can be expressed in terms of known quantities

(34)

(35)

where is the correlation efficient between and . Once
and were obtained, the computation of can be com-

pleted as in the uncorrelated case using (12).
The results above can be extended to the general case when

are not equal, and have different mean values and vari-
ances (see [5] and [6] for more details about the expression of

and calculation of ).
3) Frequency-Selective Channel:The reverse-link channel

is assumed frequency-selective with resolvable paths. A
Rake receiver is used to track and combine the paths. Fol-
lowing spread-spectrum demodulation, the signal received

at the antenna array from theth path can be written as an
-dimensional vector

(36)

where is the user index, is the path
index, are the received signal powers, are the channel
vectors

and are the delays. Assume that the cross correlations
are independent of the path, i.e., . The var-
ious terms in (36) represent the desired signal, self-interfer-
ence, and CCI, respectively. In the following, it is assumed that
the self-interference contribution is negligible in comparison
with the CCI. Signal vectors associated with the different paths,

, , are stacked to form an -dimensional
vector, , and grouped according to components related to
the desired signal and CCI, yielding the expression (see [29] for
details)

(37)

where , . The
first term in the relation above represents the desired signal,
is the interference, the superscript “” denotes transpose. With
MRC in both space (antenna array) and time (Rake) domains,
the output is equivalent to applying MRC to the stacked vector in
(37). The MRC weight vector is then given by . Similar
to the approach taken earlier, it is assumed that the interference
can be expressed as an equivalent source

(38)

where is the CCI source bit, is a gain factor repre-
senting the cross correlation between codes. The double sum
over the scaled -dimensional Gaussian distributed vectors

is equivalent to another Gaussian vector

(39)

where

(40)

and . The expression in (40) is similar in form to
(38), thus, the evaluation of the outage probability can continue
as in the flat channel case. The distribution of the output SIR is
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obtained from (15), by substituting with , to account for
the additional diversity paths provided by the frequency-selec-
tive channel

(41)

All other results in the section hold by substitutingwith .
4) Pilot-Aided Coherent Detection:In this case, the reverse

link is assumed with pilot-aided coherent detection and per-
fect channel estimation. The power-split ratio for the pilot is

. Subsequently, the fraction of the total transmitted power
that is used for the information traffic is . With this
model, the instantaneous output SIR is given by , where

, and was given in (14). Therefore, distribution
of the output SIR is given by

(42)

and and can be modified accordingly. In particular, the
outage probability is given by

(43)

5) Performance in Terms of Erlang Capacity:For a com-
munication system, capacity may be measured in terms of
the number of users per cell, or in terms of offered traffic
intensity in Erlangs. Wireless system can be modeled as having
Poisson traffic arrival, exponentially distributed service time,
finite number of servers, and no waiting room (expressed as an

queue). The system capacity of frequency-divi-
sion multiple access (FDMA) or time-division multiple access
(TDMA) is obtained by analyzing the blocking probability of
an queue. Since users in CDMA systems all share
a common spectral frequency band, the blocking condition of
a CDMA system could be defined in a different way from that
of FDMA or TDMA [8]. The blocking condition in CDMA
systems will be defined as the case when the average SIR at
the base station falls below a prescribed level. This is the same
definition as the outage referred to earlier in this section. For a
finite number of communication channels, Poisson distribution
cannot strictly represent the number of active users per cell.
Nevertheless, the approximation of Poisson distribution is often
used in the analysis [8], [3], [30]. Then, the distribution of the
number of active users in the system is given by

(44)

where is determined by both call arrival rate and service rate.
The mean value and variance of are given by

. For simplicity, we assume that the factors, defined
following (6), are equal, . The first and second moment
of the interference are to be averaged over . From (38),
and with , we have

(45)

Fig. 2. Gaussian fit to the interference histogram.

and

(46)

Using these expressions, we can proceed to compute the relation
between outage and Erlang capacity (). The parameter
is amended to for , if taking into
account the other cell interference.

IV. NUMERICAL RESULTS

Results in this section are derived from computer simula-
tions of a CDMA system employing BPSK modulation and
BPSK spreading, with a voice activity factor of and
a spreading ratio of 85. The spreading ratio corresponds to an
information data rate of 14.4 kb/s and a signal bandwidth of
1.23 MHz. Unless specified otherwise, the number of antenna
elements assumed in the simulations was . The channel
was assumed flat and subject to Rayleigh fading and shadowing.

First, the validity of the Gaussian approximation for the CCI
was evaluated for users, and PCE = 1.5 dB. To that
end, the histogram of the interference level was generated and
compared to the theoretical Gaussian curve. This is shown in
Fig. 2. Additionally, a chi-square test following the method
presented in [24] was applied to evaluate the goodness of the
fit. The sample space was partitioned into 21 disjoint intervals
corresponding to a test with 20 degrees of freedom. Standard
chi-square test tables show that for 20 degrees of freedom, the
threshold for a 1% significance level is 37.57. Calculated from
the simulation and averaged over 200 Monte–Carlo runs, the
chi-square statistic was 22.14, which does not exceed the
threshold. It is concluded that the Gaussian approximation is
valid for the interference.

The outage probability with respect to theaverageSIR
is plotted in Fig. 3 as a function of the capacity (number of
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Fig. 3. Outage probability versus capacity (users/cell), based onaverageSIR,
for four antenna elementsM = 4, various PCE’s, andp = 3=8.

Fig. 4. Outage probability versus capacity (users/cell), based onaverageSIR.
Analytical results for PCE = 1.5 dB,M = 1–6, andp = 3=8.

users/cell) with the PCE as a parameter. For two-antenna se-
lective diversity at cell site, adequate reverse-link performance
( ) is achievable with an array input of [9],
which is equivalent to array output . If we use the
same array output SIR requirement for the receiver in Fig. 1,
then the outage threshold is set at . The analytical
curves in Fig. 3 are computed from (12), and the simulation
curves are based on 1 000 000 samples. For an outage of 10,
the system capacity is approximately 90, 47, and 24 users/cell
for PCE = 0, 1.5, and 2.5 dB, respectively. Consequently, for
PCE = 1.5–2.5 dB, the system capacity degrades 48%–73%
compared to the case of perfect power control. The effect of
space diversity on the outage probability foraverageSIR is
shown in Fig. 4. For an outage of , the system
capacity is about 9–72 users/cell for – , i.e., the average
capacity increase for each additional degree of space diversity
is about 13 users/cell. A clear illustration of the tradeoffs
between the effects of antenna arrays and PCE can be found in
Fig. 5. The figure shows the capacity (computed analytically for

Fig. 5. Capacity (users/cell) versus PCE forP (
 < 7:5) = 0:01.
Analytical results forM = 1–6, andp = 3=8.

Fig. 6. PDF of probability of bit error withK = 60 andM = 4.

) as a function of PCE and the number
of antenna elements. The figure shows that for capacity of 30
users/cell, a two-element receiver at the base station requires
the PCE to be less than 1 dB, while a six-element receiver can
relax this requirement to 2.8 dB. The figure can be used to find
the system capacity for a given PCE and for different number
of antenna elements. For example, when PCE = 2.5 dB, the
system capacity increases from 10 users/cell to 38 users/cell for
an increase in the number of antennas from – . Clearly,
these results however, do not take into account effects such as
coding and interleaving.

Figs. 6 and 7 depict the distribution of the probability of bit
error ( ) with various values of PCE and number of antennas.
These probability density function (pdf) curves shift toward to
lower value of as PCE decreases and the number of antennas
increases. Fig. 8 displays the analytical results for the average
probability of bit error as a function of the number of users per
cell. The system parameters are the same as in Fig. 3. If the de-
sired performance is , capacity is, respectively, 55,
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Fig. 7. PDF of probability of bit error withK = 60 and PCEPCE = 1:5
dB.

Fig. 8. Average probability of bit error versus capacity. Four antenna elements,
M = 4, various PCE’s, andp = 3=8.

45, and 32 users/cell for PCE = 0, 1.5, and 2.5 dB. In a CDMA
system with a PCE from 1.5 to 2.5 dB, the system capacity de-
grades from 18% to 42% compared to the case of perfect power
control.

Finally, we examined some of the extensions discussed in
the previous sections. Fig. 9 shows curves of outage probability
versus capacity for PCE = 1.5 dB, antennas, time
diversity paths, and different values of the correlation coefficient
( ). For from 0.2 to 1, the system capacity degrades from 6% to
21% compared to the case of uncorrelated shadowing ( ).
Erlang capacity is shown in Fig. 10. The figure depicts curves of
outage probability versus Erlang capacity, , for
antennas, resolvable path, , voice activity ,
and PCE = 0, 1.5, and 2.5 dB, respectively. This figure parallels
the results of Fig. 3.

Fig. 9. Outage probability versus capacity (users/cell), based onaverageSIR.
Four antenna elementsM = 4, four resolvable pathsL = 4, PCE = 1.5 dB,
different values of correlation coefficientr, andp = 3=8.

Fig. 10. Outage probability versus Erlang capacity, based onaverageSIR.
Four antenna elementsM = 4, one resolvable pathL = 1, r = 0, different
PCE’s, andp = 3=8.

V. CONCLUSIONS

In this paper, we studied the reverse-link performance of cel-
lular CDMA systems, with space–time processing, Rayleigh
fading, shadowing, PCE, and voice activity gating. The perfor-
mance was analyzed in terms of outage probability for average
output SIR, as well as average probability of bit error. Analytical
results were obtained that provide simple, but accurate approx-
imations that can be used to evaluate system performance. All
parameters needed for the computations can be obtained from
measured data. The analysis shows that space–time processing
provided by cell site antenna arrays along with a Rake receiver
compensates for performance degradations due to PCE in cel-
lular CDMA systems. Computer simulations provided a good
match to the analytical expressions developed in the context. It
is noticed that the exact system performance improvement due
to adaptive antenna arrays varies with the fading environment
and cell layout. Since the implementation of adaptive antenna
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arrays introduces more digital signal processing and larger time
delays, the interaction among the adaptive antenna, coding, in-
terleaver, call processing, etc., requires further evaluation via
simulations and field tests.
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